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We try to generalize the IST for KPI equation to the case of potentials with 
“ray” type behavior, that is non-decaying along a finite number of directions in 
the plane. We present here the special but rather wide subclass of such poten- 
tials obtained by applying recursively N binary Bicklnnd transformations to a 
decaying potential. we start with a regular rapidly decaying potential for which 
all elements of the direct and inverse problem are given. We introduce an exact 
recursion procedure for an arbitrary number of binary Backlund transformations 
and corresponding Darbonx transformations for Jost solutions and solutions of the 
discrete spectrum. We show that Jost solutions obey modified integral equations 
and present their analytical properties . We formulate conditions of reality and 
regularity of the potentials constructed by these means and derive spectral data of 
the transformed Jost solutions. Finally we solve t.he recursion procedure getting a 
solution which describes N solitons superimposed to a generic background. 

INTRODUCTION 

We are interested in generalizing the direct: and inverse scattering transform for the 
nonstationary Schrodinger operator 

L = iaz2 +I?;, - U ( Z l , Z 2 )  (1) 

to  the case of real potential with “ray” type behavior, tha t  is rapidly decaying on the 
plane with the exception of some finite number of directions, where it has finite and 
nontrivial limits 

for N real constants pn. 
Spectral theory of operator L with potentials of this class is interesting per se and 

because it is associated to the Kadomtsev-Petviashvili equation in its version called 
KPI 

(ut - 6 u p ~ ~ ~  + uzlz,z,)zl = 3uz,,,. (3) 

In the case of *.ray’’ type potentials spectral theory is essentially more involved than 
the standard c a e  of rapidly decaying potenlials. 



168 DAY on DIFFRACTION'S9 

In the standard case one defines the Jost solution Q j ( x , k )  as the solution of Eq. (1) 
that is analytic in the complex plane of spectral parameter k ,  ks # 0, and normalized 
at infinity by the condition that for 

x ( 2 ,  k )  = eibzlt ik*22Q!(x > 1  k )  (4) 

one has 

This function can be given as the solution of the integral equation 

x ( z ,  k )  = 1 i- J' dx'Ga(z - d, k) t i (x ' )x(z ' ,  k ) ,  ( 6 )  

where Go(x, k )  is the Green's function of spectral problem (1). 

The Jost solution is an  analytic function of k in the complex plane, ks # 0 with 
finite limits on the real axis 

Q*(S,  k )  = limke+*"@(x, k ) .  

The following definition of s p e c h l  data  

allows to formnlate the inverse problem as the nonlocal Riemann-Hilbert problem of 
construction of the function @(x,k) analytic in upper and bottom half planes with 
proper normalization and discontinuity a t  the real axis given by 

Howcver, the standard integral equation cannot be applied in the case of a potential 
,U(.) not vanishing in all directions at large distances as the Green's function is slowly 
decaying at space infinity. 

We suggest [I] the following modification of this integral equation: 

i l  

x ( x , l . )  = 1 t ~ Y I / ~ ~ ' ~ ~ , G O ( Y I  - Z ~ , Z Z  - s ; , k ) u ( z ' ) ~ ( x ' , k )  (11) 

where the order of operations is explicitly prescribed. Applying for instance modified 
integral equation to the simplest, case of a potential of type ( 2 ) ,  i.e. to the case U(.) = 
ZL(ZI)  one recovers the standard one dimensional equation for the  Jost solution. The 
full description of the solutions of the  modified integral equation with potentials of 

- k W c  
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the class (2) is absent till now. Up to IIOW only multiple pure soliton solutions were 
constructed. 

Potentials of “ray” type present new interesting features. For instance, it was shown 
[l] that the modified integral equation may have solutions with completely unexpected 
spectral properties, namely an additional cut in the plane of complex spectral param- 
eter. For this reason, we are studying here the special but rather wide subclass of ray 
potentials that is obtained by applying recursively the so-called binary Bkklund trans- 
formations [3], with complex parametr, t o  a decaying potential. as we are interested 
in  the spectral properties of potential a, we study also the corresponding Darboux 
transformations furnishing the Jost solutions of the transformed potentials and their 
analytical proerties, as well as the transformation of spectral data. 

BINAKY BACKLUND ‘rRANSFOKMATIONS 

Let ?L be a rapidly decaying potential. A new potential U‘ and the corresponding 
nonstationary Schodinger operator L’ can be generated using a gauge operator B such 
that 

L‘B = HI,. (12) 

(13) 

The particularly simple gauge of the form 

B = a,, - (azl logv(.)) > 

(az2 + 82, - U(.)) v(.) = 0 

a’(z) = - 2a:1 log v ( x ) .  (15) 

where y is a solution of the original spectral problem for potential U ,  

(14) 

is called an elementary BEklund gauge and the corresponding potential is 

It is convenient to  choose y ( x )  = @(.,A) where @(%,A) is the Jost solution of the 
original spectral problem computed at k = X (As # 0). 

One can easily check that, given 6 and $ solutions of the original spectral problem 
and of it.s dual, respectively, then 4’ and $’ defined by 

solve the dual equations 

where 
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and 
L; = -az2 + a;, - U’. (21) 

The condition that, both potentials U and e’ are real reduces drastically the class 
of potent,ials to which t,he elementary BT can be applied, indeed only one dimensional 
potentials are allowed. In order to  get a truly bidimensional potential we have to 
consider an elementary HT and its dual with different paranleters and compose them 
getling a so-called binary Backlund transformation. So we consider 

(22) 2 -  Ld = -‘i8c2 fa,, - U 
I 

_ I  I 

given by 
L d H d  = B d L d  

- wit.h the gauge 
H d  = 8z,  f (& 1% U) , 

The choice +-‘(z) = $’(x, A’), gives a transformed potential 

(23) 

C(Z) = U($) - 28;2, 1 0 g 4 ( ~ )  ( 2 5 )  

(26) 

where 

&;*(z;, 2 2 ,  X’)@(Z{, 2 2 ,  A). J’” (X&-X,)m 
A(Z) = c t 
- 

If u‘e choose A’ = X and use that due to  reality of potential U Jost solntions obey 
~ ( z , Z )  = @ ( x , k ) ,  we get 
__ 

and so we see that in order to  get a real and regular potential E ,  we have only to  impose 
t,he following conditions 

C = F ,  A & > O  (28) -- 
The Darboux transform of .$’, B$ = d‘, or explicitly 

I 

will furnish a solution of (&, + 82, ~ Z) @ = 0 in terms of the Jost solution of the orig- 
inal spectral problem and the I expression of the dual Jost solution can be omitted since 
it can br reconstructed from d. This transformation for complex parameter X supplies 
the simplest nontrivial example of “ray” type potential: one soliton snyerirnp0sF.d to a 
generic backgiound. 
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RI.:CUKSION PROCEDURE 

Applying recursively the previous procedure we can compose an arbitrary number of 
binary Biicklund transformations. Indeed, if dfi(z, k )  solves 

%dn(z, k )  + c%ldn(z, k )  = un(z)dn(z, k ) ,  (30) 

we specify the equation for in the following way: 

and c,+~ and Bh+, ( k )  are some z-independent constant and function of k ,  respectively. 
This $n+l has to  be a solution of the spectral problem with potential 

u~+I(z) = ~ n ( z )  ~ 282,logAn+,(z). (32) 

I t  is convenient to  write all 6% as sums of two solutions &(z, k )  = Fn(z, k )  + fn(z, k )  
that are given by the recursion relations 

We also put ug(z) = U(.), Fo(z ,  k) = Q(z, k ) ,  f g ( x , k )  = 0, so that  we s tar t  with the 
standard, real, regular, and rapidly decaying a t  space infinity potential U .  

Properties of all these objects are given in the  follonring 

Theorem Let the potential U(.) be real and rapidly decaying a t  space infinity and let 
Q(z, k )  be the corresponding Jost solution. Let also the sets of complex constants 
XI, A*, . . . and real nonzero constants c l ,  c2, . . . obey the following ronditions: 

X,S # 0, Xn9cn > 0 n = 1 ,2 , .  . ., ( 3 5 )  
IX1al > IXZSI > . . ., (36) 
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and let, be given some functions R,(k) ,  Bz (k ) ,  . . . of the complex parameter k .  
Then one has thr following results: 

1. Integrals in ( 3 1 ) ;  (34), and (34) converge and define regular fundions of z 
# 0, kii. t h j ~  # 0 ( j  = 1 , 2 , .  . ., n) .  Functions &+I(%) have 

2 .  Funclions &(:c,IC),  fn(z,k), and &(z, le) are solutions of the nonstationary 

and IC, for 
no zeIoes. 

Schr6dinger equation wilh potential 
n 

U,($) = U ( . )  - 282, l o g n A j ( z ) .  (37) 
j=1 

3. There exist limits 

They arc independent on z2 and obey thc recursion relation 

Ao(f,k) = 1, (39) 

1 2iAn+13 
xn+l - I; A z + ~ ( * > k )  = An(f,k) X 1 + Q ( j & & z + l ~ ) -  

4. Functions arr(:c, I ; )  defined a:: 

are the Jost solutions of the spectral problem with potent,ial U,, i.e. functioris 

n(z, k )  (41) (,. k) = e i k z * t i k % 2 Q  
n I ,  

obey the modified integral equation wilh potential u n ( z ) .  

Moreovcr one has the following 

Corollary &(z, k )  is a sectionally meromorphic function of b with discontinuity at 
the real axis and poles a t  points k = j = I , .  . . , n. 

Corollary Because of (39) 

ThusA,(-,k) is a meromorphic function of le discontinuous a t  k s  = 0 and with 
simple poles a t  k = h j ,  j = 1,. . ., n. 
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Corollary @ , ( z , k )  is an  analytic function in the complex plane of k with possible 
discontinuity a t  the real axis. For limiting values of the Jost solution at the real 
axis we have relation 

where 

and continuous part of the spectral da ta  is given by 

RESOLUTION OF T H E  RECURSION RELATIONS 

The recursion procedure formulated above is solved in terms of the original potential 
u(x) and its Jost solution @(z, IC). In this way we get a solution depending on n(n + 1) 
complex parameters describing n solitons superimposed to a generic background. Let 
us introduce for 1 ,  m = 1,2,. . . , n 

B6,m(Z) :JI' dz;@(X;,XZ,xl)@(2;,zZ,xm), (46) 

P l ( Z , k )  = s' dz ;@(x; ,  z2,x,)qz:, 12, k ) .  

-(&o+X,s)m 

(47) 
- (ko+ho)m 

Let us introduce the n x n matrix B,(z) 

Bn( z )  = llBl,m(z)lll,"n=l _..., n (48) 

where snperscript T means transposition and yn(k) are some given functions such tha t  
matrix 

c n  = Ilcl,mllf,m=l (..., n, Cl.m = Yf(Xm), (52) 

(53) 

is Hermitian. Let A, denote 

An(z)  = C, + Bn(z). 
In order to  formulate conditions of regularity of the potential u,(z) we introduce 

also matrices 

cn(k) = II{cI,ml f A63 > 01 A h 3  > O}llf,m=l ,..., n . (54) 



174 DAY on DIFFRACTION’S9 

These matrices are Hermitian also and if all rows and columns are removed, then 
by definition we put detCn(&) = 1. We proved the following 
Theorem Let be given XI,. . ., A, with A p # O  for j = l , .  . ., n and l X ~ a l >  /A2‘sI >. . .. 

Let us  also assume that constants qrn are such that matrices Cn(*) satisfy the 
following condition 

%IC,(*) > 0. ( 5 5 )  

Then for any z and n = 1 , 2 , .  . . 

detilO(z) = 1, (56) 
n 

d e t A , , ( z ) n h  > 0, (57) 
I=1 

and the solutions of the recursion equations are given by means of the following 

Corollary 
n 

where we introduced the constants 

Corollary Condition \ A 1 3 1  > lXzs\ > . . . for potentials dnd Jost solutions, can be 
omitted. Indeed, this condition was relevant only for the proof that these formulas 
obey thc recursion procedure, while final formulas for potential and solutions fn. 

and l,iL are invariant under any permutation of AI’s. 

PROPEKTIES OF’ P o r m m A L s  

We proved that potentials obtained above are real and regular and these properties are 
equivalent to  Hermiticity of the matrix C, and conditions (55). In order to  demonstrate 
that they are “ray” potentials we have to study their asymptotic behavior when z1 is 
replaced with $1 - 2pz2  and zz + CO (with fixed z l ) .  Real parameter p determines the 
direction of asymplotics on the plane. I t  is easy to  prove that the leading term of the 
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potential is decaying for all p. # AIL,. . . , X,L. Taking into account that  the original 
potential is rapidly decaying we have from (60) for this limit 

which proves that  the potentials constructed by means of the binary BEklund trans- 
formations indeed give nontrivial examples of the class (2) since they are not decaying 
along directions X I  + 2Xjaz2 =const j = 1,. . . , n. The two rays belonging to each 
direction are mutually shifted and this shift has been explicitly computed [2] 

det e(j,  +) de tC( j ,  -) 
det C( j ,  -) de tC( j ,  +) 

- i(Xjssign(Xla - X j d  - lAf91) x f i l  k 1 ,  l#j I X .  3% - I - i(L.sign(Xla J S  - X j l i )  + IX,,=l) 

ee,,t-e,,- = X 

lXjm - 1 2 >  (64) 

where matrices e(j, 5)  are obtained from C, by removing all rows and columns with 
numbers I # j such that +XI%(X~R - Xjm) < 0. 

Note that  if X ~ E  = X,R the limit of potential at large 1 2  along the direction z1 + 
Xjazz = const does not exist for a generic matrix C, (that is non diagonal) a s  there 
are oscillating terms. 

In a more detailed investigation performed for the case of one soliton on a back- 
ground, it was shown that  the asymptotic behavior gets some rational corrections. 
Moreover, these corrections do not depend on  smallness of background in whatever 
norm and depend on the signs of imaginary parts of Xj’s in a non trivial way. 
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