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We try to generalize the IST for KPI equation to the case of potentials with
“ray” type behavior, that is non-decaying along a finite number of directions in
the plane. We present here the special but rather wide subclass of such poten-
tials obtained by applying recursively N binary Backlund transformations to a
decaying potential. we start with a regular rapidly decaying potential for which
all elements of the direct and inverse problem are given. We introduce an exact
recursion procedure for an arbitrary number of binary Béacklund transformations
and corresponding Darboux transformations for Jost solutions and solutions of the
discrete spectrum. We show that Jost solutions obey maodified integral equations
and present their analytical properties . We formulate conditions of reality and
regularity of the potentials constructed by these means and derive spectral data of
the transformed Jost solutions. Finally we solve the recursion procedure getting a
solution which describes & solitons superimposed to a generic background.

INTRODUCTION

We are interested in generalizing the direct and inverse scattering transform for the
nonstationary Schrodinger operator

L = idy, + 82, — u(z1,22) (1)

to the case of real potential with “ray” type behavior, that is rapidly decaying on the
plane with the exception of some finite number of directions, where it has finite and
nontrivial limits

Uy 4 (T1) = mlirioo w(z1 — 2pina, 23), n=1,...,N (2)
for N real constants p,.

Spectral theory of operator L with potentials of this class is interesting per se and
becanse it is associated to the Kadomtsev-Petviashvili equation in its version called
KP1

( — Butty) + Uayzy e )y, = SUapay (3)

In the case of “ray” type potentials spectral theory is essentially more involved than
the standard case of rapidly decaying potentials.
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In the standard case one defines the Jost solution ®(z, k) as the solution of Eq. (1)
that is analytic in the complex plane of spectral parameter k, kg # 0, and normalized
at infinity by the condition that for

X(fl‘,k') — eik£1+ik2$2¢)(ﬂ:,i€), (4)
one has
SEUSRCERD 0

This function can be given as the solution of the integral equation

xl(z, ky=1+ / da'Go(z — o', Eyu{z’)x (2", k), (6)
where Go{z, k) is the Green’s function of spectral problem (1).
GU(I, ]ﬂ) _ 3152?2 ]dae(aksmz)eiaml—ia(a-2k-):v2‘ _ (7)
i

The Jost solution Is an analytic function of & in the complex plane, kg # 0 with
finite imits on the real axis

*(z, k) = limg, ,10®(z, k). (8)

The following definition of spectral data

1 o

Fllop) = 5= [ de\®¥ (ol a0 0 (uh 2, 9) — 60— 1 o)
allows to formulate the inverse problem as the nonlocal Riemann-Hilbert problem of
construction of the function ®(z, %) analytic in upper and bottom half planes with
proper normalization and discontinuity at the real axis given by

Ot (x, k) =0 (2, k) + [dp@“(:v,p)]—'(p, k). (10)

However, the standard integral equation cannot be applied in the case of a potential
u{z) not vanishing in all directions at large distances as the Green’s function is slowly
decaying at space infinity.

We suggest [1] the following modification of this integral equation:

x(z, k) =14 / diy /dm’ﬁy,Gg(yl ~ xy, 2 — 25, k)u(z)x(z', k) (11)

~kgoo

where the order of operations is explicitly prescribed. Applying for instance modified
integral equation to the simplest case of a potential of type {2}, i.e, to the case u{2) =
u(r)) one recovers the standard one dimensional equation for the Jost solution. The
full description of the solutions of the modified integral equation with potentials of
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the class (2} is absent till now. Up to now only multiple pure soliton solutions were
constructed.

Potentials of “ray” type prosent new interesting features. For instance, it was shown
(1] that the modified integral equation may have solutions with completely unexpected
spectral properties, namely an additional cut in the plane of complex spectral param-
eter. For this reason, we are studying here the special but rather wide subclass of ray
potentials that is obtained by applying recursively the so-called binary Biicklund trans-
formations [3], with complex parametr, to a decaying potential. as we are interested
in the gpectral properties of potential u, we study also the corresponding Darboux
transformations furnishing the Jost solutions of the transformed potentials and their
analytical proerties, as well as the transformation of spectral data.

Binary BACKLUND TRANSFORMATIONS

Let » be a rapidly decaying potential. A new potential «’ and the corresponding
nonstationary Schddinger operator L' can be generated using a gauge operator B such
that

L'B = BL. (12)

The particularly simple gauge of the form
B = 8y, — (95, log o(2)) , (13)
where ¢ is a solution of the original spectral problem for potential %,
(185, + 32, — u(2)) p(z) =0 (14)
is called an elementary Bicklund gauge and the corresponding potential is
w'(z) = ulz) — 282 log ¢(z). (15)

It is convenient to choose ¢(z) = ®(z,A) where ®(z, ) is the Jost solution of the
original spectral problem computed at k = A (Ag # 0).

One can easily check that, given ¢ and 4 solutions of the criginal spectral problem
and of its dual, respectively, then ¢ and ¥’ defined by

(!’)f(m’k): qu(m’k)r (16)
Bay(2,k) = (2, k) (17)
solve the dual equations
¢ =0, (18)
BaL'ap' =0 (19)

where
By = 8971 + (am 10g 30) (20)
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and
b= il 4+ 02—, (21)

The condition that both potentials u and ' are real reduces drastically the class
of potentials to which the elementary BT can be applied, indeed only one dimensional
potentials are allowed, In order to get a truly bidimensional potential we have to
consider an elementary BT and its dual with different parameters and compose them
getling a so-called binary Backlund transformation. So we consider

Ed: —1 1'2'!‘6;31 — U (22)
given by
LgBg = BdL;i (23)
with the gauge
By=d, + (8.171 log 9‘5) : (24)

The choice 1z} = ¢'(x, \'), gives a transformed potential

i(z) = u(z) - 202 log A(z) (25)
where .
1
Az) =C+/ dz\ U{z'), 22, \YO(z], 22, A). (26)
(,\’G.—)\g,)oo

If we choose A = X and use that due to reality of potential u Jost solutions obey
U(z,k) = &(z, k), we get

) ‘
Alz) :c+/ dz} |¢(wg,x2,)\)|2 (27}
.\300

and 8o we see that in order to get a real and regular potential %, we have only to impose
the following conditions

C=C, AC>0 (28)

The Darboux transform of ¢/, E; = ¢, or explicitly

e,y = oa, ) - )1

W+ [ deloGla N k)| (29
(hg+hg)oo

will furnish a solution of (i0y, + 82, — i) ¢ = 0 in terms of the Jost solution of the orig-
inal spectral problem and the expression of the dual Jost solution can be omitted since
it can be reconstructed from ¢. This transformation for complex parameter A supplies
the simplest nontrivial example of “ray” type potential: one soliton superimposed to a
generic background.
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RucURSION PROCEDURE

Applying recursively the previous procedure we can compose an arbitrary number of
binary Bicklund transformations. Indeed, if ¢, (z, k) solves

10y P (2, k) + OF, Dn (2, k) = un (2)pnl2, k), (30)
we specify the equation for ¢,41 in the following way:

b1, k) = Palz, k) - (2, Aniy) 5

Appr{z)
zy
I
: n+1(k)+-Jf(k A BT e
—RG T AR 15 )o0
where o
Aﬂ.;.l(zl?) =Cpt1 + /)‘ d{L‘g |¢n($’1,$2, )‘n+1)|2 (31)
—And1TOO

and ¢,y and By, (k) are some z-independent constant and function of k, respectively.
This ¢,41 has to be a solution of the spectral problem with potential

Unt1 (%) = un(z) — 207, log Anyr(2). (32)
[t is convenient to write all ¢, as sums of two solutions ¢, (x, k) = F,(z, k) + fu(z, k)

that are given by the recursion relations

Foor(z,k) = Fa(z,k)—%x (33)

r

1T Y (ol 22, B)

—(ks+Anpradee
Pt (m: )\n+l)
" K = falm k) - —————=
f‘l’l(m ) f ("’E ) An+1($)
z1
Bun®)+ [ didGlm et ) (30)
"')‘n+l‘:s°0

We also put ug(z) = u(z), Fo(z, k) = ®(z,k), folz, k) = 0, so that we start with the
standard, real, regular, and rapidly decaying at space infinity potential u.
Properties of all these objects are given in the following

Theorem Let the potential {) be real and rapidly decaying at space infinity and let
®(z, k) be the corresponding Jost solution. Let also the sets of complex constants
M, Az, ... and real nonzero constants ¢;, ¢a, ... obey the following conditions:

Angy # 0, AngCn > 0 n=172,..., (35)
I)qgl > |)\2§i >y (36)



172 DAY on DIFFRACTION’99

and let be given some functions By(k), Bo(k), ... of the complex parameter k.
Then one has the following results:

1. Integrals in (31), (34), and (34) converge and define regular functions of z
and k, for ks # 0, ks + Ajo #£ 0 (7 = 1,2,...,n). Functions Any1(2) have
no zeroes.

2. [unctions Fy,(z, k), folz, k), and ¢, (2, k) are solutions of the nonstationary
Schrodinger equation with potential

un(z) = u(z) — 202 log H Aj(z). (37)
=1
3. There exist lmits
hm M tERE (0 k) = A, (£, k). (38)
x—$:kkgoo

They are independent on @4 and obey the recursion relation

Ag(£,k) = 1, (39)

20 At

An+l (Z{:kf) = An(:l‘_‘, k) X I:l + H(:{:kg)\n.}.l%—):m—"

Ayt — k

4. Functions &, (x, k) defined as
Fy(z, k)
b, (z, k)= ———| =1,2,...,

{z, k) s 7 (40)

are the Jost solutions of the spectral problem with potential u,,, i.e. functions
Xz, k) = e*o1 v 00 (2 k) (41)
obey the modified integral equation with potential w, (z).
Moreover one has the following

Corollary F,(2,k) is a sectionally meromorphic function of &k with discontinuity at

the real axis and poles at points k= A;, 7=1,...,n.
Corollary Because of (39)

T k _ A a(ikﬁAjﬁ?:)
Ak =T] (k Xj) . (42)

ThusAn(—, k) is a meromorphic function of k discontinuous at ks = 0 and with
simple poles at k= A;, 7 =1,...,n.
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Corollary ®,(z,k) is an analytic function in the complex plane of k with possible
discontinuity at the real axis. For limiting values of the Jost sclution at the real
axis we have relation

& (z,k _ _

”’“ﬁéf““l =&, (2, k) +/dp<1>n (z,p)Fulp, k) (43)
ax (k)

where An(tE)

(479 (k) = m (44)
and continuous part of the spectral data is given by
8(r;s)
k= 2)=3)\ "

At = 700 I ( . "
( }JH=1 (k- )\J)(P Aj) 45)

RESOLUTION OF THE RECURSION RELATIONS

The recursion procedure formulated above is solved in terms of the original potential
u(z) and its Jost solution ®(z, k). In this way we get a solution depending on n(n+ 1)
complex parameters describing n solitons superimposed to a generic background. Let
us introduce for {, m=1,2,...,n

1

Binle) =[ a8 52, M (eh 22, ), (16)
~{Aig+Ama oo
ay
Bz, k) = / dzi ®(z], 29, A)B(21, w2, k). (47)
—(ks+Ng)oo

Let us introduce the n X » matrix B, (z)

Bu(z) = (48)
and rows and column B(z) = (&(z, A1), LB 0)), (19)
Bz, k) = (Bu(e, k) - Bale, k)T, (503
HEk) = ({8 7k (51)

where superscript T means transposition and -, (k) are some given functions such that
matrix

Ch = |leim||m=1,...m; clm = Y1(Am}s (52)
is Hermitian. Let A, denote
An(z) =C, + By (z)- (53)
In order to formulate conditions of regularity of the potential w,(z) we introduce
also matrices

Cﬂ(i) = ||{C[!ml :t )\193‘ > 01 iAm% > O}ill,'rn:l,...,n - (54)
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These matrices are Hermitian also and if all rows and columns are removed, then
by definition we put det C,,(£) = 1. We proved the following

Theorem Let be given Ay, ..., A, with A;js#0 for s=1,...,2 and |Ag]| > A >. ..
Let us also assume that constants ¢, are such that matrices C),(£) satisfy the
following condition

+Cn(E) > 0. (55)
Then for any z and n = 1,2, ...
det Ag(z) = 1, (56)
det A,,(z) ﬁ Ay > 0, (57)
=1

and the solutions of the recursion equations are given by means of the following

refations: @) Bk
1 Az z,k
Bale k) = 32y | 8(2) o k) ' (58)
1 An(z) v(k)
i 1k = 3 'n 59
() = u(z) - 202 log det A,(z). (60)
Corollary
@, (3'5: )\m) = Zdl,m(ﬁn(xaxf)a (61)
=1
where we introduced the constants
i - 0hishie)  n oy 3N O=Amadia)
dim = 201,m Al H (— _‘7) X ( = 3) . (62)
=gt NN joa NAm A
Corollary Cendition [Arg| > |Aag| > ... for potentials and Jost solutions, can be

omitted. Indeed, this condition was relevant only for the proof that these formulas
obey the recursion procedure, while final formulas for potential and solutions £,
and F,, are invariant under any permutation of A;’s.

PROPERTIES OF POTENTIALS

We proved that potentials obtained above are real and regular and these properties are
equivalent to Hermiticity of the matrix €, and conditions (55). In order to demonstrate
that they are “ray” potentials we have to study their asymptotic behavior when z; is
replaced with 2y — 2ux; and 2y — co (with fixed z;). Real parameter u determines the
direction of asymptotics on the plane. It is easy to prove that the leading term of the
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potential is decaying for all g # Aip, ..., Ang. Taking into account that the original
potential is rapidly decaying we have from (60) for this limit

. 203
lim Un(.’lfl b 2)\j§R$2,iE2 = — 7
Zg-+Fco cosh*(Ajazy +€54)

(63)

which proves that the potentials constructed by means of the binary Backlund trans-
formations indeed give nontrivial examples of the class (2) since they are not decaying
along directions z; + 2A gz, =const j = 1,...,n. The two rays belonging to each
direction are mutually shifted and this shift has been explicitly computed [2]

_ det &(j, +) det C (4, ~) y
det C(j, =) det C(5, +)
[ . s 2
[Aig — Al — (A jgsign(lim — Ajm) — [Agl)
I=1, I#; A — Al — (A qsign(Mm — Ajw) + [ Ag)

68_7’.}.——8_;,‘,_

X

; (64)

where matrices & (4,%) are obtained from €, by removing all rows and columns with
numbers [ # j such that £ g(Am — Ajw) < 0.

Note that if Ajp = App the limit of potential at large 24 along the direction & +
Apzg = const does not exist for a generic matrix C), (that is non diagonal) as there
are oscillating terms.

ln a more detailed investigation performed for the case of one soliton on a back-
ground, it was shown that the asymptotic behavior gets some rational corrections.
Moreover, these corrections do not depend on smallness of background in whatever
norm and depend on the signs of imaginary parts of A;’s in a non trivial way.
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