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The inverse scattering theory of the heat equation is developed for a special sub-
class of potentials nondecaying at space infinity—perturbations of the one-soliton
potential by means of decaying two-dimensional functions. Extended resolvent,
Green’s functions, and Jost solutions are introduced and their properties are inves-
tigated in detail. The singularity structure of the spectral data is given and then the
inverse problem is formulated in an exact distributional sense. ©2002 American
Institute of Physics.@DOI: 10.1063/1.1427410#

I. INTRODUCTION

The equation of the heat conduction, or heat equation for short,

LF~x!50, ~1.1!

where the operator

L~x,]x!52]x2
1]x1

2 2u~x!, x5~x1 ,x2!, ~1.2!

for more than 25 years has been known1,2 to be associated to the Kadomtsev–Petviashvili~more
precisely, KPII! equation

~ut26uux1
1ux1x1x1

!x1
523ux2x2

. ~1.3!

The scattering theory for the equation of heat conduction with a real potentialu(x) was developed
in Refs. 3–5, but only the case of potentials rapidly decaying at large distances on thex-plane was
considered. On the other side, it is well known that~1.3! is a (211)-dimensional generalization o
the famous KdV equation: if the functionu1(t,x1) obeys KdV, then

u~ t,x1 ,x2!5u1~ t,x11mx223m2t ! ~1.4!

solves~1.3! for an arbitrary constantmPR. Thus it is natural to consider solutions of~1.3! that are
not decaying in all directions at space infinity but have one-dimensional rays with behavior
type ~1.4!. The scattering theory for the operator~1.2! with such potentials is absent in th
literature. Moreover, it is easy to observe that, like in the KPI case~see Ref. 6!, the standard
integral equation for the Jost solution3 is meaningless for this situation and does not determine
solution itself. In trying to solve this problem for the nonstationary Schro¨dinger operator, associ
ated to the KPI equation, a new general approach to the inverse scattering theory was intro
which was called resolvent approach~see Refs. 6–10 and references therein!. In Ref. 11 we
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developed the scattering theory for theN-soliton solutions given in terms of Ba¨cklund transfor-
mations of the decaying background potential. These results for the simplest caseN51 are
essentially used below.

Here we apply the resolvent approach to the heat equation~1.2! with a potentialu(x) that is
a perturbation of a one-dimensional potentialu1(x) of the kind~1.4! by means of a potentialu2(x)
rapidly decaying in all directions:

u~x!5u1~x!1u2~x!. ~1.5!

We introduce and study properties of the resolvent, dressing operators, Jost solutions and
ing data, and formulate the inverse problem relevant to this case. In fact, we consider he
simplified version of~1.4! in which m50. The generic case is reconstructed by means of
Galilean invariance of~1.3!. Thus in what followsu1(x)[u1(x1) and, moreover, we consider fo
simplicity the case whereu1 is the one-dimensional soliton potential@see~3.1!#.

Thus here we apply the inverse scattering theory to a nonscattering situation since th
stacle’’ is infinite. Such extension of the inverse scattering theory results in the new and
pected properties of familiar objects, like the Jost solutions and the spectral data. We sho
they get specific singularities in the complex domain of the spectral parameter. Derivatio
description of these singularities are our main results here. The article is organized as follo
Sec. II we sketch some general aspects of the resolvent approach that are necessary
construction. In Sec. III we present results of embedding the theory of the one-dimen
one-soliton potential in two dimensions. Presentation here is based on work Ref. 11. We de
in detail properties of the extended resolvent and Green’s functions of operator~1.2! with u(x)
5u1(x1). On this basis in Sec. IV the resolvent of the operator~1.2! now with the generic
potentialu(x) given in ~1.5! is introduced and its properties are described. The departure
analyticity of the resolvent leads us to definitions of the Jost solutions and spectral dat
description of their properties~Sec. V!. In this way we supply all terms of the inverse proble
with proper meaning in terms of distributions. In the Conclusion some generalizations and
developments of these results are discussed. The main results of this article were announce
earlier work, Ref. 12.

II. EXTENSION OF DIFFERENTIAL OPERATORS AND RESOLVENT

In the framework of the resolvent approach we work in the spaceS 8 of tempered distributions
A(x,x8;q) of the six real variablesx5(x1 ,x2),x8,qPR2. It is convenient to considerq as the
imaginary part of a two-dimensional complex variableq5qR1 iqI5(q1 ,q2)PC2 and to introduce
the ‘‘shifted’’ Fourier transform

A~p;q!5
1

~2p!2 E dxE dx8 ei (p1qR)x2 iqRx8A~x,x8;qI!, ~2.1!

where pPR2, px5p1x11p2x2 and qRx5q1Rx11q2Rx2 . We consider the distributions
A(x,x8;q) and A(p;q) as kernels in two different representations, thex- and p-representation,
respectively, of the operatorA(q) ~A for short!. The composition law in thex-representation is
defined in the standard way, that is,

~AB!~x,x8;q!5E dx9 A~x,x9;q! B~x9,x8;q!. ~2.2!

Since the kernels are distributions, this composition is neither necessarily defined for all p
operators nor associative. In terms of thep-representation~2.1!, this composition law is given by
a sort of a ‘‘shifted’’ convolution, (AB)(p;q)5*dp8A(p2p8;q1p8)B(p8;q). On the space of
these operators we define the conjugationA* , which in thex-representations reads as

A* ~x,x8;q!5A~x,x8;q!, ~2.3!
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where bar denotes complex conjugation, or asA* (p;q)5A(2p;2q̄) in the p-representation.
Below we say that the operatorA(q) is real if A* (q)5A(q), which in terms ofp-representation
means thatA(p;q)5A(2p;2q̄). The set of differential operatorsD(x,]x)5(dn(x)]x

n is embed-
ded in the introduced space of operators by considering the operatorsD with kernel D(x,x8)
5D(x,]x)d(x2x8), whered(x)5d(x1)d(x2) is the two-dimensionald-function and, then, by
mapping them in the operatorsD(q) with kernel

D~x,x8;q![e2q(x2x8)D~x,x8!5D~x,]x1q!d~x2x8!, ~2.4!

to which we refer as theextendedversion of the differential operatorD. The notion of reality for
a differential operatorD is exactly the condition that its coefficientsdn(x) are real.

For the operator~1.2! the extensionL(q) is given by

L5L02U, ~2.5!

whereL0 is the extension ofL(x,]x) in the case of zero potential, i.e., it has kernels

L0~x,x8;q!5@2~]x2
1q2!1~]x1

1q1!2#d~x2x8!, L0~p;q!5~ iq22q1
2!d~p!, ~2.6!

and the multiplication operatorU can be called the potential since it has kernel

U~x,x8;q!5u~x!d~x2x8!. ~2.7!

Below we always suppose thatu(x) is real, which by~2.3! means that the operator~1.2! is real
also:L* 5L.

The main object of our approach is theextended resolventM (q) of the operatorL(q), which
is defined as the inverse of the operatorL, that is,

LM5ML5I , ~2.8!

in the space of operators. HereI is the unity operator,I (x,x8;q)5d(x2x8), I (p;q)5d(p). In
order to make this inversion uniquely defined we impose the condition that the product

E dp8M ~p2p8;q1s1p8!M ~p8;q! ~2.9!

exists as distribution inp andq and that it is a continuous function ofs in a neighborhood ofs
50 whensÞ0.

Thanks to definitions~2.5!, ~2.6!, and~2.8!, M is real and, in particular, the resolventM0 of
the bare operatorL0 has in thep-representation kernel

M0~p;q!5d~p!
1

iq22q1
2 . ~2.10!

As function ofq it is singular whenq5l (q1), where the special two-component vector

l ~k!5~k,2 ik2! ~2.11!

was introduced. The kernel ofM0 in the x-representation

M0~x,x8;q!5
1

2p E da @u~q1
22a22q2!2u~x22x28!# e2( i l (a1 iq1)1q)(x2x8) ~2.12!

is obtained from~2.10! by using~2.1!.
010 to 128.198.156.41. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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For a generic operatorA with kernelA(x,x8;q) the operation inverse to the extension proc
dure, defined in~2.4! for a differential operator, is given by

Â~x,x8;q!5eq(x2x8)A~x,x8;q!. ~2.13!

In contrast with the case of the extended differential operators for whichD̂(x,x8;q)5D(x,x8)
[D(x,]x)d(x2x8), in generalÂ(x,x8;q) does depend onq and, moreover, can have an exp
nential growth at space infinity. ThereforeÂ(x,x8;q) does not necessarily belong to the spaceS 8

of tempered distributions. The fact thatÂ(x,x8;q) can depend onq will play a crucial role in the
following. For instance, also in the case of the simplest resolvent~2.12!, we have that the function
M̂0(x,x8;q) depends effectively on the variableq and is exponentially growing at space infinit
More generally from~2.8! we have

L~x,]x!M̂ ~x,x8;q!5L d~x8,]x8!M̂ ~x,x8;q!5d~x2x8!, ~2.14!

whereL d is the operator dual toL. The functionM̂ (x,x8;q) can be considered a parametric (q
PR2) family of Green’s functions of the operatorL. In what follows we use special notations fo
the equalities of the type~2.14!, writing them as

LW M̂ ~q!5M̂ ~q!LQ 5I , ~2.15!

whereLW denotes the operatorL applied to thex-variable of the functionM̂ (x,x8;q) andLQ denotes
the operator dual toL applied to thex8-variable of the same function. Operation~2.13! has no
analog in terms of thep-representation. Nevertheless, local properties of the kernels in
x-representation are preserved, and we use the kernels with the hat in what follows intens

Thanks to our definitions~2.1! and~2.4! it is easy to see that in terms of thep-representation
the dependence on theq-variables of the kernels of the extension of a differential operato
polynomial @like in the example~2.6!#. Correspondingly, the essential role in the study of
properties of the resolvent is played by the investigation of its departure from analytici
particular, by its d-bar derivatives with respect to theq-variables. Thus to a generic operatorA

with kernelA(p;q) in the p-representation we associate two operators]̄ jA with kernels

~ ]̄ jA!~p;q!5
]A~p;q!

]q̄j
, j 51,2, ~2.16!

where the derivatives are considered in the sense of distributions. In terms of the objects
duced in~2.13! we get by inversion of~2.1! that

~ ]̄ j Â!~q!5
i

2

]Â~q!

]qj
. ~2.17!

Multiplying equalities in~2.8! from the left and right, correspondingly, byM0 we get, thanks
to ~2.5!,

M5M01M0UM , M5M01MUM0 . ~2.18!

Since the resolventM0 is explicitly given, these are integral equations determining the solutioM
of ~2.8!. In the literature~see, say, Refs. 4 and 5! on the Jost solutions of the heat equation so
small norm conditions on the potentialu are known to guarantee the existence of the Jost s
tions. So it is natural to assume that under such conditions the solutionM of the above integral
equations exists and is unique~the same for both integral equations!. In this case the resolventM
can be considered as a small perturbation of the resolventM0 and this bare resolvent determine
010 to 128.198.156.41. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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the properties ofM by means of~2.18!. The main problem of construction of the inverse scatter
transform for the operator~1.2! is that the potentialu(x) in ~1.5! does not obey any small norm
condition.

In order to overcome this difficulty we use a so-called inverse scattering transform
nontrivial background.10 Let us consider a kind of Hilbert identity, known in the standard spec
theory of operators. Precisely, ifM (q) is the extended resolvent of the operatorL(q) with poten-
tial u andM 8(q) the extended resolvent of the operatorL8(q) with a different potentialu8, then,
by ~2.8! we have

M 82M52M 8~L82L !M . ~2.19!

Strictly speaking, this follows under the assumption that the product on the rhs is associativ
is a natural assumption sinceL8(x,x8;q)2L(x,x8;q)5(u(x)2u(x8))d(x2x8) and M satisfies
condition~2.9!. Let nowL1 denote the operator~1.2! in the special case where the potentialu(x)
in ~1.5! is purely one-dimensional, i.e.,u2(x)[0. LetL1 denote its extension andM1 its resolvent,
that is, let@cf. ~2.5!#

L15L02U1 , L1~x,]x!52]x2
1]x1

2 2u1~x!, ~2.20!

L5L12U2 , L1M15M1L15I , ~2.21!

where as in~2.7! U j (x,x8;q)5uj (x)d(x2x8). Choosing now in~2.19! L85L1 we get

M5M11M1U2M , M5M11MU2M1 , ~2.22!

where the second equality is derived in analogy. These equations generalize~2.18! for the case
whereM1 is nontrivial and, if the resolventM1 is known, they also can be considered as defin
the resolventM . If we chooseU2 obeying the small norm condition mentioned above, we
assume that the solutionM of both Eqs.~2.22! exists and is unique. Then, thanks to~2.21!, M
obeys~2.8!. Contrary to~2.18!, now M can be considered a perturbation of the resolventM1 . So,
in the next section, we study the properties of the resolventM1 in detail.

III. ONE-DIMENSIONAL POTENTIAL

We already mentioned in the Introduction that in this article we deal with the case wheu1

in ~1.5! is the one-dimensional soliton potential

u1~x!5
22a2

cosh2@a~x12x0!#
, ~3.1!

with a.0 andx0 real constants. In this section we consider the case where the perturbat
absent,u2[0. We reformulate in the two-dimensional space the well known facts about
solutions of this one-soliton potential and introduce and study the properties of the resolve
Green’s functions in this case.

The differential equationsL1(x,]x)F1(x,k)50, L 1
d(x8,]x8)C1(x8,k)50 for the Jost solution

F1(x,k) and its dualC1(x8,k), by using the notation introduced in~2.15! and by considering
F1(x,k) andC1(x8,k) as kernel operators independent, respectively, ofx8 andx, can be rewritten
in the operatorial form

LW 1F1~k!50, C1~k!LQ 150, ~3.2!

which we will use frequently in the following. These solutions are given explicitly by

F1~x,k!5
k2 ia tanh@a~x12x0!#

k2 ia
e2 i l (k)x , ~3.3!
010 to 128.198.156.41. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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C1~x,k!5
k1 ia tanh@a~x12x0!#

k1 ia
ei l (k)x , ~3.4!

wherekPC and the two-component vectorl (k) is defined in~2.11!. They obey the conjugation
properties

F1~x,k!5F1~x,2 k̄!, C1~x,k!5C1~x,2 k̄! ~3.5!

that are equivalent to the reality condition for the potentialu1 , and are normalized atk-infinity as
follows:

lim
k→`

ei l (k)xF1~x,k!51, lim
k→`

e2 i l (k)xC1~x,k!51. ~3.6!

The functionsF1(x,k) andC1(x,k) are meromorphic in the complex domain of the spec
parameterk with poles atk5 ia and k52 ia, correspondingly. Thus, these functions obey t
d-bar equations

]F1~x,k!

] k̄
5 ipF1,a~x!d~k2 ia !,

]C1~x,k!

] k̄
5 ipC1,2a~x!d~k1 ia !, ~3.7!

where we introduced the notations

F1,a~x!52 i res
k5 ia

F1~x,k!, C1,2a~x!52 i res
k52 ia

C1~x,k!. ~3.8!

Explicitly we have

F1,a~x!5
aeax01a2x2

cosh@a~x12x0!#
, C1,2a~x!52

aeax02a2x2

cosh@a~x12x0!#
. ~3.9!

Let

c52ae2ax0 ~3.10!

andF1,2a(x) andC1,a(x) be the values of the Jost solutions in the conjugated points,

F1,2a~x!5F1~x,2 ia !, C1,a~x!5C1~x,ia !. ~3.11!

Then, thanks to~3.3!, ~3.4!, and ~3.9!, the Jost solutions obey in the complex domain of t
spectral parameter the following scalar products:

E dx1C1~x,k1p!F1~x,k!52pd~p!, pPR, ~3.12!

cE dx1 F1,2a~x!C1,a~x!51, ~3.13!

E dx1 C1,a~x!F1~x,k!50, kI
2,a2, ~3.14!

E dx1 F1,2a~x!C1~x,k!50, kI
2,a2, ~3.15!

and the completeness relation
010 to 128.198.156.41. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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1

2p E
x25x28

dkR F1~x,k!C1~x8,k!1cu~a22kI
2!F1,2a~x!C1,a~x8!U

x25x
28

5d~x12x18!.

~3.16!

Equations~3.7! can be considered as two inverse problems defining the Jost solution an
dual Jost solution. The formulation of these problems is closed by giving the normaliz
conditions~3.6! and the following relations:

F1,a~x!5cF1,2a~x!, C1,2a~x!52cC1,a~x!, ~3.17!

whereF1,2a(x) andC1,a(x) are defined in~3.11!.
These formulas show that the embedding in two dimensions of the Jost solutions

one-soliton potential is trivial and just mimics the one-dimensional construction up to the wa
that, due to their exponential dependence onx2 , the functionsF1,a(x) and C1,2a(x) are not
square integrable with respect to thex-variables and, therefore, are not eigenfunctions of
operatorL1 .

On the contrary, the two-dimensional resolventM1(q) as well as the Green’s functionG1 of
the two-dimensional operatorL1 with the one-dimensional potentialu1 are not trivial extensions
of the corresponding one-dimensional objects associated to the operator (k21]x1

2 2u1(x1)). In

terms of the Jost solutions introduced above, we can write the kernel of this resolvent obtai
Ref. 11 as

M̂1~x,x8;q!5
1

2p E
kI5q1

dkR @u~q1
22q22kR

2 !2u~x22x28!# F1~x,k!C1~x8,k!

1cu~a22q1
2!@u~a22q2!2u~x22x28!#F1,2a~x!C1,a~x8!, ~3.18!

where the hat over the kernel is used in the sense of notation~2.13!.
Thanks to the equalities~3.2! and ~3.16! it is easy to check directly thatM̂1(q) obeys the

equations

LW 1M̂1~q!5M̂1~q!LQ 15I , ~3.19!

which means@cf. ~2.15!# thatM1(q) obeys~2.21! and is indeed the inverse of the operatorL1(q).
Moreover, using the explicit formulas~3.3!, ~3.4! and~3.9! we get thatM1(x,x8;q)PS 8(R6), i.e.,
it belongs to the space of operators under consideration. It can also be proved directly thM1

obeys condition~2.9!, so it is the extended resolvent according to our definition. By means of~3.5!
we get also thatM1 is real,M1* 5M1 according to definition~2.3!.

We emphasize that in order to prove these results it is not necessary to use the e
formulas for F1 and C1 but only their general properties. In fact, if one considers a o
dimensional potentialu1 which, in addition, has a nontrivial continuous spectrum, one gets
same formula for the resolventM1 . If the discrete~one-dimensional! spectrum ofu1 containsN
solitons with parametersaj andcj ( j 51,2,. . . ,N), then the last term in~3.18! must be substituted
by the sum of similar terms each corresponding to a value ofj .

Now we describe in detail the properties ofM1(x,x8;q). The first term on the rhs of~3.18! is
a continuous function ofq5(q1 ,q2) on theq-plane with discontinuities on the linesq156a due
to the pole singularities ofF1(k) and C1(k). The second term, thanks to theu functions, has
discontinuities on the linesq156a and on the cutq25a2, uq1u,a. The singularities on the lines
q156a are exactly compensated among the two terms. Thus the kernelM1(x,x8;q) is a con-
tinuous function ofq with a discontinuity on the cutq25a2, uq1u,a. This discontinuity is
specific of the potentialu1(x), or more generally of a potential with discrete spectrum and it gi
the essential difference ofM1 with respect to the bare resolventM0 ~2.12!. Let us underline that,
in spite of the fact thatL1 applied to the term withu(a22q2) that causes this discontinuity give
010 to 128.198.156.41. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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zero, this term cannot be omitted in~3.18!, since, only thanks to the fact thatu(x22x28) and
u(a22q2) have opposite signs, the kernelM1(x,x8;q)[e2q(x2x8)M̂1(x,x8;q) is a tempered dis-
tribution with respect to thex-variables.

The kernelM1(p;q) in the p-representation is not an analytic function ofq. By ~2.17! the
d-bar derivatives ofM1 with respect toqj are proportional to]M̂1 /]qj and for the latter we ge
from ~3.18! equalities

]M̂1~q!

]q1
5

i

p E
kI5q1

dkR k̄d~ l 2I~k!2q2! F1~k! ^ C1~k!, ~3.20!

]M̂1~q!

]q2
5

21

2p E
kI5q1

dkR d~ l 2I~k!2q2! F1~k! ^ C1~k!, ~3.21!

where (F1(k) ^ C1(k))(x,x8)[F1(x,k)C1(x8,k) is the standard direct product,l 2I(k) is the
imaginary part of the second component of the vectorl (k) defined in~2.11! and where by the
above discussion we considerq2Þa2. For the discontinuity along this line we get

M̂1~q!uq25a2102M̂1~q!uq25a22052cu~a22q1
2!F1,2a^ C1,a . ~3.22!

We have to study now the behavior ofM1(q) at the end points of the cut, i.e., whenq
;(6a,a2). First, it is convenient to subtract fromM1(q) its value, say, on the upper or lowe
edges of the cut:

g1
65 lim

q25a260

M̂1~q!u uq1u,a . ~3.23!

SinceF1(k) andC1(k) are analytic forukIu,a, we deduce from~3.18! thatg1
6 are independen

also ofq1 and their kernels equal

g1
6~x,x8!52

u~x22x28!

2p E da F1~x,a!C1~x8,a!7cu~6~x22x28!!F1,2a~x!C1,a~x8!,

~3.24!

where*da denotes integration along the whole real axis. Now extracting explicitly from the
term on the rhs of~3.18! the contribution coming from the poles ofF1(k) andC1(k) we get that,
say, differenceM̂1(q)2g1

2 behaves at pointsq5(6a,a2) as

M̂1~q!2g1
252cS u~q1

22q2!

p
arccot

a2uq1u

Aq1
22q2

1u~q22q1
2!u~q22a2!D F1,2a^ C1,a1o~1!,

q;~6a,a2!. ~3.25!

ThusM̂1(q) is bounded but discontinuous atq5(6a,a2), while its regular part,g1
2 , is the same

for both these points.
Now it is easy to see that the discontinuity of the resolvent along the cutq25a2, uq1u,a and

the ill definiteness at the pointsq5(6a,a2) are the result of embedding the one-dimensio
potential in the two-dimensional space. Indeed, the resolvent of the Sturm–Liouville ope
]x1

2 2u1(x1)2q2 is obtained from M1(q) by means of the operation

*dx2 e2q2(x22x28)M̂1(x,x8;q). By ~3.18! and~3.3!, ~3.4!, and~3.9! we get the standard expressio
for the one-dimensional Green’s function with a pole atq25a2.
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We already noted thatM̂1(x,x8;q) defines a family of Green’s functions. Among them that
expect should play a special role are those obtained considering the values ofq belonging to the
support of the defects of analyticity given in~3.20!, ~3.21! and~3.22!. We consider, therefore, th
Green’s functions

G1~x,x8,k!5M̂1~x,x8;q!uq5l I(k) , ~3.26!

G1
6~x,x8;k!5M̂1~x,x8;q!uq15kI , q25a260 , ~3.27!

where kPC is the spectral parameter and we denoteq15kI @see~2.11!# in order to meet the
standard notation. From these definitions it follows directly that

LW 1G1~k!5G1~k!LQ 15I , LW 1G1
6~k!5G1

6~k!LQ 15I , ~3.28!

G1~k![G1~2 k̄![G1~k!, ~3.29!

G1~k!ukR505G1~0!, G1
6~k!5G1

6~ ikI!, ~3.30!

i.e., G1
6(k) are independent onkR and then inside the strip they coincide withg1

6 introduced in
~3.23!,

G1
6~x,x8;k!u ukIu,a5g1

6~x,x8!. ~3.31!

As well from ~3.18! we get the representations

G1~x,x8,k!5
1

2p E
kI85kI

dk8 @u~ ukRu2ukR8 u!2u~x22x28!#F1~x,k8!C1~x8,k8!

1c u~a2ukIu!u~x282x2!F1,2a~x!C1,a~x8!, ~3.32!

G1
6~x,x8,k!5

1

2p E
kI85kI

dkR8 @u~~kI!22a22~kR8 !2!2u~x22x28!#F1~x,k8!C1~x8,k8!

7c u~a22kI
2!u~6~x22x28!!F1,2a~x!C1,a~x8!. ~3.33!

The first of these equalities shows that the cut of the resolvent atq25a2, uq1u,a is not inherited
by G1(k) ~in contrast to the case of the nonstationary Schro¨dinger equation, as mentioned in th
Introduction! and thatG1(k) is discontinuous only at the pointsk56 ia. Its behavior in the
neighborhoods of these points follows from~3.25! and reads as

G1~k!5g1
22

c

p H arccot
a2ukIu

ukRu J F1,2a^ C1,a1o~1!, k;6 ia. ~3.34!

Also the Green’s functionsG1
6(k) are discontinuous only atkI56a and one gets, thanks t

~3.25!, that fork; ia or k;2 ia

G1
6~k!5g1

22c
16u~a2ukIu!

2
F1,2a^ C1,a1o~1!. ~3.35!

Notice that these functionsG1
6(k) coincide whenukIu.a and are independent ofkI @and then of

k by ~3.30!# when ukIu,a. On the borders of these strips they have the discontinuity
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G1
6~k!uoutside2G1

6~k!u inside56
c

2
F1,2a^ C1,a . ~3.36!

Taking into account the discontinuous behavior of the Green’s functions we see that equal
the typeG1

6( ia)5G1( ia) and G1
6(2 ia)5G1(2 ia) have no meaning in our case. Thanks

~3.32! and ~3.35! we have only that

lim
ukIu→a20

lim
kR→0

G1~k!5g1
2 , ~3.37!

where the limiting procedure must be performed in such a way thatukRu/(a2ukIu)→10.
In order to complete the study of the Green’s functions we mention thatG1(k) obeys the

standard equalities

lim
k→`

~22ik !
]

]x1
ei l (k)(x2x8)G1~x,x8,k!5d~x2x8!, ~3.38!

]G1~x,x8,k!

] k̄
5

sgnkR

2p
F1~x,2 k̄!C1~x8,2 k̄!. ~3.39!

The first of them follows either from the differential equations~3.28!, or from the integral repre-
sentation~3.32! and properties~3.6!. The second one also follows from~3.28!, or it can be derived
from ~3.26! by means of~3.20! and ~3.21!. This equality must be understood in the sense
distributions and we see that the discontinuity ofG1(k) at pointsk56 ia leads@by ~3.3! and
~3.4!# to the pole singularities of the rhs at these points. In view of~3.39! in what follows we refer
to G1(k) as the Green’s function of the Jost solutions.

IV. RESOLVENT OF THE PERTURBED L-OPERATOR

Now we consider the general case of the operator~1.2! with potential given in~1.5!, where
u2(x) is a real function of two space variables, smooth and rapidly decaying at space infinity
extended resolventM (q) is determined by~one of! Eqs.~2.22! and we need to study its analyticit
properties first. The incrementM (p;q1s)2M (p;q) of M can be obtained from the Hilber
identity ~2.19! where prime means the increments of q. We haveM 82M52M 8(L182L1)M and,
then, using~2.21!,

M 82M5M 8L18~M182M1!L1M . ~4.1!

Thus for the d-bar derivatives with respect toqj we get

]̄ jM5~ML1!~ ]̄ jM1!~L1M !, j 51,2, ~4.2!

in the region whereM1 is continuous, i.e., forq2Þa2. In terms of the objects introduced in~2.13!,
we obtain

]̄ j M̂5M̂LQ 1~ ]̄ jM 1̂!LW 1M̂ , j 51,2, ~4.3!

where we used thatL̂1(x,x8;q)5L1d(x2x8) and took into account that when kernels with ha
are considered, the multiplication byL1 is no longer associative and it is necessary to use
arrows to indicate the correct order of operations@cf. ~2.15!#. Now, thanks to~2.17! and using
~3.20! and ~3.21! we get forq2Þa2
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]M̂ ~q!

]q1
5

i

p E
kI5q1

dkR k̄d~ l 2I~k!2q2! F~k! ^ C~k!, ~4.4!

]M̂ ~q!

]q2
5

21

2p E
kI5q1

dkR d~ l 2I~k!2q2! F~k! ^ C~k!, ~4.5!

whereF(k) andC(k) are defined by

F~k!5G~k!LQ 1F1~k!, C~k!5C1~k!LW 1G~k!, ~4.6!

with

G~x,x8,k!5M̂ ~x,x8;q!uq5l I(k) . ~4.7!

More explicitly, say, the first of Eqs. ~4.6! stands for F(x,k)5*dx8(L 1
d(x8,]x8)

3G1(x,x8,k))F1(x8,k). The functionG(k) with kernelG(x,x8,k) defined in~4.6! satisfies the
differential equations

LW G~k!5G~k!LQ 5I , ~4.8!

which can be obtained as a direct reduction of~2.15!. Therefore,G(k) is a Green’s function. Since
the reduction is the same used in~3.26! for gettingG1(k) from M̂1 we derive from~2.22! that this
Green’s function obeys the integral equations

G~k!5G1~k!1 G1~k!U2G~k!, G~k!5G1~k!1 G~k!U2G1~k!. ~4.9!

Again, as in Sec. III, thanks to~4.7! and~4.4! and~4.5! we get the d-bar derivative of the Green
function in the form

]G~k!

] k̄
5

sgnkR

2p
F~2 k̄! ^ C~2 k̄!, ~4.10!

whereF(k) andC(k) are defined in~4.6!. These objects, due to their definition and~4.9!, obey
the integral equations

F~k!5F1~k!1 G1~k!U2F~k!, C~k!5C1~k!1C~k! U2G1~k!, ~4.11!

where again the first equation more explicitly reads asF(x,k)5F1(x,k)1*dx8G1(x,x8,k)
3u2(x8)F(x8,k). It is clear that the differential equations

LW F~k!50, C~k!LQ 50 ~4.12!

hold and, therefore, we can considerF(x,k) andC(x,k) as the generalization of the Jost solutio
to the case where the perturbationu2(x) is different from zero. Let us mention that thanks to the
definitions we succeeded in avoiding the indeterminacy in the definition of the Jost solu
discussed in the Introduction. Later we study the properties of the Green’s function and th
solutions in more detail and discuss the singular structure of the terms involved in~4.10!. Now let
us mention the following standard properties

22i lim
k→`

k]x1
~ei l (k)(x2x8)G~x,x8,k!!5d~x2x8!, ~4.13!

G~k!5G~2 k̄!5G~k!, ~4.14!
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F~x,k!5F~x,2 k̄!, C~x,k!5C~x,2 k̄!, ~4.15!

which can be obtained by means of the integral equations~4.9! and properties~3.5!, ~3.29!, and
~3.38! for the Green’s functionG1(k).

Till now we studied the departure from analyticity of the resolvent in the caseq2Þa2. Since
the resolventM1(q) is discontinuous along the lineq25a2 @see~3.22!#, the integral equations
~2.22! suggest that alsoM (q) has a discontinuity. Let us denote the limiting values on the
edges of the line by

M 6~q!5M ~q!uq25a260 . ~4.16!

Then from the Hilbert identity~4.1! we derive that

M 1~q!2M 2~q!5M 6~q!L1~q!~M1
1~q!2M1

2~q!!L1~q!M 7~q!, q25a2, ~4.17!

where the lhs is independent of the choice of the sign on the rhs. In analogy with~3.27! we
introduce the two Green’s functions

G6~x,x8;k!5M̂ ~x,x8;q!uq15kI, q25a260 ~4.18!

and rewrite ~4.17! in these terms as G1(k)2G2(k)5(G6(k)LQ 1)(G1
1(k)2G1

2(k))
3(LW 1G7(k)). Then by~3.22! and ~3.27! we get

G1~k!2G2~k!52cu~a22kI
2!F6~k! ^ C7~k!, ~4.19!

where the new solutions@cf. ~4.6!# were introduced:

F6~k!5G6~k!LQ 1F1,2a , C6~k!5C1,aLW 1G6~k!. ~4.20!

Following properties ofG1
6(k) it is easy to show that these Green’s functions obey the follow

differential and integral equations and reality condition:

LW G6~k!5G6~k!LQ 5I , ~4.21!

G6~k!5G1
6~k!1 G1

6~k!U2G6~k!, G6~k!5G1
6~k!1 G6~k!U2G1

6~k!, ~4.22!

G6~k!5G6~k!. ~4.23!

By definition they are independent ofkR and by the corresponding properties ofG1
6(k) we have

that G1(k)5G2(k) when ukIu.a and they are independent ofkI when ukIu,a. By ~4.20! and
~4.21! we get thatF6(k) andC6(k) are solutions of the heat equation with potential~1.5!,

LW F6~k!50, C6~k!LQ 50. ~4.24!

Integral equations for these solutions follow by applying operations~4.20! to the equations~4.22!:

F65F1,2a1 G1
6U2F6, C65C1,a1C6 U2G1

6 . ~4.25!

Let us also mention that, thanks to~4.23!, these solutions are real and are independent ofk inside
the stripukIu,a, due to the corresponding property ofG6(k) and ~4.20!. Since in the following
we use intensively the Green’s functions and these solutions inside the strip, it is conven
introduce the following specific notations:

g6~x,x8!5G6~x,x8,k!u ukIu,a , ~4.26!
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and also

f6~x!5F6~x,k!u ukIu,a , c6~x!5C6~x,k!u ukIu,a . ~4.27!

Equality ~4.19! enables us to find relations between solutions~4.20!. Let ukIu,a. Then ap-
plying, say,LQ 1F1,2a to this equality from the right and using~4.20! we derive that

~11l!f15f2, ~4.28!

where

l5c~C1,aLW 1g2LQ 1F1,2a!. ~4.29!

Explicitly l5c*dx*dx8C1,a(x)(L1(x,]x)L 1
d(x8,]x8)g

2(x,x8)F1,2a(x8)). By ~4.23! this con-
stant is real and, thanks to~4.20!, it is also equal tol5c(C1,aLW 1f2)5c(c2LQ 1F1,2a). Inserting
hereL15L1U2 we get by~4.21! and ~4.24! that

l5c$~C1,aU2F1,2a!1~C1,aU2g2U2F1,2a!%, ~4.30!

or l5c(C1,aU2f2)5c(c2U2F1,2a), where we also usedLW 1F1,2a50 andC1,aLQ 150, which
follow from ~3.2! and~3.8!. Next, applying to~4.28! C1,aLW 1 from the left and again by~4.20! we
get

~11l!@12c~C1,aLW 1g1LQ 1F1,2a!#51, ~4.31!

where a new constant (C1,aLW 1g1LQ 1F1,2a)5(C1,aU2F1,2a)1(C1,aU2g1U2F1,2a) @cf. ~4.30!#
appeared. Since we choseu2 to be rapidly decaying at infinity, all terms must be finite. Th
11lÞ0 and, more precisely, taking into account that foru2→0 alsol→0, we have that

11l.0. ~4.32!

Summarizing, we get the following relations:

c~C1,aLW 1g1LQ 1F1,2a!5
l

11l
, ~4.33!

f15
f2

11l
, c15

c2

11l
, ~4.34!

G1~k!5G2~k!2
cu~a2ukIu!

11l
f2

^ c2. ~4.35!

Here~4.33! is just ~4.31!, the first equality in~4.34! is ~4.29! and the second equality is derived b
analogy, and~4.35! follows from ~4.19! thanks to~4.34!. In their turn ~4.33! and ~4.34! follow
from ~4.35! thanks to~4.20! and ~4.28!.

We have shown in~3.36! that the Green’s functionsG1
6(k) are discontinuous atkI5a and

kI52a. By ~4.22! we deduce thatG6(k) have the same behavior. In order to study this disc
tinuity we use, as above, the Hilbert identity~4.1! whereM5M (q), M 85M (q8), etc. We choose
q25q285a260, q15a2«, q185a1«, and in the limit«→10 we use the hat notation~2.13! and
definitions~3.27! and ~4.18! of the Green’s functions. Then we getG6( i (a10))2g65G6( i (a
10))LQ 1(G1

6( i (a10))2g1
6)LW 1g6, where again~3.31! and ~4.26! were used. Now by~3.36! for

the discontinuity of the unperturbed Green’s functions we obtain
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G6~ i ~a10!!2g656
c

2
F6~ i ~a10!! ^ c6, ~4.36!

where notations~4.20!, ~4.26! and~4.27! were used. ApplyingLQ 1F1,2a from the right andC1,aLW 1

from the left in analogy with the derivation of~4.35! we get by~4.28! that c(C1,aLW 1G6( i (a
10))LQ 1F1,2a)52l(21l)21, which is finite due to~4.32!. Then omitting details we derive th
equalitiesG6( i (a10))5G6(2 i (a10))5g22c(21l)21f2

^ c2, that, say, for the bottom
sign can also be rewritten in the form

G2~k!5g22
cu~ ukIu2a!

21l
f2

^ c21o~1!, k;6 ia, ~4.37!

where we took~4.26! into account.

V. PROPERTIES OF THE JOST SOLUTIONS AND INVERSE PROBLEM

In this section we complete the investigation of the properties of the Jost solutions by de
ing their behavior at the pointsk56 ia. Formulas~4.6! suggest to study first the behavior of th
Green’s functionG(k). We expect that it is ill defined at these points, so in order to describe
behavior we compareG(k) with some well defined Green’s function, say,g2. For this aim, as we
have already shown, relations of the type~4.19! can be very useful. In order to derive them w
start again from the Hilbert identity~4.1! whereM 85M (q8) and M5M (q) and we chooseq8
5l I(k), q15kI , q25a220 @see~2.11!, ~4.7! and~4.16!#. Then, passing to the objects with ha
by ~2.13!, recalling definitions~4.7! and ~4.18! and keeping only the leading term in the neig
borhood ofk;6 ia, we get

G~k!2G2~k!5G~k!LQ 1~G1~k!2G1
2~k!!LW 1G2~k!1o~1!, k;6 ia.

Inserting the explicit singular behaviors ofG1(k), G1
2(k) andG2(k) at k56 ia given in ~3.34!,

~3.35! and ~4.37!, we have

G~k!2g252
cu~ ukIu2a!

21l
f2

^ c21cS 2
1

p
arccot

a2ukIu
ukRu

1
u~ ukIu2a!

2 DG~k!LQ 1F1,2a

^ C2~k!1o~1!,

where in the last multiplier the definition ofC2(k) in ~4.20! was used. Again by~4.20! and~4.37!
C2(k)5 $@21lu(a2ukIu)#/(21l) %c2, where as alwaysc2 denotesC2(k) for ukIu,a by
~4.27!. Then

G~k!2g25H 2
cu~ ukIu2a!

21l
f21cS 2

1

p
arccot

a2ukIu
ukRu

1
u~ ukIu2a!

2 D
3

21lu~a2ukIu!
21l

G~k!LQ 1F1,2aJ ^ c21o~1!. ~5.1!

Thus in order to get the behavior ofG(k) we need to find that ofG(k)LQ 1F1,2a , which follows by
applying to~5.1! operationLQ 1F1,2a from the right and using again~4.20!, ~4.27! and~4.29!. Then

G~k!LQ 1F1,2a5
pf2

A~k!
1o~1!, k;6 ia, ~5.2!

where we denoted for brevity
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A~k!5p1l arccot
a2ukIu

ukRu
. ~5.3!

This function is real positive thanks to~4.32! and discontinuous atk56 ia. Now inserting~5.2!
in ~5.1! we derive finally that

G~k!5g22
c

A~k! S arccot
a2ukIu

ukRu D f2
^ c21o~1!, k;6 ia. ~5.4!

Applying to ~5.4! from the left the operationC1,aLW 1 and recalling the definitions~4.20! and~4.27!
we derive

C1,aLW 1G~k!5
pc2

A~k!
1o~1!, k;6 ia, ~5.5!

and by~4.29! also

cC1,aLW 1G~k!LQ 1F1,2a5
pl

A~k!
1o~1!, k;6 ia. ~5.6!

Correspondingly, we get for the behavior of the Jost solutions in the neighborhood ofk56 ia,
thanks to~3.3! and ~5.2!,

F~k!5
ipcf2

A~k!~k2 ia !
1O~1!, k; ia, ~5.7!

F~k!5
p f2

A~k!
1o~1!, k;2 ia ~5.8!

and analogous relations forC(k).
Now we are ready to consider the d-bar derivative in the sense of distributions of the

solution, say,F(k). Let first kÞ6 ia. Then we use~3.3!, ~4.6!, and~4.10! to derive

]F~k!

] k̄
5F~2 k̄!r ~k!, kÞ6 ia, ~5.9!

where the spectral data are defined as follows:

r ~k!5
sgnkR

2p
~C1~2 k̄!LW 1G~k!LQ 1F1~k!!. ~5.10!

Thanks to~3.3!, ~3.4! and ~5.6! we get the singular behavior of these spectral data in the for

r ~k!5
il sgnkR

2~kR1 i ukIu2 ia !A~k!
1o~1!, k;6 ia, ~5.11!

i.e., in both points it has a pole singularity multiplied by the discontinuous functionA(k). Taking
into account that the singular behavior ofF(2 k̄) is given by the denominator(k2 ia)A(k) at
point k5 ia and byA(k) at pointk52 ia we see that the rhs in~5.9! is integrable at the latte
point but it has a singularity sgnkRuk2 iau22A(k)22 at pointk5 ia, which is not integrable. On
the other hand,F(k) is locally integrable for anyk, so F(x,k)ei l (k)x is a Schwartz distribution
with respect tok. Thus its d-bar derivative in the sense of distributions exists and can be de
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in the standard way. Letf (k) be a test function that properly decays at infinity~we are now not
interested in the exponential growth due to the multipliere2 i l (k)x). Then the d-bar derivative o
F(k) is defined as

E d2k
]F~k!

] k̄
f ~k!52E d2k F~k!

] f ~k!

] k̄
52 lim

«→0
E

uk6 iau.«
d2k F~k!

] f ~k!

] k̄
,

where in the last equality we again used the property of local integrability ofF(k). Integrating by
parts for«.0 we can use~5.9! and we have

2 lim
«→0

E
uk6 iau.«

d2k F~k!
] f ~k!

] k̄
5

f ~ ia !

2i
lim

«→0
R

uk2 iau5«
dk F~k!1 lim

«→0
E

uk2 iau.«
d2k

3F~2 k̄!r ~k! f ~k!,

where we omitted the termruk1 iau.« since thanks to~5.8! it gives zero in the limit«→0. Thanks
to ~5.7! and~5.8! both limits on the rhs exist. To be more precise, let us introduce the distribu

p.v.E d2k
sgnkRf ~k!

uk2 iau2A~k!2 5 lim
«→0

E
uk2 iau.«

d2k
sgnkRf ~k!

uk2 iau2A~k!2 . ~5.12!

Notice the presence in the numerator of sgnkR that guaranties existence of the limit. We used t
principal value~p.v.! notation in analogy with the one-dimensional case. It can be checked dir
that

p.v.E d2k
sgnkRf ~k!

uk2 iau2A~k!2 5E d2k
sgnkR

uk2 iau2A~k!2 @ f ~k!2u~d2uk2 iau! f ~ ia !#

5
1

2 E d2k sgnkR

f ~k!2 f ~2 k̄!

uk2 iau2A~k!2 , ~5.13!

whered is some real positive parameter and the second term in~5.13! is independent of the choic
of d. In the case where a distribution has singularities of this form at some finite number of p
a1 , a2 , etc., we use the same notation for the integral assuming that either the cutoff proced
~5.12! or the subtraction procedure in~5.13! is performed at each point. Of course, the parame
« j andd j must be chosen in such a way that corresponding discs do not overlap.

Let us denote

Fa52
1

2p
lim

«→0
R

uk2 iau5«
dk F~k!, ~5.14!

so thatiFa can be considered as an extension of the definition of residuum to the case in
the pole singularity is multiplied by a function discontinuous at the same point. Thanks to~5.7! we
get that this limit also exists and equals

Fa5c
log~11l!

l
f2. ~5.15!

Thus, summarizing all above definitions we get that

]F~k!

] k̄
5F~2 k̄!r ~k!1 ipFad~k2 ia !, ~5.16!
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whereF(x,2 k̄)r (k) is now a distribution ink defined by the p.v. prescription given above. B
~5.7!, ~5.8! and ~5.11! it is integrable atk52 ia, but it behaves asuk2 iau22A22(k) in the
neighborhood of the pointk5 ia.

Equation~5.16! supplies us with the first equation of the inverse problem. In order to clo
we need the analog of the first relation in~3.17!, where it is stated that the residuum of th
function is proportional to its value in the conjugated point. But in our caseF(k) is discontinuous
at pointk52 ia, so again some modification of the notion of ‘‘value’’ at this point must be giv
Following the procedure used in~5.14! we can define it as

F2a5
1

2p i
lim

«→0
R

uk1 iau5«

dk

k1 ia
F~k!. ~5.17!

Thanks to~5.8! this limit also exists and equals

F2a5
log~11l!

l
f2, ~5.18!

so that by~5.15! we have

Fa5cF2a , ~5.19!

which shows that the parameterc is not modified by the perturbation. This equality closes
formulation of the inverse problem~5.16!. Finally, taking into account the asymptotic behavior
F(x,k) and ~5.17! and ~5.19!, we can formulate the inverse problem as the following system
integral equations:

F~x,k!5e2 i l (k)x1
1

p
p.v.E d2k8

k2k8
ei (l (k8)2l (k))xF~x,2k8!r ~k8!1 i

ei (l ( ia)2l (k))x

k2 ia
Fa~x!,

~5.20!

1

c
Fa~x!5e2 i l (2 ia)x2

1

p
p.v.E d2k

F~x,2 k̄!r ~k!

k1 ia
ei (l (k)2l (2 ia))x1

ei (l ( ia)2l (2 ia))x

2a
Fa~x!.

~5.21!

The integrands on the rhs of these two equations are not locally integrable, respectively, th
at k5 ia and the second atk56 ia. Correspondingly, their integrals are regularized by mean
the principal value prescription, as in~5.12! or ~5.13!, at k5 ia and atk56 ia.

The potential is reconstructed by means of

u~x!52
2i

p
p.v.E d2k

]

]x1
~ ei l (k)xF~x,2 k̄!r ~k!!12

]

]x1
~ei l ( ia)x Fa~x!!. ~5.22!

VI. CONCLUSION

In this article on the basis of the resolvent approach we gave a detailed presentation
extension of the inverse scattering theory for the heat operator to the case where the potent~1.5!
is a perturbation of the one-dimensional one-soliton potentialu1(x1) ~3.1! by means of a smooth
decaying at infinity functionu2(x) of two space variables. To our knowledge this is the first ti
that inverse scattering theory is applied to a nonscattering situation, i.e., a situation with an i
obstacle. As a result of our investigation we proved that under such a perturbation th
solutions get specific singularities~5.7! and ~5.8! on the complex plane of the spectral parame
k. We demonstrated that the d-bar problem~5.16! and~5.19!, while looking familiar for a potential
whose spectrum has a discrete and continuous part, needs a substantially modified approac
the singularity structure of the spectral data given in~5.11!. It was necessary to establish th
010 to 128.198.156.41. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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meaning in the sense of distributions of all terms involved in this problem, in order to be ab
formulate the inverse problem as the system of integral equations~5.20! and ~5.21!. It is easy to
check that the singular behavior of the spectral data and Jost solution as given in~5.11! and~5.7!
and~5.8! is compatible with this inverse problem. On the other side, it is necessary to prove
the potentialu(x) reconstructed by means of~5.22! is of the type~1.5!. We plan to address this
problem in a forthcoming work.

Another open problem is the application of these results to the KPII equation~1.3! itself. In
particular, investigation of the time asymptotics of solutions with initial data of the type~1.5! must
be performed. Let us mention only that the singular behavior~5.11! of the spectral data is pre
served under evolution~1.3!. Indeed,3 the time dependence of the spectral data is given as

r ~k,t !5e4i (k31 k̄3). ~6.1!

Thus we get that

a5const, l5const, ~6.2!

also with respect to time.
In Sec. III we mentioned that the above construction can be easily generalized to th

where the potentialu1(x1) is a pureN-soliton one-dimensional potential. At the same time o
approach also admits straightforward generalization to the case whereu1(x) is not a function of
one space variable but the result of application of the Ba¨cklund transformation to a generi
background two-dimensional potentialu0(x) decaying on thex-plane. Then the inverse problem
again given by Eqs.~5.20! and ~5.21!, where the spectral datar (k) are replaced with

r ~k!1
~k1 ia !~ k̄1 ia !

~ k̄2 ia !~k2 ia !
r 0~k!, ~6.3!

wherer (k) is of the type~5.11! andr 0(k) are the spectral data of the potentialu0(x) ~see Ref. 11!.
The theory of the heat equation with respect to the nonstationary Schro¨dinger equation is in

some respects simpler and in some other respects unexpectedly more difficult. As we have
under perturbation the Jost solution get singularities more complicated than poles, but this s
has no additional cut in the complex domain, in contrast with the nonstationary Schro¨dinger case
as discovered in Ref. 13. On the other hand, the generalization of this scheme to the c
multi-ray structure of the potentialu(x) meets with essential problems, first of all due to the f
that the resolvent~or Green’s function! of the heat equation even of a two-soliton~generic!
potential is unknown in the literature. This problem also needs future development.
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