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The inverse scattering theory of the heat equation is developed for a special sub-
class of potentials nondecaying at space infinity—perturbations of the one-soliton
potential by means of decaying two-dimensional functions. Extended resolvent,
Green's functions, and Jost solutions are introduced and their properties are inves-
tigated in detail. The singularity structure of the spectral data is given and then the
inverse problem is formulated in an exact distributional sense2082 American
Institute of Physics.[DOI: 10.1063/1.1427410

[. INTRODUCTION

The equation of the heat conduction, or heat equation for short,
LP(x)=0, (1.1
where the operator
L(X,05) ==y, + a)z(l—u(x), X=(X1,X5), 1.2

for more than 25 years has been knd#ito be associated to the Kadomtsev—Petviaslimitire
precisely, KPI) equation

(ut_6uuxl+ux1xlxl)xl: _3ux2x2- (1.3

The scattering theory for the equation of heat conduction with a real potafipwas developed
in Refs. 3-5, but only the case of potentials rapidly decaying at large distances>opldmee was
considered. On the other side, it is well known ttfaB) is a (2+ 1)-dimensional generalization of
the famous KdV equation: if the functiam (t,x;) obeys KdV, then

U(t,X1,Xp) = Uy (t,Xq + uXo—3u?t) (1.4

solves(1.3) for an arbitrary constant € R. Thus it is natural to consider solutions(@f3) that are

not decaying in all directions at space infinity but have one-dimensional rays with behavior of the
type (1.4). The scattering theory for the operat(r.2) with such potentials is absent in the
literature. Moreover, it is easy to observe that, like in the KPI dase Ref. § the standard
integral equation for the Jost solutibis meaningless for this situation and does not determine the
solution itself. In trying to solve this problem for the nonstationary Sdimger operator, associ-

ated to the KPI equation, a new general approach to the inverse scattering theory was introduced,
which was called resolvent approa¢see Refs. 6-10 and references therein Ref. 11 we
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developed the scattering theory for tNesoliton solutions given in terms of Bklund transfor-
mations of the decaying background potential. These results for the simplesiNeateare
essentially used below.

Here we apply the resolvent approach to the heat equéti@with a potentialu(x) that is
a perturbation of a one-dimensional potentiglx) of the kind(1.4) by means of a potential,(x)
rapidly decaying in all directions:

u(X)=uy(x)+uy(x). (1.9

We introduce and study properties of the resolvent, dressing operators, Jost solutions and scatter-
ing data, and formulate the inverse problem relevant to this case. In fact, we consider here the
simplified version of(1.4) in which x=0. The generic case is reconstructed by means of the
Galilean invariance of1.3). Thus in what followsu;(x)=u4(x;) and, moreover, we consider for
simplicity the case whera; is the one-dimensional soliton potentjake(3.1)].

Thus here we apply the inverse scattering theory to a nonscattering situation since the “ob-
stacle” is infinite. Such extension of the inverse scattering theory results in the new and unex-
pected properties of familiar objects, like the Jost solutions and the spectral data. We show that
they get specific singularities in the complex domain of the spectral parameter. Derivation and
description of these singularities are our main results here. The article is organized as follows. In
Sec. Il we sketch some general aspects of the resolvent approach that are necessary for our
construction. In Sec. Il we present results of embedding the theory of the one-dimensional
one-soliton potential in two dimensions. Presentation here is based on work Ref. 11. We describe
in detail properties of the extended resolvent and Green'’s functions of opé&ta@brvith u(x)
=u4(x4). On this basis in Sec. IV the resolvent of the operdtbh®2) now with the generic
potentialu(x) given in (1.5 is introduced and its properties are described. The departure from
analyticity of the resolvent leads us to definitions of the Jost solutions and spectral data and
description of their propertie€Sec. V). In this way we supply all terms of the inverse problem
with proper meaning in terms of distributions. In the Conclusion some generalizations and future
developments of these results are discussed. The main results of this article were announced in our
earlier work, Ref. 12.

II. EXTENSION OF DIFFERENTIAL OPERATORS AND RESOLVENT

In the framework of the resolvent approach we work in the sgcef tempered distributions
A(x,x":q) of the six real variables=(x;,X,),x",qe R2. It is convenient to considey as the
imaginary part of a two-dimensional complex variabte gy +i0,=(q; ,q,) € C? and to introduce
the “shifted” Fourier transform

1 . _—
A(p;q):(zw)‘zdeJ dx’ el Pranx Tl A(x,x";qp), 2.1

where peR?, px=piXx;+pX, and guX=0mX;+QonX,. We consider the distributions
A(x,x";q) andA(p;q) as kernels in two different representations, #ieand p-representation,
respectively, of the operat@dk(q) (A for shor). The composition law in the-representation is
defined in the standard way, that is,

(AB)(x,x’;q)=f dx” A(x,x";q) B(x",x";q). (2.2
Since the kernels are distributions, this composition is neither necessarily defined for all pairs of
operators nor associative. In terms of fhweepresentation2.1), this composition law is given by

a sort of a “shifted” convolution, AB)(p;q)=/dp’A(p—p’;q+p’')B(p’;q). On the space of
these operators we define the conjugatdn which in thex-representations reads as

A* (x,x";q)=A(x,x";q), 2.3
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where bar denotes complex conjugation, orAdqp;q)=A(—p;—q) in the p-representation.
Below we say that the operatéi(q) is real if A* (q) =A(q), which in terms ofp-representation
means thafA(p;q) =A(—p; —0). The set of differential operatof3(x, dy) = =d,(x) d} is embed-
ded in the introduced space of operators by considering the opeftavigh kernel D(x,x’)
=D(x,dy) 8(x—x"), where §(x) = 5(x1) 5(x,) is the two-dimensionab-function and, then, by
mapping them in the operatois(q) with kernel

D(x,x';q)=e 9 X)D(x,x') =D(X,dy+q) S(x—X'), (2.9
to which we refer as thextendedversion of the differential operatd. The notion of reality for
a differential operatoD is exactly the condition that its coefficiendg(x) are real.

For the operato(1.2) the extensiorL(q) is given by
L=Ly—U, (2.5
wherel , is the extension of(x,d,) in the case of zero potential, i.e., it has kernels
Lo(x.X":0) =[ = (35, G2) + (d5 + G 218(x—X"),  Lo(p:q)=(iq— D) d(p), (2.6
and the multiplication operatdd can be called the potential since it has kernel
Ux,x";q)=u(x)ds(x—x"). (2.7
Below we always suppose thafx) is real, which by(2.3) means that the operat¢t.2) is real
also:L*=L.
The main object of our approach is tagtended resolventM (q) of the operatot_(q), which
is defined as the inverse of the operdtorthat is,

LM=ML=I, (2.8

in the space of operators. Hefres the unity operatorl (x,x";q) = 8(x—x"), 1(p;q)=48(p). In
order to make this inversion uniquely defined we impose the condition that the product

f dp’M(p—p’;q+s+p")M(p’;q) (2.9
exists as distribution i andqg and that it is a continuous function efin a neighborhood o$
=0 whens#0.

Thanks to definition$2.5), (2.6), and(2.8), M is real and, in particular, the resolveiit, of
the bare operatdr has in thep-representation kernel

1
Mo(p:q)=d(p) s —2- (2.10
02— 01

As function ofq it is singular whemy=/(q;), where the special two-component vector
(k)= (k,—ik?) (2.11)

was introduced. The kernel &, in the x-representation
’ 1 2 2 ’ —(i/(a+igy)+q)(x—x")
Mo(x.x";a)=5— | da[6(di—a’=0,)—8(x,—x;)] e ' (2.12

is obtained from(2.10 by using(2.1).
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For a generic operatdk with kernelA(x,x";q) the operation inverse to the extension proce-
dure, defined in2.4) for a differential operator, is given by

A(x,x";q) =e9*XIA(x,x";q). (2.13

In contrast with the case of the extended differential operators for whighx';q)=D(x,x")
=D(X,dy) 5(x—x"), in generaIA(x,x’;q) does depend og and, moreover, can have an expo-
nential growth at space infinity. Therefoféx,x’;q) does not necessarily belong to the spade
of tempered distributions. The fact thafx,x’;q) can depend o will play a crucial role in the
following. For instance, also in the case of the simplest resokZh®), we have that the function

I\7I0(x,x’ ;q) depends effectively on the variabdeand is exponentially growing at space infinity.
More generally from2.8) we have

L(X,d)M(X,X":q)=LYX", 3, IM(X, X' ;)= 8(X—X"), (2.14

where £ % is the operator dual t&. The functionM(x,x’;q) can be considered a parametrig (
e R?) family of Green’s functions of the operatdr. In what follows we use special notations for
the equalities of the typ€.14), writing them as

LN(q)=M(q)L=I, (2.15

whereZ denotes the operatdt applied to thex-variable of the functiot (x,x’;q) andZ denotes

the operator dual t& applied to thex’-variable of the same function. Operati¢h13 has no

analog in terms of thep-representation. Nevertheless, local properties of the kernels in the

X-representation are preserved, and we use the kernels with the hat in what follows intensively.
Thanks to our definition§2.1) and(2.4) it is easy to see that in terms of tiperepresentation

the dependence on thgvariables of the kernels of the extension of a differential operator is

polynomial [like in the example2.6)]. Correspondingly, the essential role in the study of the

properties of the resolvent is played by the investigation of its departure from analyticity, in

particular, by its d-bar derivatives with respect to th@ariables. Thus to a generic operator

with kernel A(p;q) in the p-representation we associate two operag?ﬁs with kernels

dA( p; q)

(G;A)(p;0) = 7 =12, (2.16

I

where the derivatives are considered in the sense of distributions. In terms of the objects intro-
duced in(2.13 we get by inversion of2.1) that

— i oA
= (2.1
J

Multiplying equalities in(2.8) from the left and right, correspondingly, B, we get, thanks
to (2.5,

M=My+MoUM, M=Mgy+MUM,. (2.18

Since the resolveritl is explicitly given, these are integral equations determining the soliion

of (2.8). In the literature(see, say, Refs. 4 and bn the Jost solutions of the heat equation some
small norm conditions on the potentialare known to guarantee the existence of the Jost solu-
tions. So it is natural to assume that under such conditions the soltiofithe above integral
equations exists and is uniquie same for both integral equationk this case the resolveM

can be considered as a small perturbation of the resoMgréind this bare resolvent determines
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the properties oM by means 0f2.18. The main problem of construction of the inverse scattering
transform for the operatdil.2) is that the potentiali(x) in (1.5 does not obey any small norm
condition.

In order to overcome this difficulty we use a so-called inverse scattering transform on a
nontrivial background® Let us consider a kind of Hilbert identity, known in the standard spectral
theory of operators. Precisely,M (q) is the extended resolvent of the operdtgqg) with poten-
tial u andM’(q) the extended resolvent of the operatdfq) with a different potential’, then,
by (2.8) we have

M'—M=—M'(L"—L)M. (2.19

Strictly speaking, this follows under the assumption that the product on the rhs is associative. This
is a natural assumption sind€ (x,x";q) —L(x,x";q) = (u(x) —u(x’)) 8(x—x") and M satisfies
condition(2.9). Let now £, denote the operatdf.2) in the special case where the potentiék)

in (1.5) is purely one-dimensional, i.aip(x)=0. LetL; denote its extension ari its resolvent,

that is, let[cf. (2.5]

Li=Lo=Us, Li(X,00 =~ dy,+ % —us(x), (2.20

X2
L=L,—U,, L;M;=M;L,=1, (2.21)

where as in(2.7) U;(x,x";q)=u;(x) 8(x—x"). Choosing now in2.19 L"'=L, we get
M=M;+M;U,M, M=M;+MU,M,, (2.22

where the second equality is derived in analogy. These equations gené?alidefor the case
whereM is nontrivial and, if the resolveritl ; is known, they also can be considered as defining
the resolventM. If we chooseU, obeying the small norm condition mentioned above, we can
assume that the solutiod of both Eqs.(2.22) exists and is unique. Then, thanks(&21), M
obeys(2.8). Contrary to(2.18), now M can be considered a perturbation of the resolnt So,

in the next section, we study the properties of the resolinin detail.

IIl. ONE-DIMENSIONAL POTENTIAL

We already mentioned in the Introduction that in this article we deal with the case where
in (1.5 is the one-dimensional soliton potential

—2a?
cost[a(x;—%g)]’

uy(x)= 3.

with a>0 andx, real constants. In this section we consider the case where the perturbation is
absent,u,=0. We reformulate in the two-dimensional space the well known facts about Jost
solutions of this one-soliton potential and introduce and study the properties of the resolvent and
Green’s functions in this case.

The differential equationg(x,dy) ®1(x,k) =0, L‘l’(x’,axr)‘lfl(x’,k) =0 for the Jost solution
®,(x,k) and its dual¥,(x’,k), by using the notation introduced {2.15 and by considering
d,(x,k) and¥,(x’',k) as kernel operators independent, respectively, @ndx, can be rewritten
in the operatorial form

L;®y(k)=0, Wy(k)L,=0, (3.2
which we will use frequently in the following. These solutions are given explicitly by

k—iatanH a(x;—Xg)]
k—ia

Dy (x,k)= e /(X (3.3
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_ k+iatanfa(x;—Xg)] e/ ()

Va(xk) k+ia

(3.9

wherek e C and the two-component vectai(k) is defined in(2.11). They obey the conjugation

properties
D1(x,K) = P1(x,—K),  Wi(x,K)=W1(x,~k) (35
that are equivalent to the reality condition for the potentigl and are normalized &tinfinity as
follows:
lime”%d (x,k)=1, lime 7P, (x k)=1. (3.6)
k— o Kk—s o0

The functionsd,(x,k) and¥(x,k) are meromorphic in the complex domain of the spectral
parameteik with poles atk=ia andk= —ia, correspondingly. Thus, these functions obey the
d-bar equations

a0 (x,k) . dV(X,k) .
—_Ilﬂq)lla(X)ﬁ(k—la), —_:Iqul,_a(X)ﬁ(k+la), (37)
ok ok
where we introduced the notations

Dy (x)=—iresdy(x,k), W;_(x)=—i res ¥i(x,k). (3.8

k=ia k=—ia
Explicitly we have

aeax0+a2x2 aedXo~ axy

Dya(x)= Wy _a(X)= 3.9

costia(x;—xo)]" - cosha(x;—xp)]”
Let
c=2ae*®o (3.10
andd; _,(x) and¥,,(x) be the values of the Jost solutions in the conjugated points,
Dy (X)=Py(x,—ia), Via(x)=Wy(x,ia). (3.11

Then, thanks ta3.3), (3.4), and (3.9), the Jost solutions obey in the complex domain of the
spectral parameter the following scalar products:

fdxlxpl(x,k+p)qnl(x,k)=2w5(p), peR, (3.12
cf dx, @1 ()W 4(x)=1, (3.13
fdxlwpl,a(x)qnl(x,kpo, ki<a?, (3.149
fdxlél,_a(x)\lfl(x,k)=0, ki<a?, (3.15

and the completeness relation
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pye 'dkmCI)l(x,k)\Ifl(x’,k)JrcG(az—k%)d)ly,a(x)\lflva(x’) =8(X1—X1).
x2=%2 Xo=X

(3.19

Equations(3.7) can be considered as two inverse problems defining the Jost solution and the
dual Jost solution. The formulation of these problems is closed by giving the normalization
conditions(3.6) and the following relations:

Pia(X)=CPy_5(X), Wi_a(X)=—CW¥14(X), (3.17

where®; _,(x) and¥, ,(x) are defined in3.11).

These formulas show that the embedding in two dimensions of the Jost solutions of the
one-soliton potential is trivial and just mimics the one-dimensional construction up to the warning
that, due to their exponential dependencexgn the functions®, ,(x) and ¥, _,(x) are not
square integrable with respect to tRevariables and, therefore, are not eigenfunctions of the
operatorL .

On the contrary, the two-dimensional resolvéhi(q) as well as the Green’s functidd; of
the two-dimensional operatat; with the one-dimensional potential are not trivial extensions
of the corresponding one-dimensional objects associated to the opd{éﬁoﬂﬁg—ul(xl)). In

terms of the Jost solutions introduced above, we can write the kernel of this resolvent obtained in
Ref. 11 as

1
Ma(x,x'10) = 5— fk G031~ 62— k) — 602 x0) 1 D2 (x k) T2 (X' )
J7HL

+co(@2—aD[ 0(a2—dy) — O(Xa—X5) 1P 1 a(X) W1 4(X'), (3.18

where the hat over the kernel is used in the sense of not&2ids).

Thanks to the equalitie€3.2) and (3.16) it is easy to check directly tha¥l,(q) obeys the
equations

LiMy(a)=My(q)L,=1, (3.19

which meangcf. (2.15] thatM,(q) obeys(2.21) and is indeed the inverse of the operdtg(q).
Moreover, using the explicit formula8.3), (3.4) and(3.9) we get thaiM ,(x,x";q) e S’ (R®), i.e.,

it belongs to the space of operators under consideration. It can also be proved direchi; that
obeys conditior(2.9), so it is the extended resolvent according to our definition. By mea(&%f
we get also thaM, is real, M} =M, according to definitior(2.3).

We emphasize that in order to prove these results it is not necessary to use the explicit
formulas for ®,; and ¥, but only their general properties. In fact, if one considers a one-
dimensional potentiali; which, in addition, has a nontrivial continuous spectrum, one gets the
same formula for the resolveM ;. If the discrete(one-dimensionalspectrum ofu; containsN
solitons with parametem; andc; (j=1,2,...,N), then the last term i(3.18 must be substituted
by the sum of similar terms each corresponding to a valug of

Now we describe in detail the propertiesMf; (x,x’;q). The first term on the rhs dB.18) is
a continuous function ofj=(q;,d,) on theg-plane with discontinuities on the lingg = +a due
to the pole singularities of,(k) andW¥,(k). The second term, thanks to tléefunctions, has
discontinuities on the lineg, = +a and on the cut,=a?, |q;|<a. The singularities on the lines
g,=*a are exactly compensated among the two terms. Thus the kirped,x’;q) is a con-
tinuous function ofq with a discontinuity on the cut,=a? |q,|<a. This discontinuity is
specific of the potential;(x), or more generally of a potential with discrete spectrum and it gives
the essential difference &, with respect to the bare resolvemt, (2.12). Let us underline that,
in spite of the fact that’; applied to the term witt(a®>—q,) that causes this discontinuity gives
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zero, this term cannot be omitted {8.18, since, only thanks to the fact tha(x,—x;) and
6(a%—q,) have opposite signs, the kerrdl (x,x’;q)=e~9*"X)N,(x,x";q) is a tempered dis-
tribution with respect to the-variables.

The kernelM(p;q) in the p-representation is not an analytic functiona@fBy (2.17) the
d-bar derivatives oM, with respect tag; are proportional to9|\7I1/aqj and for the latter we get
from (3.18 equalities

M (q) i —

o ‘kaqudk”‘k‘s(/ 22(K) = 8z) Do(k) @ ¥ (K), (3.20
Ma(a) -1 )

i, 2w kaqldk% (7 25(k)—0qp) ®y(k)®@W4(k), (3.2)

where @4(k)®@W¥(k))(x,x")=®,1(x,k)¥,(x’,k) is the standard direct product,;(k) is the
imaginary part of the second component of the veet¢k) defined in(2.11) and where by the
above discussion we considgs+ a®. For the discontinuity along this line we get

M1(@)g,=a2 0~ M1(Q)]g,=a2-0= —CO@Z =)Dy Wy, (3.22

We have to study now the behavior d,(q) at the end points of the cut, i.e., when
~(*a,a?). First, it is convenient to subtract froi ;(q) its value, say, on the upper or lower
edges of the cut:

gi= lm My(a)lq<a- (3.23

gp,=a°+0

Since®, (k) and¥, (k) are analytic fork,|<a, we deduce fron(3.18 thatg; are independent
also ofqg; and their kernels equal

+ ’ G(XZ_Xé) ! — ! !
g1 (XX ):_TJ da @ (X)W (X" ,a) FCO(E(Xo—%X5))Pq _4(X)W14(X"),
(3.29

where [d« denotes integration along the whole real axis. Now extracting explicitly from the first
term on the rhs 0f3.18 the contribution coming from the poles &f; (k) and¥ (k) we get that,

say, differencev 1(q)—g; behaves at pointg=(+a,a?) as

M (q)—g=—c(marccota_—|ql|+0(q —q2)0(q -a’) | ® QWi,+0(1)
1 1 T \/ﬁ 2 1 2 1,—a la ’
q~(*a,a?). (3.25

ThusM(q) is bounded but discontinuous @t (*a,a?), while its regular partg, , is the same
for both these points.

Now it is easy to see that the discontinuity of the resolvent along thgcat?, |q,|<a and
the ill definiteness at the pointg=(*a,a?) are the result of embedding the one-dimensional
potential in the two-dimensional space. Indeed, the resolvent of the Sturm-Liouville operator
&il—ul(xl)—qz is obtained from M.(q) by means of the operation

fdx, e~ %202 N1, (x,x":q). By (3.18 and(3.3), (3.4), and(3.9) we get the standard expression
for the one-dimensional Green’s function with a poleyat a.
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We already noted thal ;(x,x’;q) defines a family of Green’s functions. Among them that we
expect should play a special role are those obtained considering the valgdztinging to the
support of the defects of analyticity given (8.20, (3.21) and(3.22. We consider, therefore, the
Green'’s functions

Gl(x,x’,k)=I\A/Il(x,x';q)|q=/j(k), (3.2

Gf(X,X';k)=|\A/|1(X,X’;q)|q1=kjyq2=a2i0, (3.27)

whereke C is the spectral parameter and we dengie=k; [see(2.11)] in order to meet the
standard notation. From these definitions it follows directly that

L1G1(K)=G1(KL1=1, L1Gi(K)=GI(K)L1=1, (3.289
G1(k)=G1(—k)=Gy(k), (3.29
G1(K)[i,=0=G1(0), Gj (K)=G1(iky), (3.30

i.e., G; (k) are independent oky and then inside the strip they coincide wighl introduced in

(3.23,
G1 (XX ;K)| [ <a=01 (X,X'). (3.3)

As well from (3.18 we get the representations

1
Gl<x,x',k):§fk, K L0l = ki) = 0(xz— X5) 11X, K )36 K)
=kj

J

+c0(a—|ky) 0(x3— %) P _a(X) W1 4(X"), (3.32

+ ’ _ 1 ’ 2 2 r\2 ’ ’ ’ ’
G (X' K)=5— fk,_k dk [0((k)?—a%= (kyp)?) = 0% —X5) | @1 (X, K" )W (x' k')
A
F¢ 0(a%—K3) 0(= (X2 = X)) D1 o(X) W1 4(X). (3.33

The first of these equalities shows that the cut of the resolvesp=at?, |g,|<a is not inherited
by G,(k) (in contrast to the case of the nonstationary Sdimger equation, as mentioned in the
Introduction and thatG;(k) is discontinuous only at the points= *+ia. Its behavior in the
neighborhoods of these points follows frq@125 and reads as

c a—|k
Gl(k)=gl—;[arccotﬁ]<blya®\P1’a+o(l), k~ *ia. (3.39

Also the Green’s function&; (k) are discontinuous only &= *+a and one gets, thanks to
(3.29, that fork~ia or k~—ia

1= 6(a—|ky|)

Gr(=gy—c—

D, _,@W,,+0(1). (3.39

Notice that these functiong; (k) coincide wherjk,|>a and are independent &f [and then of
k by (3.30] when|ks|<a. On the borders of these strips they have the discontinuity
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+ + c
Gf(k)|outside_ Gl_(k)|inside: iEq)l,fa@qu,a- (3.39

Taking into account the discontinuous behavior of the Green’s functions we see that equalities of
the typeG; (ia)=G,(ia) and G; (—ia)=G,(—ia) have no meaning in our case. Thanks to
(3.32 and(3.35 we have only that

lim lim Gy(k)=9;, (3.37

|ky|—a—0 ky—0

where the limiting procedure must be performed in such a way|kydt(a—|k;|)— +0.
In order to complete the study of the Green’s functions we mention@&k) obeys the
standard equalities

lim (—2ik) — €/ R&=XG, (x,x" k)= 8(x—X'), (3.39

k— o0

a
x4

G (x,x",k sgnk _ _
100K _ 90K W, K. (339
IK 2

The first of them follows either from the differential equatid@s28, or from the integral repre-
sentation3.32 and propertie$3.6). The second one also follows frof8.28), or it can be derived
from (3.26 by means 0of(3.20 and (3.21). This equality must be understood in the sense of
distributions and we see that the discontinuity®f(k) at pointsk= *ia leads[by (3.3) and
(3.4)] to the pole singularities of the rhs at these points. In vieWdd9 in what follows we refer

to G4(k) as the Green’s function of the Jost solutions.

IV. RESOLVENT OF THE PERTURBED L-OPERATOR

Now we consider the general case of the operétd®) with potential given in(1.5), where
U,(x) is a real function of two space variables, smooth and rapidly decaying at space infinity. The
extended resolve (q) is determined byone of Egs.(2.22 and we need to study its analyticity
properties first. The increme¥ (p;q+s)—M(p;q) of M can be obtained from the Hilbert
identity (2.19 where prime means the incremexdf g. We haveM’'—M=—-M'(L;—L,)M and,
then, using(2.21),

M —=M=M'L{(Mj—M;)L;M. 4.1
Thus for the d-bar derivatives with respectgpwe get
GM=(ML)(GM)(LM), [=12, (4.2

in the region wherd ; is continuous, i.e., fog,# a2. In terms of the objects introduced (@.13),
we obtain

e e

EMZMZ]_(;JM]_)E]_M, ]=1,2, (43)

where we used thdt;(x,x";q)=£;8(x—x') and took into account that when kernels with hats
are considered, the multiplication b§; is no longer associative and it is necessary to use the
arrows to indicate the correct order of operati¢ok (2.15]. Now, thanks to(2.17) and using
(3.20 and(3.21) we get forq,+ a2
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IM(q) _ | s/
99, ‘EJquld"mkﬁ(/zs(k)—qg)cb(k)@«lf(k), (4.4
M(q) -1
Wy 27 Jigmg, 22K TG PUOSWLO, -

where® (k) andW (k) are defined by
(k) =G (k) L1®1(k), W (K)=V4(k)£1G(K), 4.6
with
G(x,X",K)=M(X,X";0)]q= (9 - 4.7
More explicitly, say, the first of Eqgs.(4.6) stands for d)(x,k)=fdx’(£§(x’,ax,)

X G1(x,x",k))®1(x’,k). The functionG(k) with kernelG(x,x’,k) defined in(4.6) satisfies the
differential equations

LG(K)=G(K)L=], (4.8

which can be obtained as a direct reductioridl5. Therefore G(k) is a Green’s function. Since

the reduction is the same used®26) for gettingG, (k) from M, we derive from(2.22 that this
Green’s function obeys the integral equations

G(K)=Gy(k)+ G1(k)U,G(k),  G(K)=G1(k)+ G(k)U,Gy(k). (4.9

Again, as in Sec. lll, thanks t@.7) and(4.4) and(4.5) we get the d-bar derivative of the Green'’s
function in the form

dG(k)  sgnky
Ik 2m

(— k)W (—k), (4.10
where® (k) andWV (k) are defined in4.6). These objects, due to their definition af#d9), obey
the integral equations

D(k)=D1(k)+ G1(K)U@(k), W(k)=W(k)+W(k) UGy(k), (4.11)

where again the first equation more explicitly readsdasc,k)=d(x,k) + fdx' G4(x,x’,k)
X Uy(x")P(x',k). Itis clear that the differential equations

LD(K)=0, W(K)L=0 (4.12

hold and, therefore, we can conside(x,k) andW(x,k) as the generalization of the Jost solutions

to the case where the perturbaties(x) is different from zero. Let us mention that thanks to these
definitions we succeeded in avoiding the indeterminacy in the definition of the Jost solutions
discussed in the Introduction. Later we study the properties of the Green'’s function and the Jost
solutions in more detail and discuss the singular structure of the terms involvéd.th Now let

us mention the following standard properties

—2i lim kay (e 0IG(x,x" k) = 8(x—x"), (4.13

k—o0

G(k)=G(—k)=G(k), (4.14
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D(x,K)=D(x,—K), W(x,k)=W(x,—k), (4.15

which can be obtained by means of the integral equatidr® and propertie$3.5), (3.29, and
(3.38 for the Green'’s functiorG,(k).

Till now we studied the departure from analyticity of the resolvent in the gagea®. Since
the resolventM,(q) is discontinuous along the ling,=a? [see(3.22], the integral equations
(2.22 suggest that als¥(q) has a discontinuity. Let us denote the limiting values on the two
edges of the line by

Mt(q):M(Q)|q2=a2i0- (4.19
Then from the Hilbert identity4.1) we derive that
M* (@) =M (=M (@L(q)(M] () —M (D)L (M T(q), g=a% (417

where the lhs is independent of the choice of the sign on the rhs. In analogy3\2hH we
introduce the two Green’s functions

G* (%X 1K) =M (XX ;0)q,~k; qy=a2=0 (4.18

and rewrite (4.17 in these terms asG"(k)—G (k)=(G*(K)Ly)(G; (k)—Gj (K))
X (£,G7(k)). Then by(3.22 and(3.27) we get

G (k)— G (k)=—ch(a?—k3) D= (k)@ ¥~ (k), (4.19
where the new solutiongf. (4.6)] were introduced:
PH(K)=G*(K) LDy o, ¥(K)=W L G"(K). (4.20

Following properties of3; (k) it is easy to show that these Green’s functions obey the following
differential and integral equations and reality condition:

LG (K)=G*(K) L=], (4.20)

G (k) =G1(k)+ G (kUG (k), G*(k)=Gi(k)+ G* (kUG (k),  (4.22

G*(k)=G* (k). (4.23

By definition they are independent kf; and by the corresponding properties®f (k) we have
that G* (k)=G (k) when|k,|>a and they are independent kf when |k,|<a. By (4.20 and
(4.21) we get thatd = (k) and¥ = (k) are solutions of the heat equation with potentiab),

LO*(k)=0, W¥*(k)L=0. (4.24
Integral equations for these solutions follow by applying operatidriz)) to the equation$4.22):
PE=D; ,+ G U0, W =V, +V*U,G;. (4.25

Let us also mention that, thanks .23, these solutions are real and are independehtin$ide

the strip|k,|<a, due to the corresponding property @f (k) and(4.20. Since in the following

we use intensively the Green’s functions and these solutions inside the strip, it is convenient to
introduce the following specific notations:

gi(X'X/):Gi(X'X’,k)||kj|<aa (4.26
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and also
¢ () =P (X,K) |k j<ar ¥ ) =T (%K), <a- (4.27

Equality (4.19 enables us to find relations between solutiohf0. Let |ks|<a. Then ap-
plying, say,ifbly_a to this equality from the right and using.20 we derive that

(1+N) o =¢, (4.28
where
N=c(V1,L10 LDy ). (4.29
Explicitly )\=cfdxfdx’\Plva(x)(El(x,&x)ﬁflj(x’,&X,)g‘(x,x')d)l,_a(x’)). By (4.23 this con-
stant is real and, thanks t4.20), it is also equal tO\IC(\Iflyazl(ﬁ*)=C(¢,/17£*1<I>1Y,a). Inserting
here£,=L+U, we get by(4.21) and(4.24) that
AN=C{(W U@y o)+ (VU9 Usdy L)}, (4.30

or \=c(¥;,U,¢ )=c(s U,d,; ,), where we also used,®; ,=0 and¥,,L;=0, which
follow from (3.2) and(3.8). Next, applying to(4.28 ‘lf1,321 from the left and again by.20 we
get

(1+N)[1-c(W1al19" £1Py - a)]=1, (4.3)
where a new constanti(y o.£,9" £,®1 ) =(P1,U,P1 ) +(P1,Upg U,dy ) [cf. (4.30]
appeared. Since we chosg to be rapidly decaying at infinity, all terms must be finite. Then
1+ A #0 and, more precisely, taking into account thatdigr—0 alsoA — 0, we have that

1+A>0. (4.32

Summarizing, we get the following relations:

. - A
C(W1L19" LDy _5)= TN (4.33
o s
+_ +_

G*(k)zG’(k)——Ce(a_ij¢*®¢/f. (4.35
1+\

Here(4.33 is just(4.3)), the first equality iN4.34) is (4.29 and the second equality is derived by

analogy, and4.35 follows from (4.19 thanks to(4.34). In their turn (4.33 and (4.34) follow

from (4.35 thanks to(4.20 and (4.28).

We have shown ir(3.36 that the Green’s function§; (k) are discontinuous d,=a and
k;=—a. By (4.22 we deduce thaG* (k) have the same behavior. In order to study this discon-
tinuity we use, as above, the Hilbert ident{#.1) whereM=M(q), M'=M(q’), etc. We choose
q,=0,=a’*+0,q,=a—e¢, q;=a+e, and in the limits— + 0 we use the hat notatig®.13 and
definitions(3.27) and(4.18 of the Green’s functions. Then we gét-(i(a+0))—g==G*(i(a
+0))51(Gf(i(a+ 0))—gf)/:‘19i, where agair(3.31) and (4.26) were used. Now by3.36 for
the discontinuity of the unperturbed Green'’s functions we obtain
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Gi(i(a—I—O))—gi:i%@i(i(a+0))®zﬂi, (4.36

where notation$4.20), (4.26) and(4.27) were used. Applyingl(bl‘,a from the right ano\I’LaE1
from the left in analogy with the derivation d#.35 we get by(4.28 that c(\IflyaﬁlGi(i(a
+0))/31<I>1,,a)=2)\(2+)\)*1, which is finite due td4.32. Then omitting details we derive the
equalitiesG=(i(a+0))=G*(—i(a+0))=g —c(2+\) ¢ ®y", that, say, for the bottom
sign can also be rewritten in the form

B cO(|ky| —a)

G (k=g 2+\

¢ @y +o(1), k~=ia, (4.3

where we took(4.26) into account.

V. PROPERTIES OF THE JOST SOLUTIONS AND INVERSE PROBLEM

In this section we complete the investigation of the properties of the Jost solutions by describ-
ing their behavior at the points= =ia. Formulas(4.6) suggest to study first the behavior of the
Green's functionG(k). We expect that it is ill defined at these points, so in order to describe this
behavior we compar€& (k) with some well defined Green'’s function, say,. For this aim, as we
have already shown, relations of the ty{@#l19 can be very useful. In order to derive them we
start again from the Hilbert identit{4.1) whereM’'=M(q’) andM =M(q) and we choosg’
=/4(K), 9;=Kk5, g,=a?—0 [see(2.11), (4.7) and(4.16)]. Then, passing to the objects with hats
by (2.13), recalling definitiong4.7) and (4.18 and keeping only the leading term in the neigh-
borhood ofk~ *ia, we get

G(K)— G (k)=G(K)£1(G(k)— G (K))£,G~ (k) +0(1), k~*ia.

Inserting the explicit singular behaviors Gf;(k), G; (k) andG™ (k) atk=*ia given in(3.34),
(3.35 and (4.37), we have

co(lky[—a) 1 a—lky|  O(ks|-2a)

G(k)—g = CEN ¢ @Yy +cC —;arccol ™ >

G(K) LDy, 4
WP (k)+o0(1),

where in the last multiplier the definition & ~ (k) in (4.20 was used. Again by4.20 and(4.37)
¥ (k)={[2+N0(a—|ks|)]/(2+\) }¢~, where as alwayss~ denotes¥ (k) for |ks|<a by

(4.27. Then
_ | co(ks|-a) 1 a—|ky|  O(lks|—a)
G(k)—g _(_Td’ +c¢| — —arccot Tor] + >
2+ 0(a—kj|) . _
Te(k)clq%,a @y~ +0(1). (5.9

Thus in order to get the behavior Gf(k) we need to find that dB(k)EchL,a, which follows by
applying to(5.1) operationfl(bl,,a from the right and using agai@.20, (4.27) and(4.29. Then

G(k)/fchl,a:%Jro(l), k~+ia, (5.2

where we denoted for brevity
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—lk
A(k)=m+\ arccot% (5.3
%

This function is real positive thanks td.32 and discontinuous &= *ia. Now inserting(5.2)
in (5.1 we derive finally that

c a—| :;I) o .
G(k)= arccot———— ®¢y~+o(1), k~=ia. 5.4)
Applying to (5.4) from the left the operatiol‘lflvaﬁl and recalling the definition&!.20 and(4.27)
we derive
W, .L,G(k)= l'[l7+o(1) k~*ia (5.5
la~1 A(k) =id, .

and by(4.29 also

CW L1G(K) LDy o= +0(1), k~=ia. (5.6)

A(k)

Correspondingly, we get for the behavior of the Jost solutions in the neighborhdod bia,
thanks to(3.3) and(5.2),

TCH .
@(k):m'i‘O(l), k~ia, (5.7
O (k)= A(T;; +0(1), k~-ia (5.9

and analogous relations fdr (k).
Now we are ready to consider the d-bar derivative in the sense of distributions of the Jost
solution, say® (k). Let firstk# =ia. Then we us€3.3), (4.6), and(4.10 to derive

ID(K) _ _
— =d(—K)r(k), k#=ia, (5.9
Ik

where the spectral data are defined as follows:

(k)—

1(—K) £1G(K) £1D4(K)). (5.10

Thanks t0(3.3), (3.4) and (5.6) we get the singular behavior of these spectral data in the form

i sgnkgy

MK = Skt Tk —ia)A(K)

+0(1), k~=ia, (5.11

e., in both points it has a pole singularity multiplied by the discontinuous funétid). Taking
into account that the singular behavior ®{ — k) is given by the denominatdik —ia)A(k) at
pointk=ia and byA(k) at pointk=—ia we see that the rhs i(6.9) is integrable at the latter
point but it has a singularity sd@|k—ia| 2A(k) 2 at pointk=ia, which is not integrable. On
the other hand® (k) is locally integrable for ank, so®(x,k)e'” ¥ is a Schwartz distribution
with respect tk. Thus its d-bar derivative in the sense of distributions exists and can be defined
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in the standard way. Left(k) be a test function that properly decays at infinitye are now not
interested in the exponential growth due to the multiptiel” ¥%). Then the d-bar derivative of
® (k) is defined as

f dzkﬁ(_k)f(k)z—fdzkdb(k)&_k):—limf dzkdb(k)&_k),
ok ok £—0Y |kxia|>e ok

where in the last equality we again used the property of local integrabilidy(&). Integrating by
parts fore >0 we can us€5.9) and we have

i 5 af (k) _ f(ia) .
lim fkﬂa%d kKd(k)—— lim fﬁkia:s

: dk D (k) + IimJ d%k
ak 2i ¢—0 [k—ia]>e

e—0 e—0

XD (—=k)r(k)f(k),

where we omitted the tery,, j5 -, since thanks t¢5.8) it gives zero in the limit: — 0. Thanks
to (5.7) and(5.8) both limits on the rhs exist. To be more precise, let us introduce the distribution

sgnkif(k) ) J sgnkyf (k)
V.| dPk— =1 d? . . 5.1
pvf k—iaPAK? ™ | oS K—TaPAK)? 612

Notice the presence in the numerator of Egrihat guaranties existence of the limit. We used the
principal value(p.v.) notation in analogy with the one-dimensional case. It can be checked directly

that
sgnkef (k) B sgnko _ )
p.V.f dzkm—fdzkm[f(k)—6(5—|k—la|)f(la)]
1 f(k)—f(—k)
= zf d2k sgnkmm, (5.13

wheredis some real positive parameter and the second tei@® I3 is independent of the choice
of &. In the case where a distribution has singularities of this form at some finite number of points
a,, a,, etc., we use the same notation for the integral assuming that either the cutoff procedure in
(5.12 or the subtraction procedure {6.13 is performed at each point. Of course, the parameters
gj and 5; must be chosen in such a way that corresponding discs do not overlap.

Let us denote

1
(I)a=—ﬁllm ékial_sdkd)(k), (5.14

e—0

so thatid®, can be considered as an extension of the definition of residuum to the case in which
the pole singularity is multiplied by a function discontinuous at the same point. ThatkStove
get that this limit also exists and equals

log(1+A)

®a:CT¢ . (515)

Thus, summarizing all above definitions we get that

‘?q)ﬂ()=q>(—?)r(k)+iw¢)a5(k—ia), (5.16

ak

Downloaded 31 Aug 2010 to 128.198.156.41. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



1060 J. Math. Phys., Vol. 43, No. 2, February 2002 Boiti ef al.

where®(x,—Kk)r(k) is now a distribution irk defined by the p.v. prescription given above. By
(5.7, (5.8 and (5.1)) it is integrable atk=—ia, but it behaves ask—ia| 2A~2(k) in the
neighborhood of the poirk=ia.

Equation(5.16 supplies us with the first equation of the inverse problem. In order to close it
we need the analog of the first relation (8.17), where it is stated that the residuum of the
function is proportional to its value in the conjugated point. But in our dade is discontinuous
at pointk= —ia, so again some modification of the notion of “value” at this point must be given.
Following the procedure used {5.14) we can define it as

d_, = ! li é dk d(k 5.1
7a_2_77i8[r(]) lk+ia|=cKTia (k). (517

Thanks to(5.8) this limit also exists and equals

log(1+\N)
CD,aquS , (5.18
so that by(5.15 we have
O,=cd_,, (5.19

which shows that the parameteris not modified by the perturbation. This equality closes the
formulation of the inverse probleifs.16). Finally, taking into account the asymptotic behavior of
®(x,k) and (5.17 and(5.19, we can formulate the inverse problem as the following system of
integral equations:

ox, 1 2k’ -0 _ ei(7(ia) =7 (k)x

— (KX i (7 — X Lt ' :

d(x,k)=e + ﬂ_p.v.f T e D(x,—k")r(k")+i K ia D,(x),
(5.20

1 o 1 d(x,—K)r(k) . . gl (/(ia)=/(~ia)x

- — i/ (—ia)x_ 2 i(/(k)—/(—ia))x

C‘Da(x) e 7Tp.v.J d<k KTia e + 5a D,(X).
(5.21

The integrands on the rhs of these two equations are not locally integrable, respectively, the first
atk=ia and the second &= *=ia. Correspondingly, their integrals are regularized by means of
the principal value prescription, as {6.12 or (5.13, atk=ia and atk=*ia.

The potential is reconstructed by means of

2i . — i
u(x)z—;'p.v.f dzkaixl(e'/(k)XCD(x,—k)r(k))+2&ixl(e'/('a)x<ba(x)). (5.22

VI. CONCLUSION

In this article on the basis of the resolvent approach we gave a detailed presentation of an
extension of the inverse scattering theory for the heat operator to the case where the gaténtial
is a perturbation of the one-dimensional one-soliton potentigt;) (3.1) by means of a smooth,
decaying at infinity functioru,(x) of two space variables. To our knowledge this is the first time
that inverse scattering theory is applied to a nonscattering situation, i.e., a situation with an infinite
obstacle. As a result of our investigation we proved that under such a perturbation the Jost
solutions get specific singulariti€5.7) and(5.8) on the complex plane of the spectral parameter
k. We demonstrated that the d-bar problérl6) and(5.19, while looking familiar for a potential
whose spectrum has a discrete and continuous part, needs a substantially modified approach due to
the singularity structure of the spectral data given(5nll). It was necessary to establish the
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meaning in the sense of distributions of all terms involved in this problem, in order to be able to
formulate the inverse problem as the system of integral equat®6 and(5.21). It is easy to
check that the singular behavior of the spectral data and Jost solution as giehl)rand (5.7)
and (5.8) is compatible with this inverse problem. On the other side, it is necessary to prove that
the potentialu(x) reconstructed by means (.22 is of the type(1.5. We plan to address this
problem in a forthcoming work.

Another open problem is the application of these results to the KPIl equédtinitself. In
particular, investigation of the time asymptotics of solutions with initial data of the (3 must
be performed. Let us mention only that the singular behafsdtl) of the spectral data is pre-
served under evolutiofil.3). Indeed® the time dependence of the spectral data is given as

r(k,t) =4+, (6.1)
Thus we get that
a=const, \=const, (6.2

also with respect to time.

In Sec. lll we mentioned that the above construction can be easily generalized to the case
where the potentiali;(x;) is a pureN-soliton one-dimensional potential. At the same time our
approach also admits straightforward generalization to the case wheceis not a function of
one space variable but the result of application of thekBmd transformation to a generic
background two-dimensional potentig)(x) decaying on the-plane. Then the inverse problem is
again given by Eqs(5.20 and (5.21), where the spectral datgdk) are replaced with

, (k+ia)(k+ia)

r(k)+ —
(k—ia)(k—ia)

ro(k), (6.3

wherer (k) is of the type(5.11) andry(k) are the spectral data of the potentig(x) (see Ref. 11

The theory of the heat equation with respect to the nonstationary @ogey equation is in
some respects simpler and in some other respects unexpectedly more difficult. As we have shown,
under perturbation the Jost solution get singularities more complicated than poles, but this solution
has no additional cut in the complex domain, in contrast with the nonstationarydiueo case
as discovered in Ref. 13. On the other hand, the generalization of this scheme to the case of
multi-ray structure of the potential(x) meets with essential problems, first of all due to the fact
that the resolvenfor Green’s functiop of the heat equation even of a two-solitdgenerig
potential is unknown in the literature. This problem also needs future development.
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