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We present in detail an extended resolvent approach for investigating linear prob-
lems associated to 21 dimensional integrable equations. Our presentation is
based as an example on the nonstationary Siihger equation with potential
being a perturbation of the one-soliton potential by means of a decaying two-
dimensional function. Modification of the inverse scattering theory as well as prop-
erties of the Jost solutions and spectral data as follows from the resolvent approach
are given. ©2003 American Institute of Physic§DOI: 10.1063/1.1587874

[. INTRODUCTION

The extended resolvent approach to the study of the spectral theory of differential operators
was developed in Refs. 1-8 as a method that from one side unifies all known approaches of the
inverse scattering theory, such as dressing transformation, nonlocal Riemann—Hilbert problem,
d-bar method and, from the other side, enables considering operators of more generic type, say,
with nontrivial asymptotic behavior at space infinity. Our presentation is based on the study of the
well known differential operator

L(X,y) =1 dy,+ 5 —U(X),  X=(X1,X), (1.1

i.e., the nonstationary Schdimger equationC(x,d,) ®(x,k) =0 which is the linear problem asso-
ciated to the Kadomtsev—Petviashvili | equati¢PI):°

(ut_6uuxl+ux1x1xl)xl:3ux2x2- 1.2

This equation has been known to be integrable for about three de®dd@he Cauchy problem

for this equation with rapidly decaying initial data was studied by using the inverse scattering
method in Refs. 12—-15. At the same time, it is well known tfia) is a (2+1)-dimensional
generalization of the famous Korteweg—de VrigslV) equation. Indeed, ifi;(t,x;) obeys KdV,

then

u(tvxlixz):ul(tvxl+ﬂx2+3/*l’2t) (13)

solves(1.2) for an arbitrary constant € R. Thus, it is natural to consider solutions (@f.2) that
are not decaying in all directions at space infinity but have one-dimensional rays with behavior of
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the type(1.3). The scattering theory for the simplest example of such potentia(.k) was
developed in Ref. 16. There, the Cauchy problem for the KPI equation was considered with initial
data

u(x)=uy(X1) +ux(x), (1.4

whereu,(Xx,) is the zero time value of the one-soliton solution of the KdV equationwsit) is

a smooth real function that decays rapidly enough on thext)-plane. We consider here a
simplified case of1.3) in which «=0. The generic case is reconstructed by means of the Galileo
invariance of(1.2), that is, ifu(t,x) is a solution of KPI, then

TU(t,Xq,X0) =U(t,Xq+ X+ 3u’t, X+ 6 ut) (1.5

also obeys this equation.

In Ref. 1 it was mentioned that the standard approach to the spectral theory of the operator
(1.1) based on the integral equation for the Jost solution fails for potentials of the above type. In
Ref. 16 the direct problem was studied by using a modified integral equation for the Jost solution,
i.e., an equation that involves as background solution the Jost solution of the one-soliton potential
and corresponding Green’s function. An appropriate Jost solution was introduced and it was shown
that, in addition to a standard jump across the keakis, wherek is the spectral parameter, it also
has a jump across a segment of the imaginary axis of the conipfdane. In the modified
formulation of the direct and inverse problems given in Ref. 16 some essential properties of the
Jost solutions and relations between spectral data were stated without proof. The reason for this
was that a technique based on the Jost solutions themselves is not enough for the study of these
properties and especially for investigating relations among spectral data. This gap can be filled
effectively in the framework of the extended resolvent approach that we present in detail in this
article. The outline of the article is as follows. In Sec. Il we give the basic notions of the resolvent
approach. In particular, we demonstrate that in this framework the known results for a decaying
potential in(1.1) follow readily. In Sec. Il we consider the theory of the two-dimensional operator
(1.1) with the pure one-dimensionfii,(x)=0 in (1.4)] one-soliton potentiali;(x,). In Sec. IV
we apply the resolvent approach to the opergtol) with a potentialu(x) that is a perturbation
of this one-dimensional potential. We introduce and study the properties of the corresponding
resolvent and Green’s functions, Jost and auxiliary Jost solutions and advanced/retarded solutions.
In Sec. IVE we investigate the properties of the spectral data and derive their characterization
equations. In Sec. V we summarize the main aspects of the spectral theory developed in the
framework of the extended resolvent approach.

II. BASIC OBJECTS OF THE RESOLVENT APPROACH
A. Extension of differential operators and resolvent

Let A= A(x,dy) denote a differential operator with kernel
AXX") = A(X,d¢) 6(X=X"),  X=(X1,X2), (2.)

8(X) = 6(x1) 6(x,) being the two-dimensionaf-function. Here we consider the two-dimensional
situation, but the whole procedure can be applied in any dimension. In what follows we consider
differential operators whose kernedgx,x’) belong to the spac§’ of tempered distributions of

the four real variablez andx’. Differential operators are polynomials with respect to the deriva-
tives. In order to exploit this property we introduce #densionof differential operators, i.e., to

any differential operatod we associate the differential operatsfs) with kernel

A(X,x";s)=e X IA(x,x") = A(X,dy+5) S(X—X'), (2.2

where all variablex, x’, se R2. Under the above condition kernels of the extended operators
form a subclass in the spac® of tempered distribution&\(x,x’;s) of six real variables. We
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consider generic elementyx,x’;s), B(x,x’;s), etc., of this spac&’ as operatorgnot neces-
sarily differentiable¢ A(s), B(s), etc., with the standard composition rule

(AB)(x,x’;s)=f dx’ A(x,x";s) B(x",x";s). (2.3

Since the kernels are distributions this composition is neither necessarily defined for all pairs of
operators nor necessarily associative. On the space of these distributions we define the operation
of Hermitian conjugatiorA’ as

AT(x,x":5)=A(X',X;—S), (2.9

where bar denotes complex conjugation and in the case of matrix operators the matrix on the r.h.s.
must be transposed.

The kernels of the extended differential operators depend polynomially on the varg&ables
=(s1,S,) so that the analytic continuation of the kernels with respect to these variables is admis-
sible. In what follows we denote such kernelsfgx,x’;s) using boldface font for the complex
variables which hass as real part. So, for the variabdewe write

s=sptis;=(s,5)eC? sy=seR? (2.5

In the following we will use the same notatitr+ ky + ik, =k + ik, for the other complex spectral
parametek € C we introduce.
Thanks to(2.2) continuation(2.5) (analytic for the differential operatorss given by

A(x,x";9)=e S XA(X, X' ;5p). (2.6)

Since this formula is well defined in the spa8é for any operatorA(s), it can be used as the
definition of the continuatiorfin general not analytjcof a genericA(s) in the complex domain,
se (2.

An operatorA can have an inverse in the sense of the composition(2a8y, sayAA =1 or
A~IA=1 (in general left and right inverse can be diffenentherel is the unity operator i’

[(X,x";8)=d8(x—X"). (2.7

Thanks to(2.6) continuation to the complex domain of the operator inverseexbended differ-
ential operatoiA(s) equals to the inverse of continued differential oper#¢s). Therefore, we
can impose to the inverse the additional condition that the product

A(s+s) *A(s) %, ss eC, (2.9

is a bounded function of in a neighborhood o' =0. Then, if the inversiom\1(s) exists, it is
unigue and, therefore, in the following in order to guarantee the uniqueness of the inverse we will
always require that this condition is fulfilled.

In order to clarify the meaning of the introduced extension of differential operators it is
convenient to consider the “shifted” Fourier transform

1 . )
A(p;s)=wjdxf dx’ e (P=SXHISXI A (x X' 5), (2.9

wherep e R?, px=p;x;+ p,X,, andse C? and to consider it as the kernel of the operatés) in

the transformed space. In this space the extension of a differential opetdteovith constant
coefficients is particularly simple. Indeed, we ha\gp;s)=a(s)(p), wherea(s) is a polyno-
mial in s. For the kernel of the inverse operator we get trivigy(p;s)= 8(p)/a(s) and con-
dition (2.8) means that possible terms proportionals{@(s)) must be omitted.
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Let D; denote the extension of the differential operastpjr(j =1,2), i.e., according t(2.2) let
Dj(x,x’;s)=(axj+sj)5(x—x’), j=1.2. (2.10

In terms of the Fourier transforr2.9) D;(p;s)=s;d(p) and thenDj‘l(p;s)=sj‘15(p), so that
inverting (2.9 we get

D; H(x,x";8) =€ S 00x; =X ) = 0( =) 18(Xj 1= X1 1), (2.11)

wherej+1=(j +1)mod2. These operators are just the standard resolvents of the op@;?tors

This observation motivates the name extended resolvent for the mathematical object we intro-
duced. In fact, we added a compléspectral parameter not to the operator itself but to the
operatorsaxj. Below we discuss the relevance of this modification and compare our approach to

the standard spectral theory of differential operators.
By (2.10 we have thaDJ-(x,x’;s)=((7Xj+q)5(x—x’) that is, of course, an analytipoly-
nomia) function ofs. But for the continuation of the inverse operator we get{®yl1) and(2.6)

D; {(x,x";8) =€ X 0(x = X)) = 0~ 550 18(X) 11— X] 1), (2.12

that is not analytic with respect 8. Moreover, let us perform the operation inverse to imbedding
(2.2, i.e., to any operatoA(s) with kernel A(x,x’;s) we associate its “hat-kernel”

A(x,x":5) =S¥ IA(x,X':S). (2.13

It is clear that these objectin the generic cagedo not belong to the spacg (R®) of distribu-
tions, while we still can use their composition relation

(Z\E)(x,x’;s)=f dx’ A(x,X";s) B(x",x";s) (2.14

derived from(2.3). Let now A(s) be the extension of a differential operatdr Then of course
A(x,x’;s)zA(x,x’), i.e., the kernel of the original differential operator. In particular this means

that A(x,x’;s) is independent of the variables At the same time, as demonstrated by example
(2.11), for an operator inverse to a differential operator, the dependence ahthe kernel

ﬁ(x,x’;s) is in general nontrivial, for instance,
D H(xX'59)=[00x—X]) — 6(=$)18(X] 1 1= %] 1). (2.1

Using the “hat-operation,” for any differential operatei(x, dy), equalitiesAA~1=A"1A=| take
the form

A, a)A 26X 58) = AUX 0y ) A (XX 38) = S(x—x'), (2.19
where A% is the operator dual tod. Thus the hat-kerne2.13 of the operator inverse to an

extended differential operator gives a two-parametsie £2) family of Green’s functions of the
operatorA. In what follows for equalities of the typ@.16) we use the following special notation,

AR L(s)=A Ys)A=I, (2.17
where A denotes the operatod applied to thex-variable of the functiorﬁ‘\i(x,x’;s) and A

denotes the operator dual tbapplied to thex’-variable of the same kernel. We also see that any
discontinuity of the kerneif\i(x,x’ ;S) with respect to the-variables belongs to the null space of
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the operatord and its dual. The same is valid for the derivatives of such kernels with respect to
thes-variables. Let us mention that for kernels continued by meaii2.6fwe have by(2.13 the
relation

A(x,x";9)=e X XDA(X, X' ;Sp), (2.18
and for the inversiol\~1(s) of a differential operatoA(s)
dA"Y(s) ATL(9)
S — =

A(s) "~ A(s)=0. (2.19
aSj (93]

Thus the d-bar derivatives of the inverse operator also annulate the differential operator and its
dual, while by(2.13
B 1 &ﬁ(s)

2 (931‘ ’

JA"Y(s)
( s=sy, (2.20

75

$5=0

where both derivatives are considered in the sense of distributions.

B. Resolvent approach in the case of rapidly decaying potential

1. Definition of the resolvent
The extension of operatat(x,dy) in (1.1) is given by

L(s)=Lg(s)—U, (2.21)
where
Lo=iD,+D? (2.22
has kernel
Lo(X,X";8)=[i(dx,+S2) + (dy, +51)%]S(x—x'), (2.23

andU, which is called the potential operator, has kernel
U(x,x";s)=u(x)8(x—x"), (2.29

which is independent of. Below we always suppose thax) is real, which by(2.4) is equiva-
lent to

LT=L. (2.29

The main object of our approach is tfextended resolventM (s) of the operatot (s), which is
defined as the inverse of the operatqgrthat is,M satisfies

LM=ML=1I, (2.26

and obeys conditiof2.8). The main advantage of using the extended resolvent is that its deriva-
tives with respect t@ are given in terms of its reduced values that are just the Jost sol(tinds

their generalizationsof the linear problem under consideration. In their turn discontinuities and
derivatives of these solutions lead us to the spectral data, again given as “further” reductions of
the resolvent. Let us consider first the resolviéhg of the bare operatoky. In terms of the
Fourier transformatiori2.9) and thanks to conditiok2.8) we get for the kernel of this operator
Mo(p;9) = 5(p)(i32+§)*1. Inverting transformatiori2.9) we get for the hat-kernel
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. 1
Mo(x,X";8)= Z—Wifk  dkn[0(xa=x5) = 0(2kynky— ) ] Po(X,K)Wo(x" k),  (2.27)
J=S1

where we introduced the functions

Do(x,k)= e—ikxl—ikzxz, Wo(x,k)=¢ kx1+ik2x2, (2.28
wherek=ky+ikye C is a complexone-dimensionalspectral parameter for which we again use
boldface font and also, in order to simplify notation, standard font for its real parkgek. The

functions®y(x,k) and¥o(x,k) which naturally appeared if2.27) obey the differential equations

Lo(X,d) Po(X,K) = (i dy,+ a§1)<1>0(x,k)=o, (2.29
LX) Wo(x,K)=(—idy,+ e )W o(x,k)=0, (2.30

i.e., solve the nonstationary Schiinger equation and its dual in the case of zero potential. Thus
they can be considered as the Jost solutions for this trivial case. Notice also that they obey the
conjugation property

Do(%,k) =Wo(x,K). (23
By using notation2.17) we can write
LoMo(s)=Mo(s) Lo=1, (232

showing that the hat version of the extended resol\kbg(ts) is a two-parametric set of Green’s
functions of operatof1.1) and its dual. In analogy with these notations we write

Lo®o(k)=0, Wy(k)Lo=0, (2.33

considering®y(k) and Wq(k) as “vector” and “covector” with “components” labeled by the
variablex.

The resolveniM g given in(2.27) obeys the following properties. It is a continuous function of
s whens#0, it is bounded but discontinuous s 0, it is self-adjoint[cf. (2.29], that is Mg
=My, and from(2.27) we have

IMg(s) i _
:_f dky k 6(2kgpks—s;5) Po(k) @ Wo(k), (2.39
981 T Jky=s1
Mo(s)_ 1 Ak 8(2koks — S5) Do(K) @ W o(K 23
isy, 2w Jums, (Zkyky=52) Po(k)@Wo(k), (2.35

where, in correspondence with the “vector” interpretation of the Jost solutions, the direct product
in (2.34), (2.39 is defined in the standard way as an operator with kernel

(Po(k)@Wo(k))(X,X")=Do(x,K)Po(x",K). (2.39
Derivatives in(2.34) and (2.395 can be considered in the standard sense we&0, while in
vicinity of s;=0 they must be understood in the distributional sense. It is easy to see that the

integral in (2.27 is exponentially divergent when, says,—~. Thus, indeed,
Mo(x,x";s) & S’ (R®).
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2. The resolvent and Hilbert identity

The resolvent of the operattr can also be defined as the solution of the integral equations
M=My+MoUM, M=Mg+MUM,. (2.37

Under a small norm assumption on the potential we expect that the soMitxists and is unique
(the same for both integral equatigrithe condition(2.8) is required. Taking into account the
properties ofM given above, we get that thanks to the reality of the potentig) the resolvent
is self-adjoint,

MT=M, (2.38

M(s) is a continuous function o whens#0 and discontinuous a&=0, and by(2.26 has the
asymptotic expansion

L(s) P
M(sy, SZ+SZ)_52 ra +-, s5eC, s;—o. (2.39

As we mentioned above essential information on the spectrum of the opératm be derived
from the d-bar derivatives of the resolvet(s) continued in the complex domain. In order to
study these derivatives we use the following analog of the well known Hilbert identity,

M’ —M=—M'(L'—L)M, (2.40

whereL’ is another operator of the tygé&.1) andM’ is its resolvent. Let us chood¢’=U and
let L=L(s) andL’=L(s") and the same for their resolvents. ThH@¥0 can be written in the

form
M(s') =M(s)=—=M(s")(Lo(s") —Lo(s))M(s), (2.4
or by (2.26) as
M(s") =M(s)=M(s')Lo(s")(Mg(S") —=Mo(s))Lo(S)M(s), (2.42
that gives
IM(s Mol om(s. (2.43

——=M(s)Lo(9)
9

S
In terms of hat-kernels as defined (2.13), thanks to(2.20, we get

M(s) _ ( ) - .
Py (s)LO LoM(s), j=12, (2.44
J

and then by(2.34 and(2.35 for s;#0

M(s) ='—f dkyy k 8(2Kkgky— ;) D (K)@W(K), (2.45
98, ky=s1

IM(s) 1

a_sz_ﬁfquldk% 8(2kguk3—S,) D(K)@W(K), (2.49

where we introduced the functions
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(I)(x,k)=j dx’ (L‘g(x’,ﬂxr)G(x,x’,k))@o(x’,k), (2.47

\If(x’,k)zf dXWo(x,K) Lo(X,dy) G(X,X",K), (2.48
with G(x,x’,k) defined as a specific value of the resolvent itself
G(x,x",K)=M(x,X";Ky,2KnK~). (2.49
In what follows we consider the functioB(x,x’,k) as the kernel of the operat@(k) and the
functions®(x,k) and¥(x’,k) as vectord(k) and covectotV'(k). For shortness we write equa-
tions of the typg2.47—(2.49 as
D (k)=G(K) LoPo(k), W (k)=Wo(k)LoG(K), (250

G(K)=M(S)|s= (ks 25k - (2.51)

Relation (2.49 shows that the functiorG(x,x’,k) is in one-to-one correspondence with the

resolventM (x,x’;s) iff ks#0, that is, iff the points along the above mentioned discontinuity of
the resolvent as=0 are excluded. In order to study this discontinuity we introduce the following
notation for the specific limits of the resolvent at this point of discontinuity,

G.(x,x)= lim lim M(x,x’;s), (2.52

sp—*+0 s;—0

where the limits;— 0 is independent of the sign. Now we choosg2m?2 boths ands’ real,
s;=s,;=0 and consider the limits,— *0, s,— + 0. We get

G, ~G_=G.Ly(Go ~Go, ) LoG=, (2.53

whereGg .. is defined in terms of the bare resolvédt, like in (2.52), so that by(2.27) we have

T O(E(Xy—
Go (X,X') = ———

X))
dkDo(x,K)Po(x', k), (2.59
and
1
Go,+_Go,f:ﬁf dkPy(k)@Wo(k). (2.595
Inserting this relation in the r.h.s. §2.53 we derive the equality
GG—lfdk®ka 25
+=G=5~ (k)W (k), (2.56

where we introduced the functionb.. (x,k) and V. (x,k), which, in analogy with(2.50 and
using the same notation, are defined by

D (K)=G. LoPo(k), W.(k)=Wo(k)LoGe . (2.57)

Next we consider in detail the properties of all the objects introduced s&{&), d(k), V(k),
G.(k), ®.(k), andV¥ . (k).
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3. Properties of the Green’s function

Thanks to(2.17) it is clear thatG(k) defined in(2.49 is a Green'’s function of the operat6r
depending on the complex parameker

LG(K)=G(k) L=1. (2.58

Properties of this Green'’s function follow from the propertiedfs). In particular, thanks to the
definition (2.4) and to(2.38) (i.e., reality of the potentiall) we get

G(x,x",K)=G(X’,X,K). (2.59

Applying the reduction(2.49 to equalities(2.37) we get that this function obeys the integral
equations

G(k)=Gg(k)+Go(k)UG(k), G(k)=Gy(k)+G(k)UGqy(k), (2.60

where the Green’s functio®y(k) of the operator’, is defined by the general formu(@.52) in
terms ofMy and thanks tq2.27) it equals

1
Go(x,x", k)= ﬁf dk’ [ 0(x,—x5) — 0(k;k")] Do(x,k" +K)Wo(x' ,k+k").  (2.61
By (2.60 it is easy to check that the function
glxx' k) = ekt KOG (x,x k) (2.62

is a bounded function of its arguments and that

limg(x,x",k)=0 (2.63

k— o0

if the potentialu(x) decays rapidly enough. The functi@(x,x’,k) is a continuously differen-
tiable function ofk in the whole complex plang with exception of the real axis;=0, as follows
from (2.49. By (2.45 and(2.46) for k;#0 we have

&G(k)_sgnk;i dG(k) sgnky
W— i S (k)W (k),

ﬁkj 2

O (k)eW(k), (2.69

so that in the complex domain this Green’s function is analytic,

IG(K)
i :01 kj#:oa (2.65)
ak

and discontinuous at the real axis.

The Hilbert identity (2.41) allows us also to find relations among the Green'’s function at
different values of the parametkr For this sake we choosg=s,=s,eR and lets;,s,e C. By
(2.23 L(s1,5)) — L(S1,8) =i(S,— ). Inserting this equality if2.41) we can divide both parts
by s,—s, and thanks to conditio2.8) we get

M(S ’ I)_M(S !SZ)
M (St )M (51,8) =i 2_52 %) (2.66

In terms of the hat-kernel of the resolvent (/18 we then have
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J dx’ e(2™2%N (X,X';S1,Sh) V(X' X";S1,S91)

_ e(Sé*Sz)XgM (ny";sl ’Sé%) — e(séfsz)xzm (X,X”;Sl 152%)
=1 .
S

Next we perform the Fourier transform with respect to the differesjge s,; and denotes),
=s,, SR=S,. We get fors;=s,;

fdxiM(x,x’;s’)l\?l(x’,x”;s)=il\7|(x,x”;s’)[a(xg—xé)—9(32—35)]
—iIM (X,X";8)[ B(Xa—X5) — B(S,—S5) ].
Finally, we introducek;=s;=s;, kp=5s,/(2s1), k'=(s;—5,)/(2s1). Then s’'=(k;2(ky

+k")k;) and s=(k;,2kuk;) and using definition2.49 we can rewrite the above equality in
terms of the Green’s function as

JdXiG(X,X’,k+k’)G(X’,X”,k)
=IG(X, X", k+K")[O(x3—%5) = O(— KK ) ]=1G (X, X", K)[ 0(Xa—X3) — O(—k;K") ],
keC, k'eR. (2.67)

Properties of the functionG..(x,x") as well follow from the properties of the resolvent. Both of
them are also Green'’s functions of the operdfiof) and its dual,

LG.=G.L=I, (2.68
obey the conjugation property
G.(x,xX")=G=x(x",x), (2.69
and the integral equations
G.=Gp.++Gp+UG., G.=Gy.+G.UGg., (2.70

whereGy . is given in(2.54).
The limiting values of the Green’s functidg(k) on the real axis in a sense must be close to
the Green’s function§.. . Indeed, introducing notations
G*(x,x",K)=G(x,x" ,kxi0), keR, (2.7

we see by(2.49 that they are given by the following limits of the resolvent

GT(x,x’,k)= lim M(x,x";*e,*2ke), (2.72

e—+0
so like in(2.52 they correspond ttv (s) ats=0. But the resolvent is discontinuous at this point,
so in the generic situation these limits are different. In order to find relations between them we

again start from(2.42 choosing botts’ ands to be real. Performing fos’ the limiting procedure
(2.72 and fors the one in(2.52 we get

G7(K)—G.=(G.Lo)(G§(K)—Gg+)(LG(K)), 2.73
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whereke R ando=+,—. Then, thanks t¢2.54 and definitiong2.57 we get from(2.73
F1 5
G”(k)—GfﬁJ dk’ O(+a(k=k")® . (K")&(Wo(k") LG (K)), (2.74

where for the "covector”\lfo(k’)EOG"(k) we used a shorthand notation analogous to that in
(2.50. Finally, let us mention that the relation betwe8n andG_ was given in(2.56).

4. Jost and advanced [retarded solutions. Bilinear representation for the resolvent

We have shown that the derivatives of the resolvent and its discontinuities are given in terms
of the functions®(k), ¥ (k), ®.(k), and¥ (k) which in their turn are obtained as special
reductions of the resolvent. Here we describe the properties of these functions. Thé2id3to
and(2.598 it follows directly from definitions(2.50 that the functionsb (x,k) and¥ (x,k) obey
the nonstationary Schdinger equation with potential(x) and its dual, that is,

LD(k)=0, W(k)L=0, (2.79
where we use the same notation agar83. Thanks to(2.59 we get the conjugation property
DX,k =T (%K) (2.76
and the integral equations for these functions,
D(k)=Dy(k) +Go(k)Ud(k), T(k)=Ty(k)+T(k)UGy(k), (2.77

follow if we apply £o®, from the right to the first equation i2.60 and ¥ £, from the left to
the second one. Thanks (2.61) they are just the standdfdequations for the Jost solution of the
nonstationary Schrbnger equation and its dual. Thus, in what follows we refembix,k) and

V¥ (x,k) as Jost solutions and 8B(x,x’,k) as to the Green’s function of the Jost solutions. By
(2.65 these solutions are analytic functions of the spectral pararketark;+#0 and are discon-
tinuous at the real axis. Insertin@.51) into (2.50 we get by(2.18 and (2.28 the standard
representation

D(x,k)=e ik x k) W(x,k) = eRatikeg(x k), (2.79
where
X(X,k)=J dx’ (MLo)(x,x";s), é(X’,k)=J dx(LoM)(x,X";s), (2.79
for s=(—ik,—ik?). From(2.77 we get thaty and £ are normalized at infinity,
lim y(x,k)=lim &(x,k)=1, (2.80
k— o0 K— o0

while the potentiali(x) is reconstructed by their means as

u(x) = —2i lim kdy x(x,k)=2i lim kdy £(x,k). (2.81
k— o0 K—s o0
Solutions® (x,k) and ¥ (x,k) obey orthonormality relation, i.e., their “scalar product” equals

1
Efdxl\If(x,k+k’)<I)(x,k)=6(k’), keC, k'eR. (2.82
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In order to prove it we appIﬁOCDO(k) to (2.67 from the right. Thanks t¢2.28 and(2.62 the
integrand in the first term on the r.h.s. (#.67) is rapidly decaying whex;—~ and we can
integrate by parts, that gives zero due(2033. Thus by recalling2.50 we obtain

f dx; G(x,x" ,k+k")®(x',k)=—i[ (X,—x5) — 0(— k;k")]P(x,k) (2.83
and by taking the complex conjugate and using the conjugation prop&t&3® and(2.76
f dx;W(x' k+k")G(x',x,k)=i[ (x,—x5) — 0(—ksk") P (x,k+k"). (2.89
Next we applyWo(k+k’) L, to (2.83 from the left and recalling2.50 and(2.28 we have

f dxi\I’(x’,k+k’)<b(x’,k)=f dx\lfo(x,k+k’)6(x2—x§)<1>(x,k)—ifdx\I'o(x,kJrk’)
X[ O0(Xo—X5) = 0(— K5k ) Ju(x) P (x,k). (2.895

Now (2.82) follows if we considen2.84) for G, andWV, insert it in the second term on the r.h.s.
of (2.85 and use the first equation {2.77).

The properties of the function® - (x,k) and ¥ .(x,k) are derived analogously from their
definition (2.57). By (2.68 they obey

LD.(k)=0, W.(kL=0. (2.86

Their conjugation property
D (k) =W (%K) (2.87)

and the integral equations
C . (K)=Pg(k) +GoUD.(k), W.(k)=Wo(k)+W¥.(k)UGq:, (2.88

follow from their definition and Eq¥2.70), where the Green’s functioB, - is defined in(2.54.
Thus ® . (x,k) and ¥ . (x,k) are just the standaftladvanced/retarded solutions of the nonsta-
tionary Schrdinger equation and its dual. Correspondingly, in what follows we ref&.tx,x’)

as to the Green'’s function of the advanced/retarded solutions. In analogy with derivattB2f
we can get the orthonormality relation

1
Zf dx, V. (x,k+k D= (x,k)=8(k"), kk'eR. (2.89

The properties of the Jost solutions enable us to recondi@s} from (2.45 in the form

1
M(xx";8)=5— - Ak [ 0(x2—X3) — 0(2kk3—$5) ] @ (X, K) W (X" k) (2.90
3=S1

that generalize$2.27) to the case of nonzero potentials. Indeed, thank$2t@8 and to the
boundedness of and ¢ the integral, on the interval fixed by thefunctions, is convergent, the
kernelM(x,x';s)=e " S*X)N(x,x";s) has zero limit fors,— in accordance witt{2.39, and
expression2.45 for the derivative oM (s) with respect tcs, follows from (2.90 ats; # 0 thanks

to the analyticity of the Jost solutionslaj# 0. At the same time we know that the resolvent must
be continuous as;=0 whens,# 0. In order to formulate this property, we introduce in analogy
with (2.71) a specific notation for the limiting values of the Jost solutions at the real axis, i.e.,
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DE(x,K) =D (x,k*i0), T*(x,k)=P(x,k*i0). (2.9

Then the above mentioned condition of continuity reads as

J dk<b+(k)®~1r+(k)=fqua—(k)@qr—(k). (2.92

Representatiori2.90 plays a crucial role in the resolvent approach since it enables us to
express all objects of the spectral theory in terms of the Jost solutions. In particular, thanks to
(2.51), for the Green'’s function of the Jost solutions we get

G(x,x',k):z%f dK' [O(xa—X}) — (kK] D(x,k+K )T (X' k+k'),  (2.93

that in its turn generalize$2.61). Moreover, from(2.90 one can get an expression of the
advanced/retarded Green'’s functions in terms of the limiting values of the Jost solutions. Applying
the limiting procedurd2.52) to (2.90 we get

= O(+ (Xa— X5
MJ dk®7(x,K) ¥ (x’ k), (2.94
i

G.(xx")=
whereo= +,— and we used notatiof2.91) for the limiting values of the Jost solutions at the real
axis. Condition(2.92 guarantees that th@..’s are independent of the signas it must be.

From the behavior at large, of the bilinear representatiai2.90, comparing with(2.39 we
obtain also the following important property of the Jost solutions:

dkey ¥ (X', K)D(x,K) = 8(X1— X)), (2.95

r
2w X5=Xp

which can be considered a completeness relation.

5. Relations among Jost and advanced [retarded solutions. Spectral data

In the previous section, in the framework of the extended resolvent approach, we obtained in
(2.93 a bilinear representation in terms of the Jost solutions of the Green’s function for the Jost
solutions and in(2.94 of the Green’s function for the advanced/retarded solutions. We derived
also EqQ.(2.79 relating these Green’s functions. We can now exploit these results for deriving
relations among the advanced/retarded and Jost solutions on the real axis and use them to intro-
duce the spectral data. In fact, applyiﬁ‘g(bo(k) to (2.74 from the right, recalling definitions
(2.50 and(2.57), we get(notice thatk e R)

CD‘T(k)=Jdk’CIDi(k’)ri(k’,k), o=+,—, (2.96

while the relations amony ?(k) and W .. (k) can be derived analogously or follow by conjugation
properties(2.76) and(2.87). Here we introduced the spectral data

re(k’,k)y=6(k'—k)= 6(=o(k'—k))r’(k’,k), k’,keR, (2.97

Wo(k')£oG7(K) LoPo(k) _ Wo(k') Lo®7(K)

ro(kt ko= 21i 2qi (2.99

Recalling “vector” and “covector” notationgcf. (2.47), (2.48, and (2.50], the “expectation
values” at the numerator have the following explicit expressions:
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\Po(k’)EOG”(k)EOCDO(k)=J dxf dx’ Wo(x,K)(Lo(X,d,) L IX", 0 ) GI(X, X K))Po(X,K),
(2.99

\Ifo(k’)ﬁotb"(k):f dx W o(x, k') Lo(X,d) D(X,K), (2.100

showing that they are functions &f andk only.
In order to get the advanced/retarded solutions in terms of the boundary values of the Jost
ones we us€2.94) and the limiting value$2.71) of (2.93 on the real axis. Then

1
G"(k)—Gtzz—ﬂ_ink’ 0(+o(k'—K)P7(K)®WI(K), o=+,—,  (2.10)

and in the same way as above we readily derive
(IJt(k)zf dk’ ®7(k")ri%(k,k"). (2.102

Now inserting these expressions infth96) and taking into account the orthonormality properties

(2.82 and(2.89 of the Jost and advanced/retarded solutions we derive that the spectral data obey

characterization equatiofn§which we discuss below in Sec. IVE 2 in a more general situation.
The alternative spectral data defined as

F”(k,k’)ZJ dk" rZ7(k",k)rz7(k",k"), (2.103

where the r.h.s. is independent of the choicerofhanks to the above mentioned characterization
equations, allow expressing the discontinuity of the Jost solutions across the real axis as

qw(k)=f dk’ & “(k")F (k' k). (2.109

The inverse problem can be formulated in the standard way by using the fact that the Jost
solution®(x,k) is an analytic function ok for k;# 0, has the discontinuit{2.104 at the real axis
and obeys the normalization condition given(@y78 and(2.80. In Ref. 5 we also demonstrated
that the inverse problem can be formulated in terms of the resolvent itself. Here we skip this for
brevity, as well as many other results that follow from the extended resolvent approach, like the
introduction and properties of the dressing operataigrivation of the time evolution of the
spectral data corresponding to the KPI equation and algorithmic construction of time evolutions
compatible with the given linear problefn.

lll. CASE OF ONE-DIMENSIONAL POTENTIAL

A. Main definitions

In this section we consider the spectral theory of the differential opefatér when the
perturbationu,(x) in (1.4) is identically zero, i.e., we consider the extended differential operator

Li(s)=Lo(s)—Uq, Ui(x,x";8)=uq(Xq) S(x—x"), (3.1

whereL(s) is defined in(2.22. Here and in the following we use the subscript 1 for all objects
related to the case of a one-dimensional potential. In addition we chpasebe the one-soliton
solution of the KdV equation at the initial time=0, that is,
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—2k?

Ug(Xq)= oS k(X;—xg)’ (3.2

wherex, andx>0 are arbitrary constants. This choice is sufficient for showing the main peculiar
aspects of the imbedding of a one-dimensional potential into two dimensions and is particularly
convenient, since all objects relevant to the extended resolvent approach to inverse scattering can
be explicitly given.

The Jost and dual Jost solutiojdd. (2.78] are given by

Dy(x,k)=e 01Ky (x k), Wy (xk)=eat ks (x k), (3.3

where as always we use boldface font for the complex spectral paraketed

k—ix tanhk (X1 —Xp) K+i« tanhx (X1 —Xgp)
Xl(xlak)_ K—ix ’ gl(xllk)_ K+1ix (34)
They satisfy the differential equations
L;®4(k)=0, Wy(k)£1=0, (35
and are analytic in the complékplane with the exception of a pole kt=ix and atk=—ik,

correspondingly. Strictly speaking, in order to deal with Jost solutions defined in the standard way
one would have to consider, for instande,(x,k) multiplied by k—i«)/(k+ix sgnk;), but this
would introduce unnecessary complications. So, these Jost solutions have no discontinuity at the
real axis and when we are considering their value at the real axis we can omit the superscript
They obey, however, the conjugation propei2y76).

It is convenient to introduce the residua of functiehg(x,k) and¥,(x,k) at the poles and
their values at the conjugate points. We write

kr:eii(pl(xak):i \[%e“%l(X), Py(x,—ik)= ze\/—:i; @1(X), (3.6)
K e "o
k:rtfk‘l’l(xyk)=—i \/;erol/fl(X)v Vi(x,ik)= 2\/5%()()' (3.7)
where
i KX
(0= wsﬁﬁ (X) = 9200, 38
Functionse, and ¢, satisfy the differential equations
L11=0, ¢1L£,=0. (3.9
The equation
res®;(x,k) = 2i ke?*od (x,—i k), (3.10

k=ik

or an analogous equation fa¥,, closes the formulation of the inverse problem for this Jost
solution.
The orthonormality relation for the Jost solutions is not modified with respe@.82),
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1
EJdxl\Ifl(x,kJrk’)d)l(x,k):5(k’), k'eR, ke, (3.12)

but now it is accompanied by the scalar products

J Xmlﬂl(X)CI)l(X,k):fXm‘Ifl(X,k)%(X):O, kol <k, (3.12

1 1 1
Zf Xm‘ﬂl(X)%(X)EEJ dX1|¢1(X)|ZEEJ dxq|@1(X)[?=1, (3.13

where conditionks| <« in (3.12 is necessary for the convergence of the integral. On the other
side, the completeness relation is essentially modified with respect to the case of decaying poten-
tial (2.95 considered above, since we have

=2mw8(X1—X1). (3.19

r_
X27X2

f, dkgz 10X, K) P (X", K) + 0k = [Ks]) @2 (x) h1(X")
X5=Xp

B. Resolvent

The resolveniM (s) according to our general definition is the inverse, in the sens$2.26),
of the extended operat@8.1) and its hat-kernel obeys the equations

LiM4(s)=My(s)L1=1. (3.19

Taking into account that the completeness relati®i4) is modified with respect t¢2.95 and
that this relation is the first order term of the asymptotic expansion of the resolvept-as, it

is natural to expect that the bilinear representat@®®80 is also modified by an additional term
proportional to the produap,(x) #,(x"). In fact we get

A 1
Ml(x-x,;s):ﬁ(f dkg [ 0(X2—X3) — 0(2KknK;—2) ] @1(X,K) W1 (X" k)
J=S1

+0(k—[81]) [0(x2=X3) = 0(—Sp) Jo1(X) s (X) |- (3.16

Performing the transformatiof2.13 and taking into account the properties of the Jost solu-
tions and of the functiong,(x) and 4(x’) one can check thaw(x,x";s) e S’ and obeys
integral equations of the kin@.37 with U=U,. The second term if8.16) is different from zero
in the interval|s,| <, it compensates the discontinuities of the first terns,at = «, which are
consequence of the pole singularities df(x,k) and ¥(x,k). On the other side, this term
introduces a discontinuity iM ,(s) ats,=0 for all |s;| < x and not only as, =0 as it was for the
resolvent of the decaying case. By direct calculations one can prove the regularity with respect to
s-variables of

M1 red S)=M1(8)—T(S) @1(X) ¢hy(X'), (3.17
where

sgns; S, +2is(s;—«)

T(S)= 2 m2'°95, 7 2is,(5,7 1)’

(3.18
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the logarithm being the principal part with the cut along the negative real axis. Thus, we see that
the extended resolvent in the case of one-dimensional potentials gets logarithmic singularities at
the pointss= (= «,0). The singular part of the resolvent has the structure of a direct product.

C. Properties of the resolvent and Green'’s functions

For the discontinuity of the resolvent gf=0 we get from(3.16

. . _O0(k—]s1])
lim My(s)— lim Ml(S)—TQD1®l/ll, (3.19

Sz~>+0 32*?*0

which also follows from(3.17). For all other values of the resolvent3.16) has derivatives with
respect tes of the form of(2.34), (2.35:

IM4(s) i _
=—f dkoy K 8( 2Kk 3—S,) @1 (K) @4 (K), (3.20
(751 a 5=51
My(s) _ 1 f dkoy 8( 2Kk O, (K)2W,(k 3.2
s, 2 — % 0(2kpky—s,) @4 (k)@ W, (k), (3.21)

which at the vicinity of the poins; =0 have to be considered in the distributional sense. Thus, we
can introduce the Green'’s functi@by (x,x’,k) of the Jost solutions by using the same definition
as in(2.51). Then, from(3.16) we get the bilinear representation

Gy(x,x" k)= %f dk’ [ 0(Xo—X) — (koK) ] D1 (x, k' +K) W4 (x K" +K)

N 9('<‘|.k3|)

5 00— xp) — 0~ Kork) T1(X) 1 (X'), (322

which was already derived in Ref. 16, but starting from another point of view. It is easy to check
that this Green’s function obeys the conjugation prop€&t$9 and that the functiog,(x,x’,k)
defined like in(2.62 has property2.63. Taking into account that the resolvent obég37) with
U=U; we get that the Green’s function obeys integral equations of the(8/66),

G1(K)=Gg(k) +Go(k)U1G1(k), G1(k)=Gg(k)+G1(k)U,Gg(k), (3.23

it is analytic wherkgyk,# 0, continuous up to the borders of these quadrants, and in this region in
analogy with(2.64) we obtain

dGy(k)  sgnk;
PP ?Cbl(k)c@‘l'l(k). (3.29

In addition to the standard discontinuity at the real axis, the Green’s function has also a discon-

tinuity

. : sgnk;
G1(+0+|k3)—61(—0+|k3):2—77i9('<—|k3|)901®¢1 (3.2

at the imaginary axis whetk,|<x. Using (3.17) one can prove that the functio;(k)
—v(K) 1@ 1, where

sgnky  k—ik
Y(K) =T (S)]s= (k) 2k k) = (ZT)2|09m. (3.26
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is a bounded continuous function kfin vicinity of the cutky=0, |k4| <« with exception of the
pointk=0. As a consequence the regularized function

G red K)=G1(k)+27i y(K)(k sgnk;—ik) D1 (k)@W¥ (k) (3.27

has finite limits at the pointe= =i x, while it is discontinuous atyx=0 andk,=0. In (3.27) the
multiplier (k sgnky—i«) compensates the poles &f; (k) and ¥ ,(k). Note that the regularized
function g, e{ k) constructed fronG, {x,x’,k) like in (2.62 is bounded with respect to and
has finite limits wherx— o,

Let us mention that in the case of the Jost soluti@nsand V¥, the integrals in definitions
(2.47 and(2.48 are divergent and they must be conveniently regularized in the following way:

Byx,k)= lim f dx’ (G, (K) Zg) (XX )o(x' k) ek, (328
e—+0

Wy(xk)= lim f dx’ &KW o (X' k) (oG (K)) (X' %), (3.29
e—+0

wherek;# 0. As the result of this regularization we gsee Refs. 2 and)4a modification of the
integral equations for the Jost solutions with respect to the standard®éfigsthat are not
applicable in the case of one-dimensional potentials. In particular, in spite of the cut that
G;(x,x’,k) has on the imaginary axis, we have

D1 (+0+iky) = Dy(—0+iky) = 2i Vo me™0S(ky— &) @1 (3.30

in agreement with(3.6).

Whens,; =0 the kerneM 4(s) is discontinuous as,= 0. This means that we have to introduce
the advanced/retarded Green's functions likg2rb2. By (3.16 we get the following bilinear
representation for these Green’s functions in terms of the Jost solutions on the real axis:

Gy (xx') = T O(E(X2—X3))

2 [ dky W R+ (0| @3

The singular part of these Green'’s functions is equal to zero, as follows(8Bd®. These Green’s
functions obey the conjugation propef.69.

Now turning back to the discontinuity of the resolvent with respe,tavhens; #0 we get
from (2.51) for these limits

lim (Ml(s)|31=kj)=el(io+ik3). (3.32

Sp— = 0ky

Relations among Green’s functions follow from the bilinear representd8dtf) for the
resolvent. For the boundary values of the Green’s function of the Jost solutions at the real axis we
use notation$2.72). Then by(3.22) they are finite for all finitek but discontinuous d¢=0 and by

(3.3
” F1 Lo , , . _0(F0ok)
Gﬂk)—GLfZ—WiJ dk' o(F o (k=K )Dy(K) Wy (K)F——— @141, o=+,
(3.33
Other relations of such kind, say, among advanced and retarded Green’s functions, can be derived

analogously.
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IV. INVERSE SCATTERING TRANSFORM ON NONTRIVIAL BACKGROUND:
TWO-DIMENSIONAL PERTURBATION OF THE SOLITON SOLUTION

A. Resolvent

We investigate, now, the operat6rin (1.1) with a potential of the form(1.4), whereu,(x,)
is the one-soliton solutiofB.2) andu,(x) is a generic real, smooth and rapidly decaying function
on the plane X;,x,), “small” in some sense, so that it can be considered a two-dimensional
perturbation of the one-soliton solution. According to our general approach we introduce the
extensionL(s) of £ and the inverse of this extension, i.e., its extended resolVs). In the
previous sections we considered the special caée)=0 and studied in detail the properties of
the corresponding resolveh (s). Therefore, it is convenient to exploit these results and to use
for constructing the resolve (s), instead of the integral equatiof2.37), the following ones,

M(s)=M,(s)+M(s)U,M(s), M(s)=M;(s)+M(s)U,M(s), 4.1

whereU,(x,X";s) =U,(X) d(x—x"). We assume that, thanks to the “smallness” requirement on
u,(x), both equations admit a unique solutid(x,x’;s) in S’(R®). This requirement, in addi-
tion, guarantees that the solutidh(x,x’;s) inherits the properties df1,(x,x’;s), in particular

that M(x,x’;s) is a distribution with respect ta—x’, a smooth function with respect o+ x’

and a continuous function &f whens; #0 ands,# 0. Therefore, the Hilbert identitig2.40 and
(2.42 are valid also in our case, since the composition of operators appearing in them exist and
are associative. The Hilbert identit2.40 can be used for proving that equatio@dsl) have the
same solution. In fact, if we choo9d to be a solution of the first equation {#.1) [and then
solution of the second equation {®.26)] andM '’ to obey the second equation(i.1) [the first in
(2.26), correspondingly; then we obtairM’= M. Notice that, in addition, this proves thist(s)

is Hermitian, i.e., it obey$2.38 like in the decaying and one-dimensional cases. Instead, the
Hilbert identity (2.42 can be used for studying the properties of the resolvent irsthariable.
However, as we did for the integral equatiddsl) definingM (s), it is more convenient to rewrite

it in terms of the one-dimensional operatof(s) and resolveniM (s) as follows:

M(s") =M(s)=M(s")L1(S)(M(s") =My(s))L1(S)M(s). (4.2)
Then, in analogy with(2.44) we get for the derivatives of the hat-kernel of the resolvent

M) oy, V1) 2 j=12, $,#0
is, S)Lq as, L (s), =12, s,#0.

Inserting herg3.20 and(3.21) we get for the derivatives d¥l(s) the same equatior(®.45 and
(2.46) of the decaying case, where the Jost solutions are defined nfef. 48.50 ]

D(K)=G(K) L1D1(k), W(K)=W(k)L1G(k), (4.3

with the Green'’s functiois(x,x’,k) defined by(2.51) as in the decaying case. We excluded here
the values,= 0, whereM 4(s) is discontinuous.

For the study of the discontinuity & =0 of M(s) inherited fromM(s), following the
results of Sec. lll, we have to consider separately the cgse® ands; # 0. The boundary values

of the resolvent in the first case, Igpiol\h(s)|slzo, define the advanced/retarded Green'’s func-

tions like in(2.52. In the cases; # 0 for the boundary values of the resolvent thank&té1) we
have in analogy with{3.32 that

lim  (M(s)]s,,)=G(=0+iky). (4.4)

Sp—* ij

Now we consider the properties of these Green'’s functions in detail.
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B. The Green’s function of the Jost solutions

1. Properties of G (k)

We proved above that the definitig®.51) of the Green'’s functioris(k) of the Jost solutions
is applicable in the case we are considering now. Then directi¢tldly we get thatG(k) satisfies
the integral equations

G(k)=G1(k)+G1(k)UoG(k),  G(k)=G1(k)+G(k)U,G,(k). (4.9

Taking into account thaf = £, — U, it is easy to check thab (k) obeys the differential equations
(2.58 and the conjugation propert2.59. According to the remark we already made above for
the resolvenM (s), G(k) has the same domains of analyticity @g(k). Precisely, it is analytic

in the regionkyk,# 0, where it obey$2.64) and(2.65), and continuous up to the borders, it has
a cut atk;=0 as in the decaying case and an additional cuk.at 0 when |k;|<k. Using
notation(2.71) for the boundary values of the Green’s function at the real axis, we get

lim G(x0+iky)= lim G?(k)=G’(*£0), o=+,—. (4.6

oky—+0 +k—+0

Notice that by inserting4.5) into the definitions(4.3) of the Jost solutions we get the integral
equations

Q(k)=D1(k)+Gy(k)UP(k),  W(k)=W(Kk)+W(k)UGy(k), 4.7

which can be also considered to define the Jost solutions.

2. Discontinuity of G (k) across the imaginary axis

As always in order to study the properties of the resolvent at a discontinuity we use the Hilbert
identity. Choosing in4.2) boths ands’ to be real and;=s;, we have

lim M(s)— lim M(s)=( lim M(s)Zy)( lim My(s)— lim My(s)(Ly lim M(s)),

52—>+0 Sz—>—0 52—>10 52—>+0 52—>—0 52—>:O

which, by (4.4), is the discontinuity of the Green'’s function across the imaginary axis. By using
(3.22 for the discontinuity ofG,(k) we obtain

0(k—|ks|)

G(+O+ik3)_G(_o+ik3):m

(G(£0+iky) L101) @ (§1L1G(F0+iky)),
(4.9

where in brackets “vector” and “covector” notation like if2.50 is used and the direct product

is defined as i112.36). Applying operations//lﬁl and[’,lgol to this equality from the left and from
the right, correspondingly, we get in the regiei |k;| >0

Y1 L1G(+0+iky) Lygy

Y1 L1G(—0+ikq) L1y
1- -
2i sgnky

271 sgnk,

=1, (4.9

where the “expectation values” in the numerator have explicit expressions analogous to those in
(2.99. Under our assumptions on the potential both multipliers on the l.h.s. are regular in this
region so they have no zeroes. Denoting the right multiplieA@s;) we get

" s +1
WlﬁlG(io‘Hkﬁ)ﬁl‘Pl)

A(kj):<li 27isgnks

(4.10

which has no zeroes for ank,| < «,
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A(ky)#0, (4.1

and by(2.59 and the second equality i13.8) obeys the conjugation property

Alky) =A(—ks). (4.12

The functionA(k,) is defined inside the intervik,| <k, it is continuous for alk;# 0 and using
for the limiting values ak~= =0 notation of the typd2.71), Ai=limkﬁi0A(k3), we get by
(4.6) and(4.10

L,:GH(+0)L
Ai:lilﬂl 1G7( . ) 161 4.13
2i
Thanks to(4.11) both these constants™ are different from zero and bi#.12) they are mutually
conjugate,
A =A". (4.14
If we introduce the functions
¢(ks)=G(+0+iky) Lig1, (ks =A(Ky) (1L1G(~0+iky)), (4.1

where the multiplieiA(k,) in the last equality is introduced for convenience, the discontinuity of
the Green’s function at the imaginary ax#%8) can be written in their terms as

. L e(ky) @ ¢(ksy)
G(+0+ij)—G(—0+lk3)—G(K—|k3|)m. (416)
Thanks to(4.10 this equality gives the following relations symmetric(tl5),
o(ks)=A(Ky)(G(—0+iky) L101),  ¢h(Ky) =1 L1G(+0+iky). (4.17)

Notice that using the first equality i@#.15 and the second equality i@.17) we get by(4.5) the
integral equations for these functions

o(Ky)=@1+ G1(+0+iky)Use(Ky), #(Ky) =1+ h(ky)U,Gi(+0+iky),  (4.18

|k5|< x, which can also be considered to define them.
The values of the Green'’s function on the two sides of the cut along the imaginary axis can be
obtained by using the derivatives of the Green’s functi64), whose validity can be extended to
the case we are now considering if the Jost solutions are defined4$8)inPerforming the limits
kp— =0 we get in the strigk,;| <«

k
G(i0+ik3)=G"(i0)+%fjdad)(i0+ia)®‘lf(i0+ia), o=sgnky, (4.19
0

where we used the second equality(4n6).

3. Behavior of G (k) at the end points of the cut

In order to study the behavior of the Green’s function in the vicinities of the pdints
==*ik [whereG;(k) is singulal we use(3.27) and introduce the regularized Green’s function
Ged(K) as solution of the integral equation

Greg(k):Gl,regik)+Gl,reg£k)U2Greg(k)a (4.20

Downloaded 31 Aug 2010 to 128.198.156.41. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



3330 J. Math. Phys., Vol. 44, No. 8, August 2003 Boiti ef al.

which thanks to properties @b, 4 has finite limits at pointk= *ix. Subtracting(4.20 from
(4.5 and using(3.27) we get

G(K) = Gred k)= —2mi y(k) (k sgnk;—i k) @1 (K) @ W1 (K)[1+U,G(k)]
+Gl,regﬁk)UZ[G(k)_Greg(k)]-

Under the assumption of unique solvability 6£.20 and thanks to the identity+U,G(k)
=/:‘1G(k) we derive from this equality for the Green’s function in vicinity of these points the

following representation:
2771 y(K) (K SgnK =i 1) (Greg k) £1P1(K)) ® (W1 (K) £1Greg k))

G(K)=Gred k) — . .
1+ 2710 y(K) (K SgnKs— i ) (W 1(K) £1Geg K) £1P1(K))

(4.2

In analogy with (4.15, (4.17 we introduce the regular parts of the functiop$x, k),
IJI(X,kj) at kj:iK:

‘Preg,t:Greg(iiK)Zl(Pla (//reg,t:(//lzlereg(ii’() (4.22
and the “expectation values”
B.= ¢1[:16reg(i i) L1601 (4.23
Then by(3.6), (3.7 we have that

27 lim (ksgnks—ix) (W 1(K) £1Ged k) £1®1 (k) =iB.

k—*ik
and thus using the above notations we get the asymptotic relation

'}’(k)(Preg(i K)‘X’wreg(i K)

G(K)=Gred *ik)+ 1—y(k)Bx

+o(1), k—=*ix. (4.24)

Summarizing, the Green’s functioB(k), like G,(k), has a discontinuity on the segment
|k;|< x of the imaginary axis, but in general it is not necessarily singular at the end points of this
segment. Indeed, B, =0, then atk—i« the logarithmic behavior of(k) in the numerator of
(4.24) is not compensated, so the Green'’s functigfk) has a logarithmic singularity at the point
k=ik, like in the special case considered in Sec. Il. However, if

B, #0, (4.25

then the logarithmic behaviors of numerator and denominato#.2¥) compensate and we get a
finite result. Taking into account the conjugation prop@ty=B, , this is also valid for the point

k= —ik, so in this case at the end points of the cut we have
+® -+
G 1) = Gye i)~ == Vreg= (4.26

Applying to (4.24) the operationslflﬁl from the left andflgol from the right we get foA(k5) by
(4.10 that

A(*k)=1 (4.27)

independently of the value @, .
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C. Jost solutions

1. Properties of Jost solutions

From the properties of the Green’s functi@{k) studied in Sec. Il it follows that the Jost
solutions®(k) andW¥ (k) introduced in(4.3) are analytic in the regiokyk~+# 0, and continuous up
to the borders, have a discontinuitylkat=0 as in the decaying case and an additional disconti-
nuity atkyk=0 when|k4| <. By (2.59 the Jost solutions obey the conjugation prop&y6).
Moreover, the functionsy(x,k) and £(x,k) defined as in(2.78 are bounded both in the
x-variables and obey conditiai2.80).

The discontinuity of the Jost solutioi (k) at k;— =0 follows from (4.16 by means of
(4.3, i.e., by applyingﬁltbl(iOJrikj) to (4.16 from the right. By(3.30 the discontinuity of
®, (k) at the imaginary axis is proportional tg,. Under condition4.25 we have representation
(4.26) thanks to whichG(i K)Elcplzo by (4.22, (4.23. So the discontinuity o, (k) in the first
equality in(4.3) does not contribute to the discontinuity ®f(k) and we get by(4.16

®(X,+0+iky) —D(X,—0+iky) = 0(k—|k;]) (X, k5)W(K5), (4.28

where

p(Kq) L1P4(iky)

Wka)= S iA (ko) sgnk,

ks <, (4.29

and again thanks t¢4.25 we can omit specification of the limiting procedure fér;(£0
+iks) in the r.h.s. Below in(4.38 and (4.42 we give the behavior ofp(k;) andw(k;) that
enables to prove that in the limig(«)—0 one getsS(ky— «) in the r.h.s. 0f(4.28).

If we use for the numerator d#.29 the explicit expression

lﬂ(kj)fl‘bl(ikz):J AX(L 10X, ) (X, K3)) P1(x,i k),

we recover the spectral datg k) describing the discontinuity of the Jost solutions introduced in
Ref. 16. Using(4.3) and (4.15—(4.17 w(k;) can be rewritten as

_ LyG(—0+iky) Ly Py(iKy) _ Ly ®(—0+iky)
B 271 sgnk; 2 sgnk,

w(ky) , (4.30

or

Y1 L1G(+0+iKy) L1P1(iKy) ¢y L@ (+0+iky)
27iA(K5)sgnks ~ 2miA(Ks)sgnky

w(ky)= (4.3)

From the first equality here and the conjugation properties of all the objects involved we have

K _‘I’l(ikj)zlﬁo(kj)
I 2mwiA(ky)sgnky

w(— [ky| < k. (4.32

Notice that by(2.59, (4.15, and(4.17) we get the conjugation property

@(Xikj): l/I(X,_kj), (433

which motivates the introduction of the multipli&(k,) in (4.15. Then, by conjugation of4.28
we get for the dual Jost solution

\P(X, +0+i kj) _\P(X, —0+i kj) = G(K_ | kj|)l/f(X,kj)W( - kj) (434)
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Thus we see that the discontinuity of the Jost solutions across the imaginary axis is given not in
their terms, but in terms of the functiorgx,k,), ¥(x,k;) introduced in(4.15 [or (4.17]. From

their definition it follows that they obey equatiof&75: L¢(k4)=0 andy (k) £=0, and can be
considered a generalization of the functiopg(x), 41(X) to the caseu, different from zero.
However, they acquire a nontrivial dependence&giand cannot be obtained as specific values of

the Jost solutions. Due to the properties of the Green’s function these solutions are discontinuous
at k5;=0. In the following we refer tap(x,k5) and #(x,k;) as auxiliary Jost solutions.

2. Behavior of Jost solutions and spectral data at the end points of the cut

The asymptotic behavior of the Jost solutions easily results from the asymptotic property of

the Green's function given if4.24). Applying £,¢; from the right and using definitiongt.22)
and(4.23 we get

Preg,+

G(k)51¢1=m

+o(1), k—=ix. (4.35

Then, from the definition$4.3) of the Jost solution and properti€x 6), (3.7) of the Jost solutions
of the one-soliton case, we derive the asymptotic behavior

d (k)= \ﬁ _ieK *Preg+ +0(1), k—+ix, (4.36
7 (k=) (L= y(K)B>)

e_KXOGDreg,—
2Vkm(1—vy(k)B_)
while the behavior of¥(k) follows from conjugation property(2.76 and relationse,eq -

= g+ that follow from (4.22). As regards the auxiliary Jost solutian(k,), by its definition
(4.195 and (4.395 we get in the same way

(k)=

+o(1), k——ix, (4.37)

. Preg,+
o) = T 0+iky)B.

o(1), ky—=*«, (4.39

and asymptotics fors(k;) follow again by the conjugation properti.33. We see that the
behavior of the Jost and auxiliary Jost solutions at the pdifts= « is determined by the value
of B, . If B, =0 the behavior of the Jost solutions is like in the cage0 [cf. (3.6) and(3.7)]
and the auxiliary Jost solutions are finite and nonzero at these poir8s.#f0, the behavior of
both types of Jost solutions is modified at these points by the multiplief|Kipg «|) " as
follows from (3.26). In particular, in this case we have

e(xk)=(xk)=0. (4.39

Now we applyﬁlcpl from the right to(4.19 with the upper sign and cano@l”(tO)Zl<p1 thanks
to (4.39. Then by(4.31) and the conjugation properti€2.76) and (4.12 we get the following
expression ofp(x,k5) in terms of the Jost solution,

<p(x,k3)=ifkj da A(a)W(—a)®(x,+0+ia), (4.40

K Sgnky

which, as we will see below, is necessary for closing the inverse problem.
For the spectral datA(k5) in (4.10 we can use the first equality i@.17) and in the case
B, #0 also(4.40, and, then, by4.27) and(4.31) we obtain the relation
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(kg -
A(kj):1+|f daw(a)w(—a)A?(a),

K Sgnky

giving the explicit expression (k) in terms of the spectral data(ky),

k I et |
A(k3)=(1—if T daw(a)w(—a)| (4.41)
K Sgnk+
which also is necessary for closing the inverse problem.
For the spectral data(k,) we can use the second equality(th31 and taking into account

that by (4.22 and (4.23 zﬂlzlgoreg:: B. we get by(4.36 and(4.37) the asymptotic behaviors

i Vke B,

w(ky) = 27k —Ky)(1— y(+0+ik,)B.)

+0(1), ky—k—0, (4.42)

ie” ®XoB_

4\ k71— y(+0+iky)B_)

w(k,) = +0(1), ky;——«+0. (4.43

Notice that forB, =0 both these asymptotics are equal to zero, while as we mentioned above, in
the product on the r.h.s. ¢#.28 one getss-function in this case.

Concluding this study of the properties of the Jost solutions and spectral data at the points
k;= =k, let us emphasize that, in order to get relations among different spectral data, which are
crucial for solving the inverse problem, as for instaf¢82 used in gettind4.40), it is necessary
to use different representations for the spectral data,(#k&0 and (4.31), in terms of different
solutions of the nonstationary Schiinger equation and its dual. These representations can be
obtained in the framework of the resolvent approach, while they cannot be derived if one deals
only with equations for the Jost solutiofns. Ref. 186.

3. Bilinear representation for the resolvent and Green’s functions

Now, we can derive a bilinear representation of the resolvent in terms of the Jost solutions. We
proved that fors,# 0 its derivative with respect t®, obeys(2.46), so using notation&t.4) for the
limiting values ats,=0 we get

. 1
M(x,x";s)= ﬁf dk[ 8(x,—x5) — 0(2ks;—s5) ] @ (X, k+is)W(x' ,k+isy)
+5gns;[ O(Xo—X5) — O(—S2) [[G(X,X"; +0+isq) —G(x,X"; —0+isy)].

Then, thanks t¢4.16), we get the following generalization of the bilinear representatoh6 for
the resolvent of the perturbed potential:

- 1
M(x,x";s)= ﬁf dk[ 6(x,—x5) — 0(2ks;—s,)] P(x,k+is) ¥ (x’ ,k+isy)

+0(K_—|Sl|) 0X_X/)_0_ ) %, (X’ ,51) 444
27TiA(Sl)[ (Xo— X3 (—So)e(X,S1) (X' ,S1). .

If we consider the kerneM (x,x";s) defined by(2.13), then both terms on the r.h.s. give distri-
butions belonging taS’. For the first term this follows from the mentioned properties of the
functionsy and¢, defined as in the decaying case(By78), and for the second term from the fact
thate S1*1p(x,s;) ande’*14(x,s,) are bounded at space infinity whi®|< x. Equation(2.45
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at s;# 0 follows from the analyticity of the Jost solutions and from the derivative@ @f0 and
of the analogous equation fgi(s;). The absence of a discontinuitygt=0 in the case,# 0 like
in the derivation of(2.92 is equivalent to the condition

Tt QU
f dkd* (k) oW (k) + & Af’/’ :fdk<b‘(k)®\lf‘(k)+¢A,w , (4.45
where we used notatigi2.91) also for the limiting values of the auxiliary Jost solutions on the real
axis
e (X)= lim @(x,ky), ¢=(X)= lim (x,ky). (4.40
*+ky—+0 *+ky—+0

Thanks to(2.76) and (4.33 these limiting values obey the conjugation properties
O (x,K)=T7(x,k), @ (X)=¢7(x), keR. (4.47

By (2.49 the bilinear representatiof@.44) for the resolvent leads to the following bilinear
representation for the Green’s function of the Jost solutions:

G(x,x' k)= %f dk’ [ B(xa—X}) — O(ksk')] D(x, k' +K) ¥ (x' k' +K)

G(K_—lkjb[e(x —XD)— B(— Kogks) T (X,Ko) (X" Ks) (4.48
27T|A(kj) 2 2 RrK3) 1P 13{// 10T/ .

which generalize$3.22). Below we use this bilinear representation for deriving relations between
the Jost and advanced/retarded solutions.

D. Discontinuity of the resolventat s=0

1. The advanced [retarded Green'’s functions and solutions

Above we investigated the behavior of the resolvent when at least one of the vadalbles
s, is different from zero. As we have seen in the case of decaying potentials, it is just the study of
the discontinuity of the resolvent &=0 that leads to relations between Jost and advanced/
retarded solutions which can be used for defining the spectral data. In the present case of a
perturbed one-soliton potential the method is pretty close and, therefore, we omit details and we
mainly present the peculiarities of this case. First, we introduce the advanced/retarded Green’s
functions as specific limits of the resolvent in the same way d2.B2). It is straightforward to
prove that they obey equatio(®.68 and(2.69 and integral equation®.70. In order to find the
difference between the advanced and the retarded Green’s function we use the Hilbert identity in
the form(4.2), which, according to our previous discussion, in the case of a perturbed one-soliton
potential is more convenient th&®.42). So we choose if4.2) boths ands’ real,s;=s,=0 and
consider the limits;— +0, s,— +0. We get

G, =G =G.Ly(Gy,~Gy )L1G=,

which by (3.31) gives for the discontinuity the representation

G+_G_:

1
5 fdkd)t(k)®\lf;(k)+<pt®z,{f; ) (4.49

where we introduced not only, in analogy witB.57), the advanced/retarded solutiofs. (k),
V. (k) but also the auxiliary advanced/retarded solutigns, .. defined by
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P (K)=G..L;®,(k), ¢.=G.Li¢y, (4.50

V.o (K=Wy(K) LGy, ¢u=ihl1G.. (4.51

It is easy to check that these functiobs. (x,k), ¥ . (x,k) ande.(X), ¥ (X) are solutions of the
differential equation$2.86) and obey a conjugation property, 1.€2,87) for ® . (x,k), V. (x,k),
and

e=s (4.52

for the auxiliary solutions.

The bilinear representatiot®.44) for the resolvent, thanks t2.52), gives the following
representation for the advanced/retarded Green’s functions in terms of the Jost and auxiliary Jost
solutions on the real axis,

@7 (X)p7(x")

ia(i(xz_XZ))(fdk(DU(X,k)\I’U(XI;k)JFT , (453)

G (xX')= 2qi

where we used notatior{®.92) for the limiting values of the Jost solutions at the real axis and
where the l.h.s. is independent on the siga +,— due to condition(4.45).

2. Relations among Green’s functions G~ *(k) and G .

The difference among the limiting values of the Green'’s func@gk) on the two sides of the
real axis and the advanced/retarded Green’s functions, like in the case of the decaying potential,
can be presented in two forms. The first one follows fi@8 in the limitsk— k=10 and(4.53:

e’ Y7
AO’

G‘T(k)—Gi=21—ﬂ_1i fdk’ 0(£to(k'—k)) ®7(k")@W¥I(k")+ 6(F ok) . (459

A second type of relation, analogous(&x74), can be derived from the Hilbert identit.2).
Taking into account definition&.72 and(2.52 we get

G(k)—G.=G.Ly(G{(K)—Gy-)L,G7(k), keR,
so that we can us€8.33 and definitiong4.50 and (4.51) to derive
T1 3
G"(k)—Gi=mf dk’ 0(F o(k—k' )P, (k') @ (¥, (k') £,G7(k))

_0(+ok)

T 2m

0@ (1 L1G7(K), o=+,—. (4.55

Now we can use relatior@.54) and(4.55 in order to get relations among Jost and advanced/
retarded solutions, introduce spectral data and get characterization equations such that, in particu-
lar, condition(4.45 is accomplished.

E. Spectral data
1. Relations among Jost and advanced [retarded solutions
In order to derive these relations we again use definitidn® and (4.15 for k=ke R and

apply £,®,(k) and £,¢; to (4.55 from the right (the latter one to the limit of4.55 at k
—+0). Then by(2.92), (4.13, (4.46), and(4.50 we get

(I)"(k)=jdk’d)i(k’)r‘;(k’,k)+goir‘;(k), o=+,—, (4.56
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qa":f dk' @ (k") 72(K') + @ (A7) 1), (4.57

generalizing2.96), where we introduced spectral datd (2.97) and(2.98] by means of relations

re(k,k’)y=8(k—=k") * 0(xo(k—=k"))ro(k,k"), (4.58
V(K LGk )LD (k) W o(k) LDk
PN 1007 2<m> 1P1(K') _ Wy )2; (9} 59
rek)=x0(xoak)ro(k), (4.60
L£1G7(K) L, P4 (K L1D(k

r"(k)=wl 1 ;7; 1P ( )El/fl 217Ti( )' (4.6
T2 (K)=F (£ ak) 77 (k), (4.62

W (k) £1GO(+0) L V1K) Ly
(k)= 1(K) 127T(i ) 1P1_ 1(2:Ti1<P . 4.63

We write equation$4.56) and (4.57) in a more compact form as
(D7, ") =(P+, ¢)*RT, (4.64

and omit equations foW and ¢ that can be obtained analogously, or by conjugation. Here we
introduced the matrix operator

rékk’)  r2(k)

Rg(k’k’):( rg(kr) (AU)H(IU) ’

(4.65

RT denotes the Hermitian conjugate operator. Solutidrig,k) and ¢(x) [ (x,k) and ¥(x)]
have been combined in a raworrespondingly, columpnwhere only the first element depends on
k. For two operatork andR’ with elementsR;; , Ri’j with dependence on the argumehisk’
like in (4.65 we introduce a compositioh that gives a matrix of the same form with elements

(R*R")1(k,k")= f dk” Rag(K,K") Ry (K" k") + Rix(K) Rpy(K'),

(R¥R) 1k, k') = f K Rus(k K RIAK") + R K) Ry,

(4.66
(R*R,)Zl(kak,):f dk” Raa(K")R1a(K",K") +RoRpi(K'),
(R*R’)zz(k,k’)=f dk’ Roa(K")R1AK") +RooR3;.
The unity matrix in the set of such operators is given by
K S(k—k") O
I(k,k")= 0 1) (4.67
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In the same way we define the product of the matrix by the ¢lvam the lef) and by column
(from the righ} of the type used in4.64). This composition is also denoted by an asterisk to
emphasize that the integration is performed in the fuigpe) element only.

Equation(4.64) gives the boundary values of the Jost solutions in terms of the advanced/
retarded ones. In order to get the inverse relations we apply the same procedures as above to Eq.
(4.54) and in analogy with(2.102 in terms of the introduced notations we get

(D, @) =(D% o) (W) HRZN, (4.68

where we introduced the constant matrix

; (1 O)
wWo=| ol (4.69

Alternative spectral data that relate values of the Jost solutions computed on the two sides of
the real axis appear if we insed(. ,¢-) from (4.68 into (4.64) for opposite sign otr. Thus we
get

(D7, 97)=(P 7, @ (W 7)) LF 7, (4.70
where we denoted
Fo=(R:HHRL°. 4.71)

Finally let us note that Eq94.58—(4.63 together with Eqs(4.31), (4.40, and (4.41) solve
completely the so-called direct problem, furnishing all spectral data and the auxiliary function
¢©(X,k5) in terms of the Jost solutio® (x,k) and the function®(x,k) and¢(x) relative to the
one-soliton potential.

Below we discuss the properties of these spectral data and relations between them.

2. Characterization equations for spectral data

Inserting (4.68 in (4.64 we get relation ¢7,¢7)=(®%,¢?)(W°) YRR, o=+,
—, So taking into account the asymptotic behavior of the Jost solutions with respect to the
x-variables we derive the characterization equation

(RIOHRI(W?) =T (4.72

for the spectral dat&R ¢ . Another characterization equation follows by inserti@#g64) into

(4.68:
RI(W) M (R:%)T=1T, (4.73

and the third one is the condition that the r.h.s(4f7]) is independent of the choice of the sign
.-

(RO RI=(R7)™*R” . (4.74

These equations generalize the characterization equations of the case of decaying powatial.
see that4.72 and(4.73 are just the condition that the “triangular operatof®™ are invertible
and that R:°)" is the inverse ofR 7(W?) 1. They define, sayR - if R is given. Thus
essential restrictions on the spectral data are imposéd.B¥), that is a consequence of the reality
condition on the potentiai(x). Thanks to(4.64) this equation prove&t.45. By (4.65 we write
(4.74 as a system of three equatiofisr some signo):
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(W‘Jk )O”‘"r‘“k""‘)f"(""*"’):sgnk B(kK) T7(R)T (K )+ ook k') + 0T 7(K' K),
4.75

- +oo k -
[6(k)AT+ 6(—k)]r”(k)=(r< fo —fx>dk’ ro(k’,k)r7(k") — r7(k), (4.79

|A”|2=J dksgnk | 77(k)|2+ 1. 4.77

Characterization equations for the spectral ddt@l look simpler,
(FU’)T:‘F(T’ (FU’)—lz(W—U)—lf—U(WU)_l, (47&

to which we have to add the requirement tH&t can be decomposed in the prod(£i71 of two
sets of triangular operatofg.65).

3. Discontinuities of spectral data

The cuts of the Jost solutions intersect on the complex plake 8t Thanks to property4.6)
for the Green’s function we get bigt.3) that the Jost solution obeys property

im ®(+0+iky)=®%(+0), o=+,—, (4.79

(Tkj*» +0

which means that it is necessary to pay special attention to the properties of the spectral data at this
pointk=0. Thus taking the limit&y— o0 in (4.28 we get for the boundary values of the Jost and
auxiliary Jost solutions the relation

P(+0)—DPI(—0)=¢pW". (4.80

The spectral data’?(k,k’) are defined in4.59 in terms of the Jost solutio® ;(k), which is a
continuous function ok, and of ®?(k’) which is discontinuous &’ =0. Thereforer 7(k,k") is
continuous with respect th andk’ with a possible discontinuity d¢' =0. Precisely, by(4.59),
(4.63), and(4.80 we get

ro(k,+0)—ro(k,—0)=7(K)w". (4.8))

The spectral data’(k) are continuous d=0 and from their definitiori4.63 and the definitions
(4.10 and(4.29 of A andw we derive

7(0)=oA"W 7. (4.82

The spectral data’(k) are discontinuous a=0 as follows from their definition4.61).
Taking into account4.30 and(4.31), we get the relations

r’(+0)=cA%w?, (4.83
r’(—=0)=ow”. (4.84

These behaviors dt=0 are compatible with the characterization equations. In fact, choosing
k=0 in (4.75 we get(4.76 and analogously4.76 atk=*0 gives(4.77).

F. Inverse problem and time evolution

Let now be given the spectral data, i.e., functiofk,) and, say,R & . Functionw(k,) is
continuously differentiable on the intervgk,| <« except for the pointk;=0, where it has

Downloaded 31 Aug 2010 to 128.198.156.41. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



J. Math. Phys., Vol. 44, No. 8, August 2003 Extended resolvent and inverse scattering 3339

bounded limitsw™. Moreover,w(k,) has the asymptotic behaviotd.42, (4.43 and A(k-)
defined by(4.41) is bounded on this interval and has finite limit$ at zero. The spectral dafa |
obey the characterization equatigd.74), or, more explicitly the characterization equations
(4.79—(4.77) for its elements ir4.65 and relationg4.81)—(4.84). The matrix operatoR { also
admits inverse, so that the spectral d&a can be introduced by4.72 or (4.73 with the
triangularity property given irf4.65, which means that the spectral d&&a can be defined by
(4.71). Taking into account that the Jost solutidr{x,k) is analytic in the complek-plane with

a discontinuity across the real axis, given by the first equatio@.in0 for o=+, and with a
discontinuity across the intervdk,| <« of the imaginary axis, given by4.28, and has an
asymptotic normalization &— o« given by(2.78 and(2.80, the Cauchy—Green formula yields

. 1 ei(k’—k)xl+i(k’2—k2)x2
— a—ikxq—ikx ’ 1"y — " — LM Lt
D(x,k)=e ik —medk " Udkcb (X, K[ F (K" k")
e (X)) 1 « daw(a) . 2.2
— "m__le! L -7 (AN 7 A (at+ik)x —i(a®+k)x
5(k k )]+ A~ -7:21(k )) 27i f*x a+ik € 1 Z(P(Xra)'

(4.8

Notice that the singular behavitt.42 of w(«a) at = « is smoothed by4.38 and, consequently,
the integral on the r.h.s. is well defined. It is necessary to emphasize that equédldi@sand
(4.85 were derived under conditiof®.25 that excludes the case(x)=0. Indeed, in this case
Gredi k) =Gy edi«) so that by(4.23 B(«)=0.

The integral equatiod.85 together with(4.40 solves the inverse problem. In fact, consid-
ering (4.40 and the limits 0f(4.85 ask—k—i0, ke R, and ak— +0+ik;, we obtain a system
of three linear integral equations fdb ™~ (x,k),®(x,+0+iks),o(X,k5)}, whose solution is
uniguely determined in terms of the spectral data. When these boundary values are determined, the
Jost solution for generik e C is given by (4.85 and then the potential is reconstructed in the
standard way by2.78, (2.81) as

| a e‘kxwkZXz(jdkfcp(x,kf)[ﬂl(k',k)—a(k'—k>]+%(X)fm(k)

19
U(X)—;ﬁ—xl

—i J daw(a) e_axl_iazx2(,o_(x,a)

- K

) (4.89

Since, in the resolvent approach, all spectral data can be given as special reductions of the
extended resolvent, one can derive direddge Ref. 4 for detailsthe time evolution of the
spectral data related to a solution(@f2). We omit here these calculations and give only the final
result on the time evolution of the spectral d&fta:

—4ik3t 4ik3t
]-"‘(k,k',t)=( 1)]—"‘(k,k’)< 1), k,k" eR, (4.87)
wky,t) = e*tw(ks), (4.89

Taking the time evolutior4.88 into account we get tha#.42) and(4.43 are preserved under the
dynamics and like in the pure one-soliton case

k(t) =k, Xo(t)=Xo+4x2t, (4.90

wherexg(t) is the parameter of the one-soliton soluti@?2).
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V. CONCLUSION

We presented the main aspects of what we call the extended resolvent approach to the spectral
theory of differential operators and we tested it in the two-dimensional case of the nonstationary
Schralinger equation with decaying and nondecaying potentials at large distances in the plane. We
showed that a specific advantage of this approach is that the extended reddélsnof the
differential operatof1.1), which depends on a paramesat R?, can be used as a general tool for
finding all mathematical objects, such as Green’'s functions, Jost and auxiliary Jost solutions,
advanced/retarded solutions and spectral data, which result to be necessary for developing the
spectral theory. In fact, the introduction of all these quantities follow naturally from the study of
departure from analyticity of the extended resolvent and of its discontinuities, together with its
reductions. In particular, the different Green’s functions involved in the theory are vétues
general limiting valuesof the resolvenM (s) at different specific points, which are suggested
by the behavior irs of M(s) itself. Moreover, the study of the properties of all these objects is
reduced to the study of the resolvewit(s), which can be accomplished by using Hilbert-type
identities and the bilinear representati@m?0. This representation gives the extended resolvent in
terms of the Jost solutions and supplies a simple and straightforward way of deriving relations
between different kinds of solutions of the linear problem, constructing spectral data and deriving
relations between them, as well as characterization equations.
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