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We present in detail an extended resolvent approach for investigating linear prob-
lems associated to 211 dimensional integrable equations. Our presentation is
based as an example on the nonstationary Schro¨dinger equation with potential
being a perturbation of the one-soliton potential by means of a decaying two-
dimensional function. Modification of the inverse scattering theory as well as prop-
erties of the Jost solutions and spectral data as follows from the resolvent approach
are given. ©2003 American Institute of Physics.@DOI: 10.1063/1.1587874#

I. INTRODUCTION

The extended resolvent approach to the study of the spectral theory of differential ope
was developed in Refs. 1–8 as a method that from one side unifies all known approaches
inverse scattering theory, such as dressing transformation, nonlocal Riemann–Hilbert pr
d-bar method and, from the other side, enables considering operators of more generic typ
with nontrivial asymptotic behavior at space infinity. Our presentation is based on the study
well known differential operator

L~x,]x!5 i ]x2
1]x1

2 2u~x!, x5~x1 ,x2!, ~1.1!

i.e., the nonstationary Schro¨dinger equationL(x,]x)F(x,k)50 which is the linear problem asso
ciated to the Kadomtsev–Petviashvili I equation~KPI!:9

~ut26uux1
1ux1x1x1

!x1
53ux2x2

. ~1.2!

This equation has been known to be integrable for about three decades.10,11 The Cauchy problem
for this equation with rapidly decaying initial data was studied by using the inverse scatt
method in Refs. 12–15. At the same time, it is well known that~1.2! is a (211)-dimensional
generalization of the famous Korteweg–de Vries~KdV! equation. Indeed, ifu1(t,x1) obeys KdV,
then

u~ t,x1 ,x2!5u1~ t,x11mx213m2t ! ~1.3!

solves~1.2! for an arbitrary constantmPR. Thus, it is natural to consider solutions of~1.2! that
are not decaying in all directions at space infinity but have one-dimensional rays with behav
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the type ~1.3!. The scattering theory for the simplest example of such potentials in~1.1! was
developed in Ref. 16. There, the Cauchy problem for the KPI equation was considered with
data

u~x!5u1~x1!1u2~x!, ~1.4!

whereu1(x1) is the zero time value of the one-soliton solution of the KdV equation andu2(x) is
a smooth real function that decays rapidly enough on the (x1 ,x2)-plane. We consider here
simplified case of~1.3! in which m50. The generic case is reconstructed by means of the Ga
invariance of~1.2!, that is, if u(t,x) is a solution of KPI, then

ũ~ t,x1 ,x2!5u~ t,x11mx213m2t,x216mt ! ~1.5!

also obeys this equation.
In Ref. 1 it was mentioned that the standard approach to the spectral theory of the op

~1.1! based on the integral equation for the Jost solution fails for potentials of the above ty
Ref. 16 the direct problem was studied by using a modified integral equation for the Jost so
i.e., an equation that involves as background solution the Jost solution of the one-soliton po
and corresponding Green’s function. An appropriate Jost solution was introduced and it was
that, in addition to a standard jump across the realk-axis, wherek is the spectral parameter, it als
has a jump across a segment of the imaginary axis of the complexk-plane. In the modified
formulation of the direct and inverse problems given in Ref. 16 some essential properties
Jost solutions and relations between spectral data were stated without proof. The reason
was that a technique based on the Jost solutions themselves is not enough for the study
properties and especially for investigating relations among spectral data. This gap can b
effectively in the framework of the extended resolvent approach that we present in detail i
article. The outline of the article is as follows. In Sec. II we give the basic notions of the reso
approach. In particular, we demonstrate that in this framework the known results for a dec
potential in~1.1! follow readily. In Sec. III we consider the theory of the two-dimensional opera
~1.1! with the pure one-dimensional@u2(x)[0 in ~1.4!# one-soliton potentialu1(x1). In Sec. IV
we apply the resolvent approach to the operator~1.1! with a potentialu(x) that is a perturbation
of this one-dimensional potential. We introduce and study the properties of the correspo
resolvent and Green’s functions, Jost and auxiliary Jost solutions and advanced/retarded so
In Sec. IV E we investigate the properties of the spectral data and derive their character
equations. In Sec. V we summarize the main aspects of the spectral theory developed
framework of the extended resolvent approach.

II. BASIC OBJECTS OF THE RESOLVENT APPROACH

A. Extension of differential operators and resolvent

Let A5A(x,]x) denote a differential operator with kernel

A~x,x8!5A~x,]x!d~x2x8!, x5~x1 ,x2!, ~2.1!

d(x)5d(x1)d(x2) being the two-dimensionald-function. Here we consider the two-dimension
situation, but the whole procedure can be applied in any dimension. In what follows we con
differential operators whose kernelsA(x,x8) belong to the spaceS8 of tempered distributions o
the four real variablesx andx8. Differential operators are polynomials with respect to the deri
tives. In order to exploit this property we introduce theextensionof differential operators, i.e., to
any differential operatorA we associate the differential operatorA(s) with kernel

A~x,x8;s![e2s(x2x8)A~x,x8!5A~x,]x1s!d~x2x8!, ~2.2!

where all variablesx, x8, sPR2. Under the above condition kernels of the extended opera
form a subclass in the spaceS8 of tempered distributionsA(x,x8;s) of six real variables. We
010 to 128.198.156.41. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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consider generic elementsA(x,x8;s), B(x,x8;s), etc., of this spaceS8 as operators~not neces-
sarily differentiable! A(s), B(s), etc., with the standard composition rule

~AB!~x,x8;s!5E dx9 A~x,x9;s! B~x9,x8;s!. ~2.3!

Since the kernels are distributions this composition is neither necessarily defined for all pa
operators nor necessarily associative. On the space of these distributions we define the o
of Hermitian conjugationA† as

A†~x,x8;s!5A~x8,x;2s!, ~2.4!

where bar denotes complex conjugation and in the case of matrix operators the matrix on th
must be transposed.

The kernels of the extended differential operators depend polynomially on the variabs
5(s1 ,s2) so that the analytic continuation of the kernels with respect to these variables is a
sible. In what follows we denote such kernels asA(x,x8;s) using boldface font for the comple
variables which hass as real part. So, for the variables we write

s5sR1 isI5~s1 ,s2!PC2, sR[sPR2. ~2.5!

In the following we will use the same notationk5kR1 ikI[k1 ikI for the other complex spectra
parameterkPC we introduce.

Thanks to~2.2! continuation~2.5! ~analytic for the differential operators! is given by

A~x,x8;s!5e2 isI(x2x8)A~x,x8;sR!. ~2.6!

Since this formula is well defined in the spaceS8 for any operatorA(s), it can be used as the
definition of the continuation~in general not analytic! of a genericA(s) in the complex domain,
sPC2.

An operatorA can have an inverse in the sense of the composition law~2.3!, sayAA215I or
A21A5I ~in general left and right inverse can be different!, whereI is the unity operator inS8,

I ~x,x8;s!5d~x2x8!. ~2.7!

Thanks to~2.6! continuation to the complex domain of the operator inverse to~extended! differ-
ential operatorA(s) equals to the inverse of continued differential operatorA(s). Therefore, we
can impose to the inverse the additional condition that the product

A~s1s8!21A~s!21, s,s8PC, ~2.8!

is a bounded function ofs8 in a neighborhood ofs850. Then, if the inversionA21(s) exists, it is
unique and, therefore, in the following in order to guarantee the uniqueness of the inverse w
always require that this condition is fulfilled.

In order to clarify the meaning of the introduced extension of differential operators
convenient to consider the ‘‘shifted’’ Fourier transform

A~p;s!5
1

~2p!2 E dxE dx8 ei (p2sI)x1 isIx8A~x,x8;sR!, ~2.9!

wherepPR2, px5p1x11p2x2 , andsPC2 and to consider it as the kernel of the operatorA(s) in
the transformedp space. In this space the extension of a differential operatorA with constant
coefficients is particularly simple. Indeed, we haveA(p;s)5a(s)d(p), wherea(s) is a polyno-
mial in s. For the kernel of the inverse operator we get triviallyA21(p;s)5d(p)/a(s) and con-
dition ~2.8! means that possible terms proportional tod(a(s)) must be omitted.
010 to 128.198.156.41. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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Let D j denote the extension of the differential operator]xj
( j 51,2), i.e., according to~2.2! let

D j~x,x8;s!5~]xj
1sj !d~x2x8!, j 51,2. ~2.10!

In terms of the Fourier transform~2.9! D j (p;s)5sjd(p) and thenD j
21(p;s)5sj

21d(p), so that
inverting ~2.9! we get

D j
21~x,x8;s!5e2s(x2x8)@u~xj2xj8!2u~2sj !#d~xj 112xj 118 !, ~2.11!

where j 11[( j 11)mod2. These operators are just the standard resolvents of the operato]xj
.

This observation motivates the name extended resolvent for the mathematical object we
duced. In fact, we added a complex~spectral! parameter not to the operator itself but to t
operators]xj

. Below we discuss the relevance of this modification and compare our approa
the standard spectral theory of differential operators.

By ~2.10! we have thatD j (x,x8;s)5(]xj
1sj )d(x2x8) that is, of course, an analytic~poly-

nomial! function of s. But for the continuation of the inverse operator we get by~2.11! and~2.6!

D j
21~x,x8;s!5e2s(x2x8)@u~xj2xj8!2u~2sjR!#d~xj 112xj 118 !, ~2.12!

that is not analytic with respect tosj . Moreover, let us perform the operation inverse to imbedd
~2.2!, i.e., to any operatorA(s) with kernelA(x,x8;s) we associate its ‘‘hat-kernel’’

Â~x,x8;s!5es(x2x8)A~x,x8;s!. ~2.13!

It is clear that these objects~in the generic case! do not belong to the spaceS8(R6) of distribu-
tions, while we still can use their composition relation

~AB̂!~x,x8;s!5E dx9 Â~x,x9;s! B̂~x9,x8;s! ~2.14!

derived from~2.3!. Let now A(s) be the extension of a differential operatorA. Then of course
Â(x,x8;s)5A(x,x8), i.e., the kernel of the original differential operator. In particular this me
that Â(x,x8;s) is independent of the variabless. At the same time, as demonstrated by exam
~2.11!, for an operator inverse to a differential operator, the dependence ons of the kernel

A21̂(x,x8;s) is in general nontrivial, for instance,

D j
21̂~x,x8;s!5@u~xj2xj8!2u~2sj !#d~xj 112xj 118 !. ~2.15!

Using the ‘‘hat-operation,’’ for any differential operatorA(x,]x), equalitiesAA215A21A5I take
the form

A~x,]x!A
21̂~x,x8;s!5A d~x8,]x8!A

21̂~x,x8;s!5d~x2x8!, ~2.16!

where A d is the operator dual toA. Thus the hat-kernel~2.13! of the operator inverse to a
extended differential operator gives a two-parametric (sPR2) family of Green’s functions of the
operatorA. In what follows for equalities of the type~2.16! we use the following special notation

AW A21̂~s!5A21̂~s!AQ 5I , ~2.17!

whereAW denotes the operatorA applied to thex-variable of the functionA21̂(x,x8;s) and AQ
denotes the operator dual toA applied to thex8-variable of the same kernel. We also see that a

discontinuity of the kernelA21̂(x,x8;s) with respect to thes-variables belongs to the null space
010 to 128.198.156.41. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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the operatorA and its dual. The same is valid for the derivatives of such kernels with respe
thes-variables. Let us mention that for kernels continued by means of~2.6! we have by~2.13! the
relation

A~x,x8;s!5e2s(x2x8)Â~x,x8;sR!, ~2.18!

and for the inversionA21(s) of a differential operatorA(s)

A~s!
]A21~s!

] s̄j

5
]A21~s!

] s̄j

A~s!50. ~2.19!

Thus the d-bar derivatives of the inverse operator also annulate the differential operator
dual, while by~2.13!

S ]A21~s!

] s̄j
D ˆU

sI50

5
1

2

]A21̂~s!

]sj
, s5sR , ~2.20!

where both derivatives are considered in the sense of distributions.

B. Resolvent approach in the case of rapidly decaying potential

1. Definition of the resolvent

The extension of operatorL(x,]x) in ~1.1! is given by

L~s!5L0~s!2U, ~2.21!

where

L05 iD 21D1
2 ~2.22!

has kernel

L0~x,x8;s!5@ i ~]x2
1s2!1~]x1

1s1!2#d~x2x8!, ~2.23!

andU, which is called the potential operator, has kernel

U~x,x8;s!5u~x!d~x2x8!, ~2.24!

which is independent ofs. Below we always suppose thatu(x) is real, which by~2.4! is equiva-
lent to

L†5L. ~2.25!

The main object of our approach is the~extended! resolventM (s) of the operatorL(s), which is
defined as the inverse of the operatorL, that is,M satisfies

LM5ML5I , ~2.26!

and obeys condition~2.8!. The main advantage of using the extended resolvent is that its de
tives with respect tos are given in terms of its reduced values that are just the Jost solutions~and
their generalizations! of the linear problem under consideration. In their turn discontinuities
derivatives of these solutions lead us to the spectral data, again given as ‘‘further’’ reductio
the resolvent. Let us consider first the resolventM0 of the bare operatorL0 . In terms of the
Fourier transformation~2.9! and thanks to condition~2.8! we get for the kernel of this operato
M0(p;s)5d(p)( is21s1

2)21. Inverting transformation~2.9! we get for the hat-kernel
010 to 128.198.156.41. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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M̂0~x,x8;s!5
1

2p i EkI5s1

dkR @u~x22x28!2u~2kRkI2s2!# F0~x,k!C0~x8,k!, ~2.27!

where we introduced the functions

F0~x,k!5e2 ikx12 ik2x2, C0~x,k!5eikx11 ik2x2, ~2.28!

wherek5kR1 ikIPC is a complex~one-dimensional! spectral parameter for which we again u
boldface font and also, in order to simplify notation, standard font for its real part, i.e.,kR[k. The
functionsF0(x,k) andC0(x,k) which naturally appeared in~2.27! obey the differential equation

L0~x,]x!F0~x,k![~ i ]x2
1]x1

2 !F0~x,k!50, ~2.29!

L 0
d~x,]x!C0~x,k![~2 i ]x2

1]x1

2 !C0~x,k!50, ~2.30!

i.e., solve the nonstationary Schro¨dinger equation and its dual in the case of zero potential. T
they can be considered as the Jost solutions for this trivial case. Notice also that they ob
conjugation property

F0~x,k!5C0~x,k̄!. ~2.31!

By using notation~2.17! we can write

LW 0M̂0~s!5M̂0~s!LQ 05I , ~2.32!

showing that the hat version of the extended resolventM̂0(s) is a two-parametric set of Green
functions of operator~1.1! and its dual. In analogy with these notations we write

LW 0F0~k!50, C0~k!LQ 050, ~2.33!

consideringF0(k) and C0(k) as ‘‘vector’’ and ‘‘covector’’ with ‘‘components’’ labeled by the
variablex.

The resolventM0 given in~2.27! obeys the following properties. It is a continuous function
s when sÞ0, it is bounded but discontinuous ats50, it is self-adjoint@cf. ~2.25!#, that is M0

†

5M0 , and from~2.27! we have

]M̂0~s!

]s1
5

i

p E
kI5s1

dkR k̄ d~2kRkI2s2! F0~k! ^ C0~k!, ~2.34!

]M̂0~s!

]s2
5

1

2p i EkI5s1

dkR d~2kRkI2s2! F0~k! ^ C0~k!, ~2.35!

where, in correspondence with the ‘‘vector’’ interpretation of the Jost solutions, the direct pr
in ~2.34!, ~2.35! is defined in the standard way as an operator with kernel

~F0~k! ^ C0~k!!~x,x8!5F0~x,k!C0~x8,k!. ~2.36!

Derivatives in~2.34! and ~2.35! can be considered in the standard sense whens1Þ0, while in
vicinity of s150 they must be understood in the distributional sense. It is easy to see th
integral in ~2.27! is exponentially divergent when, say,s2→`. Thus, indeed,
M̂0(x,x8;s)¹S8(R6).
010 to 128.198.156.41. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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2. The resolvent and Hilbert identity

The resolvent of the operatorL can also be defined as the solution of the integral equati

M5M01M0UM , M5M01MUM0 . ~2.37!

Under a small norm assumption on the potential we expect that the solutionM exists and is unique
~the same for both integral equations! if the condition~2.8! is required. Taking into account th
properties ofM0 given above, we get that thanks to the reality of the potentialu(x) the resolvent
is self-adjoint,

M†5M , ~2.38!

M (s) is a continuous function ofs whensÞ0 and discontinuous ats50, and by~2.26! has the
asymptotic expansion

M ~s1 ,s21s28!5
I

is28
1

L~s!

s28
2 1•••, s28PC, s28→`. ~2.39!

As we mentioned above essential information on the spectrum of the operatorL can be derived
from the d-bar derivatives of the resolventM (s) continued in the complex domain. In order
study these derivatives we use the following analog of the well known Hilbert identity,

M 82M52M 8~L82L !M , ~2.40!

whereL8 is another operator of the type~1.1! andM 8 is its resolvent. Let us chooseU85U and
let L5L(s) and L85L(s8) and the same for their resolvents. Then~2.40! can be written in the
form

M ~s8!2M ~s!52M ~s8!~L0~s8!2L0~s!!M ~s!, ~2.41!

or by ~2.26! as

M ~s8!2M ~s!5M ~s8!L0~s8!~M0~s8!2M0~s!!L0~s!M ~s!, ~2.42!

that gives

]M ~s!

] s̄j

5M ~s!L0~s!
]M0~s!

] s̄j

L0~s!M ~s!. ~2.43!

In terms of hat-kernels as defined in~2.13!, thanks to~2.20!, we get

]M̂ ~s!

]sj
5M̂ ~s!LQ 0

]M̂0~s!

]sj
LW 0M̂ ~s!, j 51,2, ~2.44!

and then by~2.34! and ~2.35! for s1Þ0

]M̂ ~s!

]s1
5

i

p E
kI5s1

dkR k̄ d~2kRkI2s2! F~k! ^ C~k!, ~2.45!

]M̂ ~s!

]s2
5

1

2p i EkI5s1

dkR d~2kRkI2s2! F~k! ^ C~k!, ~2.46!

where we introduced the functions
010 to 128.198.156.41. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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F~x,k!5E dx8 ~L 0
d~x8,]x8!G~x,x8,k!!F0~x8,k!, ~2.47!

C~x8,k!5E dx C0~x,k! L0~x,]x! G~x,x8,k!, ~2.48!

with G(x,x8,k) defined as a specific value of the resolvent itself

G~x,x8,k!5M̂ ~x,x8;kI,2kRkI!. ~2.49!

In what follows we consider the functionG(x,x8,k) as the kernel of the operatorG(k) and the
functionsF(x,k) andC(x8,k) as vectorF~k! and covectorC~k!. For shortness we write equa
tions of the type~2.47!–~2.49! as

F~k!5G~k!LQ 0F0~k!, C~k!5C0~k!LW 0G~k!, ~2.50!

G~k!5M̂ ~s!us5(kI,2kRkI) . ~2.51!

Relation ~2.49! shows that the functionG(x,x8,k) is in one-to-one correspondence with th
resolventM̂ (x,x8;s) iff kIÞ0, that is, iff the points along the above mentioned discontinuity
the resolvent ats50 are excluded. In order to study this discontinuity we introduce the follow
notation for the specific limits of the resolvent at this point of discontinuity,

G6~x,x8!5 lim
s2→60

lim
s1→0

M̂ ~x,x8;s!, ~2.52!

where the limits1→0 is independent of the sign. Now we choose in~2.42! both s and s8 real,
s185s150 and consider the limitss28→60, s2→70. We get

G12G25G6LQ 0~G0,12G0,2!LW 0G7 , ~2.53!

whereG0,6 is defined in terms of the bare resolventM̂0 like in ~2.52!, so that by~2.27! we have

G0,6~x,x8!5
6u~6~x22x28!!

2p i E dk F0~x,k!C0~x8,k!, ~2.54!

and

G0,12G0,25
1

2p i E dk F0~k! ^ C0~k!. ~2.55!

Inserting this relation in the r.h.s. of~2.53! we derive the equality

G12G25
1

2p i E dk F6~k! ^ C7~k!, ~2.56!

where we introduced the functionsF6(x,k) and C6(x,k), which, in analogy with~2.50! and
using the same notation, are defined by

F6~k!5G6LQ 0F0~k!, C6~k!5C0~k!LW 0G6 . ~2.57!

Next we consider in detail the properties of all the objects introduced so far,G(k), F~k!, C~k!,
G6(k), F6(k), andC6(k).
010 to 128.198.156.41. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions
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3. Properties of the Green’s function

Thanks to~2.17! it is clear thatG(k) defined in~2.49! is a Green’s function of the operatorL
depending on the complex parameterk,

LW G~k!5G~k!LQ 5I . ~2.58!

Properties of this Green’s function follow from the properties ofM (s). In particular, thanks to the
definition ~2.4! and to~2.38! ~i.e., reality of the potentialu) we get

G~x,x8,k!5G~x8,x,k̄!. ~2.59!

Applying the reduction~2.49! to equalities~2.37! we get that this function obeys the integr
equations

G~k!5G0~k!1G0~k!UG~k!, G~k!5G0~k!1G~k!UG0~k!, ~2.60!

where the Green’s functionG0(k) of the operatorL0 is defined by the general formula~2.51! in
terms ofM0 and thanks to~2.27! it equals

G0~x,x8,k!5
1

2p i E dk8 @u~x22x28!2u~kIk8!# F0~x,k81k!C0~x8,k1k8!. ~2.61!

By ~2.60! it is easy to check that the function

g~x,x8,k!5eik(x12x18)1 ik2(x22x28)G~x,x8,k! ~2.62!

is a bounded function of its arguments and that

lim
k→`

g~x,x8,k!50 ~2.63!

if the potentialu(x) decays rapidly enough. The functionG(x,x8,k) is a continuously differen-
tiable function ofk in the whole complex planeC with exception of the real axiskI50, as follows
from ~2.49!. By ~2.45! and ~2.46! for kIÞ0 we have

]G~k!

]kR
5

sgnkI

2p i
F~k! ^ C~k!,

]G~k!

]kI
5

sgnkI

2p
F~k! ^ C~k!, ~2.64!

so that in the complex domain this Green’s function is analytic,

]G~k!

] k̄
50, kIÞ0, ~2.65!

and discontinuous at the real axis.
The Hilbert identity~2.41! allows us also to find relations among the Green’s function

different values of the parameterk. For this sake we chooses185s15s1PR and lets28 ,s2PC. By
~2.23! L(s1 ,s28)2L(s1 ,s2)5 i (s282s2)I . Inserting this equality in~2.41! we can divide both parts
by s282s2 and thanks to condition~2.8! we get

M ~s1 ,s28!M ~s1 ,s2!5 i
M ~s1 ,s28!2M ~s1 ,s2!

s282s2
. ~2.66!

In terms of the hat-kernel of the resolvent by~2.18! we then have
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E dx8 e(s282s2)x28M̂ ~x,x8;s1 ,s2R8 !M̂ ~x8,x9;s1 ,s2R!

5 i
e(s282s2)x29M̂ ~x,x9;s1 ,s2R8 !2e(s282s2)x2M̂ ~x,x9;s1 ,s2R!

s282s2
.

Next we perform the Fourier transform with respect to the differences2I8 2s2I and denotes2R8
5s28 , s2R5s2 . We get fors185s1

E dx18 M̂ ~x,x8;s8!M̂ ~x8,x9;s!5 iM̂ ~x,x9;s8!@u~x292x28!2u~s22s28!#

2 iM̂ ~x,x9;s!@u~x22x28!2u~s22s28!#.

Finally, we introduce kI5s185s1 , kR5s2 /(2s1), k85(s282s2)/(2s1). Then s85(kI,2(kR

1k8)kI) and s5(kI,2kRkI) and using definition~2.49! we can rewrite the above equality i
terms of the Green’s function as

E dx18 G~x,x8,k1k8!G~x8,x9,k!

5 iG~x,x9,k1k8!@u~x292x28!2u~2kIk8!#2 iG~x,x9,k!@u~x22x28!2u~2kIk8!#,

kPC, k8PR. ~2.67!

Properties of the functionsG6(x,x8) as well follow from the properties of the resolvent. Both
them are also Green’s functions of the operator~1.1! and its dual,

LW G65G6LQ 5I , ~2.68!

obey the conjugation property

G6~x,x8!5G7~x8,x!, ~2.69!

and the integral equations

G65G0,61G0,6UG6 , G65G0,61G6UG0,6 , ~2.70!

whereG0,6 is given in ~2.54!.
The limiting values of the Green’s functionG(k) on the real axis in a sense must be close

the Green’s functionsG6 . Indeed, introducing notations

G6~x,x8,k!5G~x,x8,k6 i0!, kPR, ~2.71!

we see by~2.49! that they are given by the following limits of the resolvent

G6~x,x8,k!5 lim
«→10

M̂ ~x,x8;6«,62k«!, ~2.72!

so like in ~2.52! they correspond toM̂ (s) at s50. But the resolvent is discontinuous at this poi
so in the generic situation these limits are different. In order to find relations between the
again start from~2.42! choosing boths8 ands to be real. Performing fors8 the limiting procedure
~2.72! and fors the one in~2.52! we get

Gs~k!2G65~G6LQ 0!~G0
s~k!2G0,6!~LW 0Gs~k!!, ~2.73!
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wherekPR ands51,2. Then, thanks to~2.54! and definitions~2.57! we get from~2.73!

Gs~k!2G65
71

2p i E dk8 u~7s~k2k8!!F6~k8! ^ ~C0~k8!LW 0Gs~k!!, ~2.74!

where for the ‘‘covector’’C0(k8)LW 0Gs(k) we used a shorthand notation analogous to tha
~2.50!. Finally, let us mention that the relation betweenG1 andG2 was given in~2.56!.

4. Jost and advanced Õretarded solutions. Bilinear representation for the resolvent

We have shown that the derivatives of the resolvent and its discontinuities are given in
of the functionsF(k), C(k), F6(k), and C6(k) which in their turn are obtained as speci
reductions of the resolvent. Here we describe the properties of these functions. Thanks to~2.33!
and~2.58! it follows directly from definitions~2.50! that the functionsF(x,k) andC(x,k) obey
the nonstationary Schro¨dinger equation with potentialu(x) and its dual, that is,

LW F~k!50, C~k!LQ 50, ~2.75!

where we use the same notation as in~2.33!. Thanks to~2.59! we get the conjugation property

F~x,k!5C~x,k̄! ~2.76!

and the integral equations for these functions,

F~k!5F0~k!1G0~k!UF~k!, C~k!5C0~k!1C~k!UG0~k!, ~2.77!

follow if we apply LQ 0F0 from the right to the first equation in~2.60! andC0LW 0 from the left to
the second one. Thanks to~2.61! they are just the standard12 equations for the Jost solution of th
nonstationary Schro¨dinger equation and its dual. Thus, in what follows we refer toF(x,k) and
C(x,k) as Jost solutions and toG(x,x8,k) as to the Green’s function of the Jost solutions.
~2.65! these solutions are analytic functions of the spectral parameterk for kIÞ0 and are discon-
tinuous at the real axis. Inserting~2.51! into ~2.50! we get by ~2.18! and ~2.28! the standard
representation

F~x,k!5e2 ikx12 ik2x2x~x,k!, C~x,k!5eikx11 ik2x2j~x,k!, ~2.78!

where

x~x,k!5E dx8 ~ML0!~x,x8;s!, j~x8,k!5E dx ~L0M !~x,x8;s!, ~2.79!

for s5(2 ik,2 ik2). From ~2.77! we get thatx andj are normalized at infinity,

lim
k→`

x~x,k!5 lim
k→`

j~x,k!51, ~2.80!

while the potentialu(x) is reconstructed by their means as

u~x!522i lim
k→`

k]x1
x~x,k!52i lim

k→`

k]x1
j~x,k!. ~2.81!

SolutionsF(x,k) andC(x,k) obey orthonormality relation, i.e., their ‘‘scalar product’’ equals

1

2p E dx1 C~x,k1k8!F~x,k!5d~k8!, kPC, k8PR. ~2.82!
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In order to prove it we applyLQ 0F0(k) to ~2.67! from the right. Thanks to~2.28! and ~2.62! the
integrand in the first term on the r.h.s. of~2.67! is rapidly decaying whenx29→` and we can
integrate by parts, that gives zero due to~2.33!. Thus by recalling~2.50! we obtain

E dx18 G~x,x8,k1k8!F~x8,k!52 i @u~x22x28!2u~2kIk8!#F~x,k! ~2.83!

and by taking the complex conjugate and using the conjugation properties~2.59! and ~2.76!

E dx18C~x8,k1k8!G~x8,x,k!5 i @u~x22x28!2u~2kIk8!#C~x,k1k8!. ~2.84!

Next we applyC0(k1k8)LW 0 to ~2.83! from the left and recalling~2.50! and ~2.28! we have

E dx18 C~x8,k1k8!F~x8,k!5E dx C0~x,k1k8!d~x22x28!F~x,k!2 i E dx C0~x,k1k8!

3@u~x22x28!2u~2kIk8!#u~x!F~x,k!. ~2.85!

Now ~2.82! follows if we consider~2.84! for G0 andC0 , insert it in the second term on the r.h.
of ~2.85! and use the first equation in~2.77!.

The properties of the functionsF6(x,k) and C6(x,k) are derived analogously from the
definition ~2.57!. By ~2.68! they obey

LW F6~k!50, C6~k!LQ 50. ~2.86!

Their conjugation property

F6~x,k!5C7~x,k! ~2.87!

and the integral equations

F6~k!5F0~k!1G0,6UF6~k!, C6~k!5C0~k!1C6~k!UG0,6 , ~2.88!

follow from their definition and Eqs.~2.70!, where the Green’s functionG0,6 is defined in~2.54!.
Thus F6(x,k) and C6(x,k) are just the standard12 advanced/retarded solutions of the nons
tionary Schro¨dinger equation and its dual. Correspondingly, in what follows we refer toG6(x,x8)
as to the Green’s function of the advanced/retarded solutions. In analogy with derivation of~2.82!
we can get the orthonormality relation

1

2p E dx1 C6~x,k1k8!F7~x,k!5d~k8!, k,k8PR. ~2.89!

The properties of the Jost solutions enable us to reconstructM (s) from ~2.45! in the form

M̂ ~x,x8;s!5
1

2p i EkI5s1

dkR @u~x22x28!2u~2kRkI2s2!# F~x,k!C~x8,k! ~2.90!

that generalizes~2.27! to the case of nonzero potentials. Indeed, thanks to~2.78! and to the
boundedness ofx and j the integral, on the interval fixed by theu-functions, is convergent, the
kernelM (x,x8;s)5e2s(x2x8)M̂ (x,x8;s) has zero limit fors2→` in accordance with~2.39!, and
expression~2.45! for the derivative ofM (s) with respect tos1 follows from ~2.90! at s1Þ0 thanks
to the analyticity of the Jost solutions atkIÞ0. At the same time we know that the resolvent mu
be continuous ats150 whens2Þ0. In order to formulate this property, we introduce in analo
with ~2.71! a specific notation for the limiting values of the Jost solutions at the real axis, i.
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F6~x,k!5F~x,k6 i0!, C6~x,k!5C~x,k6 i0!. ~2.91!

Then the above mentioned condition of continuity reads as

E dk F1~k! ^ C1~k!5E dk F2~k! ^ C2~k!. ~2.92!

Representation~2.90! plays a crucial role in the resolvent approach since it enables u
express all objects of the spectral theory in terms of the Jost solutions. In particular, tha
~2.51!, for the Green’s function of the Jost solutions we get

G~x,x8,k!5
1

2p i E dk8 @u~x22x28!2u~kIk8!# F~x,k1k8!C~x8,k1k8!, ~2.93!

that in its turn generalizes~2.61!. Moreover, from ~2.90! one can get an expression of th
advanced/retarded Green’s functions in terms of the limiting values of the Jost solutions. Ap
the limiting procedure~2.52! to ~2.90! we get

G6~x,x8!5
6u~6~x22x28!!

2p i E dk Fs~x,k!Cs~x8,k!, ~2.94!

wheres51,2 and we used notation~2.91! for the limiting values of the Jost solutions at the re
axis. Condition~2.92! guarantees that theG6’s are independent of the signs as it must be.

From the behavior at larges2 of the bilinear representation~2.90!, comparing with~2.39! we
obtain also the following important property of the Jost solutions:

1

2p E
x285x2

dkR C~x8,k!F~x,k!5d~x12x18!, ~2.95!

which can be considered a completeness relation.

5. Relations among Jost and advanced Õretarded solutions. Spectral data

In the previous section, in the framework of the extended resolvent approach, we obtai
~2.93! a bilinear representation in terms of the Jost solutions of the Green’s function for the
solutions and in~2.94! of the Green’s function for the advanced/retarded solutions. We der
also Eq.~2.74! relating these Green’s functions. We can now exploit these results for der
relations among the advanced/retarded and Jost solutions on the real axis and use them
duce the spectral data. In fact, applyingLQ 0F0(k) to ~2.74! from the right, recalling definitions
~2.50! and ~2.57!, we get~notice thatkPR)

Fs~k!5E dk8 F6~k8!r 6
s ~k8,k!, s51,2, ~2.96!

while the relations amongCs(k) andC6(k) can be derived analogously or follow by conjugatio
properties~2.76! and ~2.87!. Here we introduced the spectral data

r 6
s ~k8,k!5d~k82k!7u~6s~k82k!!r s~k8,k!, k8,kPR, ~2.97!

r s~k8,k!5
C0~k8!LW 0Gs~k!LQ 0F0~k!

2p i
[

C0~k8!LW 0Fs~k!

2p i
. ~2.98!

Recalling ‘‘vector’’ and ‘‘covector’’ notations@cf. ~2.47!, ~2.48!, and ~2.50!#, the ‘‘expectation
values’’ at the numerator have the following explicit expressions:
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C0~k8!LW 0Gs~k!LQ 0F0~k!5E dxE dx8 C0~x,k8!~L0~x,]x!L 0
d~x8,]x8!G

s~x,x8,k!!F0~x8,k!,

~2.99!

C0~k8!LW 0Fs~k!5E dx C0~x,k8!L0~x,]x!F
s~x,k!, ~2.100!

showing that they are functions ofk8 andk only.
In order to get the advanced/retarded solutions in terms of the boundary values of th

ones we use~2.94! and the limiting values~2.71! of ~2.93! on the real axis. Then

Gs~k!2G65
71

2p i E dk8 u~6s~k82k!!Fs~k8! ^ Cs~k8!, s51,2, ~2.101!

and in the same way as above we readily derive

F6~k!5E dk8 Fs~k8!r 6
2s~k,k8!. ~2.102!

Now inserting these expressions into~2.96! and taking into account the orthonormality properti
~2.82! and~2.89! of the Jost and advanced/retarded solutions we derive that the spectral dat
characterization equations,17 which we discuss below in Sec. IV E 2 in a more general situati

The alternative spectral data defined as

Fs~k,k8!5E dk9 r 6
2s~k9,k!r 6

2s~k9,k8!, ~2.103!

where the r.h.s. is independent of the choice of6 thanks to the above mentioned characterizat
equations, allow expressing the discontinuity of the Jost solutions across the real axis as

Fs~k!5E dk8 F2s~k8!F2s~k8,k!. ~2.104!

The inverse problem can be formulated in the standard way by using the fact that th
solutionF(x,k) is an analytic function ofk for kIÞ0, has the discontinuity~2.104! at the real axis
and obeys the normalization condition given by~2.78! and~2.80!. In Ref. 5 we also demonstrate
that the inverse problem can be formulated in terms of the resolvent itself. Here we skip th
brevity, as well as many other results that follow from the extended resolvent approach, lik
introduction and properties of the dressing operators,5 derivation of the time evolution of the
spectral data corresponding to the KPI equation and algorithmic construction of time evol
compatible with the given linear problem.4

III. CASE OF ONE-DIMENSIONAL POTENTIAL

A. Main definitions

In this section we consider the spectral theory of the differential operator~1.1! when the
perturbationu2(x) in ~1.4! is identically zero, i.e., we consider the extended differential oper

L1~s!5L0~s!2U1 , U1~x,x8;s!5u1~x1!d~x2x8!, ~3.1!

whereL0(s) is defined in~2.22!. Here and in the following we use the subscript 1 for all obje
related to the case of a one-dimensional potential. In addition we chooseu1 to be the one-soliton
solution of the KdV equation at the initial timet50, that is,
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u1~x1!5
22k2

cosh2 k~x12x0!
, ~3.2!

wherex0 andk.0 are arbitrary constants. This choice is sufficient for showing the main pec
aspects of the imbedding of a one-dimensional potential into two dimensions and is partic
convenient, since all objects relevant to the extended resolvent approach to inverse scatter
be explicitly given.

The Jost and dual Jost solutions@cf. ~2.78!# are given by

F1~x,k!5e2 ikx12 ik2x2x1~x,k!, C1~x,k!5eikx11 ik2x2j1~x,k!, ~3.3!

where as always we use boldface font for the complex spectral parameterk, and

x1~x1 ,k!5
k2 ik tanhk~x12x0!

k2 ik
, j1~x1 ,k!5

k1 ik tanhk~x12x0!

k1 ik
. ~3.4!

They satisfy the differential equations

LW 1F1~k!50, C1~k!LQ 150, ~3.5!

and are analytic in the complexk-plane with the exception of a pole atk5 ik and atk52 ik,
correspondingly. Strictly speaking, in order to deal with Jost solutions defined in the standar
one would have to consider, for instance,F1(x,k) multiplied by (k2 ik)/(k1 ik sgnkI), but this
would introduce unnecessary complications. So, these Jost solutions have no discontinuity
real axis and when we are considering their value at the real axis we can omit the supersc6.
They obey, however, the conjugation property~2.76!.

It is convenient to introduce the residua of functionsF1(x,k) andC1(x,k) at the poles and
their values at the conjugate points. We write

res
k5 ik

F1~x,k!5 iAk

p
ekx0w1~x!, F1~x,2 ik!5

e2kx0

2Akp
w1~x!, ~3.6!

res
k52 ik

C1~x,k!52 iAk

p
ekx0c1~x!, C1~x,ik!5

e2kx0

2Akp
c1~x!, ~3.7!

where

w1~x!5
Akp eik2x2

coshk~x12x0!
, c1~x!5w1~x!. ~3.8!

Functionsw1 andc1 satisfy the differential equations

LW 1w150, c1LQ 150. ~3.9!

The equation

res
k5 ik

F1~x,k!52ike2kx0F1~x,2 ik!, ~3.10!

or an analogous equation forC1 , closes the formulation of the inverse problem for this J
solution.

The orthonormality relation for the Jost solutions is not modified with respect to~2.82!,
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1

2p E dx1 C1~x,k1k8!F1~x,k!5d~k8!, k8PR, kPC, ~3.11!

but now it is accompanied by the scalar products

E dx1 c1~x!F1~x,k!5E dx1 C1~x,k!w1~x!50, ukIu,k, ~3.12!

1

2p E dx1c1~x!w1~x![
1

2p E dx1uc1~x!u2[
1

2p E dx1uw1~x!u251, ~3.13!

where conditionukIu,k in ~3.12! is necessary for the convergence of the integral. On the o
side, the completeness relation is essentially modified with respect to the case of decaying
tial ~2.95! considered above, since we have

E
x285x2

dkR F1~x,k!C1~x8,k!1u~k2ukIu!w1~x!c1~x8!U
x

285x2

52pd~x12x18!. ~3.14!

B. Resolvent

The resolventM1(s) according to our general definition is the inverse, in the sense of~2.26!,
of the extended operator~3.1! and its hat-kernel obeys the equations

LW 1M̂1~s!5M̂1~s!LQ 15I . ~3.15!

Taking into account that the completeness relation~3.14! is modified with respect to~2.95! and
that this relation is the first order term of the asymptotic expansion of the resolvent ass2→`, it
is natural to expect that the bilinear representation~2.90! is also modified by an additional term
proportional to the productw1(x)c1(x8). In fact we get

M̂1~x,x8;s!5
1

2p i S E
kI5s1

dkR @u~x22x28!2u~2kRkI2s2!# F1~x,k!C1~x8,k!

1u~k2us1u! @u~x22x28!2u~2s2!#w1~x!c1~x8! D . ~3.16!

Performing the transformation~2.13! and taking into account the properties of the Jost so
tions and of the functionsw1(x) and c1(x8) one can check thatM1(x,x8;s)PS8 and obeys
integral equations of the kind~2.37! with U5U1 . The second term in~3.16! is different from zero
in the intervalus1u,k, it compensates the discontinuities of the first term ats156k, which are
consequence of the pole singularities ofF1(x,k) and C1(x,k). On the other side, this term
introduces a discontinuity inM1(s) at s250 for all us1u,k and not only ats150 as it was for the
resolvent of the decaying case. By direct calculations one can prove the regularity with resp
s-variables of

M̂1,reg~s!5M̂1~s!2G~s! w1~x!c1~x8!, ~3.17!

where

G~s!5
sgns1

~2p!2 log
s212is1~s12k!

s212is1~s11k!
, ~3.18!
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the logarithm being the principal part with the cut along the negative real axis. Thus, we se
the extended resolvent in the case of one-dimensional potentials gets logarithmic singular
the pointss5(6k,0). The singular part of the resolvent has the structure of a direct produc

C. Properties of the resolvent and Green’s functions

For the discontinuity of the resolvent ats250 we get from~3.16!

lim
s2→10

M̂1~s!2 lim
s2→20

M̂1~s!5
u~k2us1u!

2p i
w1^ c1 , ~3.19!

which also follows from~3.17!. For all other values ofs the resolvent~3.16! has derivatives with
respect tos of the form of ~2.34!, ~2.35!:

]M̂1~s!

]s1
5

i

p E
kI5s1

dkR k̄ d~2kRkI2s2! F1~k! ^ C1~k!, ~3.20!

]M̂1~s!

]s2
5

1

2p i EkI5s1

dkR d~2kRkI2s2! F1~k! ^ C1~k!, ~3.21!

which at the vicinity of the points150 have to be considered in the distributional sense. Thus
can introduce the Green’s functionG1(x,x8,k) of the Jost solutions by using the same definiti
as in ~2.51!. Then, from~3.16! we get the bilinear representation

G1~x,x8,k!5
1

2p i E dk8 @u~x22x28!2u~kIk8!# F1~x,k81k!C1~x8,k81k!

1
u~k2ukIu!

2p i
@u~x22x28!2u~2kRkI!#w1~x!c1~x8!, ~3.22!

which was already derived in Ref. 16, but starting from another point of view. It is easy to c
that this Green’s function obeys the conjugation property~2.59! and that the functiong1(x,x8,k)
defined like in~2.62! has property~2.63!. Taking into account that the resolvent obeys~2.37! with
U5U1 we get that the Green’s function obeys integral equations of the type~2.60!,

G1~k!5G0~k!1G0~k!U1G1~k!, G1~k!5G0~k!1G1~k!U1G0~k!, ~3.23!

it is analytic whenkRkIÞ0, continuous up to the borders of these quadrants, and in this regi
analogy with~2.64! we obtain

]G1~k!

]kI
5

sgnkI

2p
F1~k! ^ C1~k!. ~3.24!

In addition to the standard discontinuity at the real axis, the Green’s function has also a d
tinuity

G1~101 ikI!2G1~201 ikI!5
sgnkI

2p i
u~k2ukIu!w1^ c1 ~3.25!

at the imaginary axis whenukIu,k. Using ~3.17! one can prove that the functionG1(k)
2g(k) w1^ c1 , where

g~k!5G~s!us5(kI,2kRkI)[
sgnkI

~2p!2 log
k2 ik

k1 ik
, ~3.26!
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is a bounded continuous function ofk in vicinity of the cutkR50, ukIu,k with exception of the
point k50. As a consequence the regularized function

G1,reg~k!5G1~k!12p ig~k!~k sgnkI2 ik!F1~k! ^ C1~k! ~3.27!

has finite limits at the pointsk56 ik, while it is discontinuous atkR50 andkI50. In ~3.27! the
multiplier (k sgnkI2 ik) compensates the poles ofF1(k) andC1(k). Note that the regularized
function g1,reg(k) constructed fromG1,reg(x,x8,k) like in ~2.62! is bounded with respect tox and
has finite limits whenx→`.

Let us mention that in the case of the Jost solutionsF1 and C1 the integrals in definitions
~2.47! and ~2.48! are divergent and they must be conveniently regularized in the following w

F1~x,k!5 lim
«→10

E dx8 ~G1~k!LQ 0!~x,x8!F0~x8,k!ei«kIx28, ~3.28!

C1~x,k!5 lim
«→10

E dx8 e2 i«kIx28C0~x8,k!~LW 0G1~k!!~x8,x!, ~3.29!

wherekIÞ0. As the result of this regularization we get~see Refs. 2 and 4! a modification of the
integral equations for the Jost solutions with respect to the standard ones10,12–15 that are not
applicable in the case of one-dimensional potentials. In particular, in spite of the cut
G1(x,x8,k) has on the imaginary axis, we have

F1~101 ikI!2F1~201 ikI!52iAkpekx0d~kI2k!w1 ~3.30!

in agreement with~3.6!.
Whens150 the kernelM̂1(s) is discontinuous ats250. This means that we have to introduc

the advanced/retarded Green’s functions like in~2.52!. By ~3.16! we get the following bilinear
representation for these Green’s functions in terms of the Jost solutions on the real axis:

G1,6~x,x8!5
6u~6~x22x28!!

2p i S E dk F1~x,k!C1~x8,k!1w1~x!c1~x8! D . ~3.31!

The singular part of these Green’s functions is equal to zero, as follows from~3.18!. These Green’s
functions obey the conjugation property~2.69!.

Now turning back to the discontinuity of the resolvent with respect tos2 whens1Þ0 we get
from ~2.51! for these limits

lim
s2→60kI

~M̂1~s!us15kI
!5G1~601 ikI!. ~3.32!

Relations among Green’s functions follow from the bilinear representation~3.16! for the
resolvent. For the boundary values of the Green’s function of the Jost solutions at the real a
use notations~2.72!. Then by~3.22! they are finite for all finitek but discontinuous atk50 and by
~3.31!

G1
s~k!2G1,65

71

2p i E dk8 u~7s~k2k8!!F1~k8! ^ C1~k8!7
u~7sk!

2p i
w1^ c1 , s51,2.

~3.33!

Other relations of such kind, say, among advanced and retarded Green’s functions, can be
analogously.
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IV. INVERSE SCATTERING TRANSFORM ON NONTRIVIAL BACKGROUND:
TWO-DIMENSIONAL PERTURBATION OF THE SOLITON SOLUTION

A. Resolvent

We investigate, now, the operatorL in ~1.1! with a potential of the form~1.4!, whereu1(x1)
is the one-soliton solution~3.2! andu2(x) is a generic real, smooth and rapidly decaying funct
on the plane (x1 ,x2), ‘‘small’’ in some sense, so that it can be considered a two-dimensi
perturbation of the one-soliton solution. According to our general approach we introduc
extensionL(s) of L and the inverse of this extension, i.e., its extended resolventM (s). In the
previous sections we considered the special caseu2(x)[0 and studied in detail the properties
the corresponding resolventM1(s). Therefore, it is convenient to exploit these results and to
for constructing the resolventM (s), instead of the integral equations~2.37!, the following ones,

M ~s!5M1~s!1M1~s!U2M ~s!, M ~s!5M1~s!1M ~s!U2M1~s!, ~4.1!

whereU2(x,x8;s)5u2(x)d(x2x8). We assume that, thanks to the ‘‘smallness’’ requirement
u2(x), both equations admit a unique solutionM (x,x8;s) in S8(R6). This requirement, in addi-
tion, guarantees that the solutionM (x,x8;s) inherits the properties ofM1(x,x8;s), in particular
that M (x,x8;s) is a distribution with respect tox2x8, a smooth function with respect tox1x8
and a continuous function ofs, whens1Þ0 ands2Þ0. Therefore, the Hilbert identities~2.40! and
~2.42! are valid also in our case, since the composition of operators appearing in them exi
are associative. The Hilbert identity~2.40! can be used for proving that equations~4.1! have the
same solution. In fact, if we chooseM to be a solution of the first equation in~4.1! @and then
solution of the second equation in~2.26!# andM 8 to obey the second equation in~4.1! @the first in
~2.26!, correspondingly#, then we obtainM 85M . Notice that, in addition, this proves thatM (s)
is Hermitian, i.e., it obeys~2.38! like in the decaying and one-dimensional cases. Instead,
Hilbert identity ~2.42! can be used for studying the properties of the resolvent in thes variable.
However, as we did for the integral equations~4.1! definingM (s), it is more convenient to rewrite
it in terms of the one-dimensional operatorL1(s) and resolventM1(s) as follows:

M ~s8!2M ~s!5M ~s8!L1~s8!~M1~s8!2M1~s!!L1~s!M ~s!. ~4.2!

Then, in analogy with~2.44! we get for the derivatives of the hat-kernel of the resolvent

]M̂ ~s!

]sj
5M̂ ~s!LQ 1

]M̂1~s!

]sj
LW 1M̂ ~s!, j 51,2, s2Þ0.

Inserting here~3.20! and~3.21! we get for the derivatives ofM̂ (s) the same equations~2.45! and
~2.46! of the decaying case, where the Jost solutions are defined now as@cf. ~2.50!#

F~k!5G~k!LQ 1F1~k!, C~k!5C1~k!LW 1G~k!, ~4.3!

with the Green’s functionG(x,x8,k) defined by~2.51! as in the decaying case. We excluded h
the values250, whereM1(s) is discontinuous.

For the study of the discontinuity ats250 of M (s) inherited fromM1(s), following the
results of Sec. III, we have to consider separately the casess150 ands1Þ0. The boundary values
of the resolvent in the first case, lims2→60M̂ (s)us150 , define the advanced/retarded Green’s fu
tions like in ~2.52!. In the cases1Þ0 for the boundary values of the resolvent thanks to~2.51! we
have in analogy with~3.32! that

lim
s2→60kI

~M̂ ~s!us15kI
!5G~601 ikI!. ~4.4!

Now we consider the properties of these Green’s functions in detail.
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B. The Green’s function of the Jost solutions

1. Properties of G „k…

We proved above that the definition~2.51! of the Green’s functionG(k) of the Jost solutions
is applicable in the case we are considering now. Then directly by~4.1! we get thatG(k) satisfies
the integral equations

G~k!5G1~k!1G1~k!U2G~k!, G~k!5G1~k!1G~k!U2G1~k!. ~4.5!

Taking into account thatL5L12U2 it is easy to check thatG(k) obeys the differential equation
~2.58! and the conjugation property~2.59!. According to the remark we already made above
the resolventM (s), G(k) has the same domains of analyticity asG1(k). Precisely, it is analytic
in the regionkRkIÞ0, where it obeys~2.64! and~2.65!, and continuous up to the borders, it h
a cut atkI50 as in the decaying case and an additional cut atkR50 when ukIu,k. Using
notation~2.71! for the boundary values of the Green’s function at the real axis, we get

lim
skI→10

G~601 ikI!5 lim
6k→10

Gs~k![Gs~60!, s51,2. ~4.6!

Notice that by inserting~4.5! into the definitions~4.3! of the Jost solutions we get the integr
equations

F~k!5F1~k!1G1~k!U2F~k!, C~k!5C1~k!1C~k!U2G1~k!, ~4.7!

which can be also considered to define the Jost solutions.

2. Discontinuity of G „k… across the imaginary axis

As always in order to study the properties of the resolvent at a discontinuity we use the H
identity. Choosing in~4.2! both s ands8 to be real ands15s18 , we have

lim
s2→10

M̂ ~s!2 lim
s2→20

M̂ ~s!5~ lim
s2→60

M̂ ~s!LQ 1!~ lim
s2→10

M̂1~s!2 lim
s2→20

M̂1~s!!~LW 1 lim
s2→70

M̂ ~s!!,

which, by ~4.4!, is the discontinuity of the Green’s function across the imaginary axis. By u
~3.22! for the discontinuity ofG1(k) we obtain

G~101 ikI!2G~201 ikI!5
u~k2ukIu!
2p i sgnkI

~G~601 ikI!LQ 1w1! ^ ~c1LW 1G~701 ikI!!,

~4.8!

where in brackets ‘‘vector’’ and ‘‘covector’’ notation like in~2.50! is used and the direct produc
is defined as in~2.36!. Applying operationsc1LW 1 andLQ 1w1 to this equality from the left and from
the right, correspondingly, we get in the regionk.ukIu.0

F12
c1LW 1G~201 ikI!LQ 1w1

2p i sgnkI
GF11

c1LW 1G~101 ikI!LQ 1w1

2p i sgnkI
G51, ~4.9!

where the ‘‘expectation values’’ in the numerator have explicit expressions analogous to th
~2.99!. Under our assumptions on the potential both multipliers on the l.h.s. are regular in
region so they have no zeroes. Denoting the right multiplier asA(kI) we get

A~kI!5S 16
c1LW 1G~601 ikI!LQ 1w1

2p isgnkI
D 61

, ~4.10!

which has no zeroes for anyukIu,k,
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A~kI!Þ0, ~4.11!

and by~2.59! and the second equality in~3.8! obeys the conjugation property

A~kI!5A~2kI!. ~4.12!

The functionA(kI) is defined inside the intervalukIu,k, it is continuous for allkIÞ0 and using
for the limiting values atkI560 notation of the type~2.71!, A65 limkI→60A(kI), we get by
~4.6! and ~4.10!

A6516
c1LW 1G6~10!LQ 1w1

2p i
. ~4.13!

Thanks to~4.11! both these constantsA6 are different from zero and by~4.12! they are mutually
conjugate,

A25A1. ~4.14!

If we introduce the functions

w~kI!5G~101 ikI!LQ 1w1 , c~kI!5A~kI!~c1LW 1G~201 ikI!!, ~4.15!

where the multiplierA(kI) in the last equality is introduced for convenience, the discontinuity
the Green’s function at the imaginary axis~4.8! can be written in their terms as

G~101 ikI!2G~201 ikI!5u~k2ukIu!
w~kI! ^ c~kI!

2p iA~kI!sgnkI
. ~4.16!

Thanks to~4.10! this equality gives the following relations symmetric to~4.15!,

w~kI!5A~kI!~G~201 ikI!LQ 1w1!, c~kI!5c1LW 1G~101 ikI!. ~4.17!

Notice that using the first equality in~4.15! and the second equality in~4.17! we get by~4.5! the
integral equations for these functions

w~kI!5w11G1~101 ikI!U2w~kI!, c~kI!5c11c~kI!U2G1~101 ikI!, ~4.18!

ukIu,k, which can also be considered to define them.
The values of the Green’s function on the two sides of the cut along the imaginary axis c

obtained by using the derivatives of the Green’s function~2.64!, whose validity can be extended t
the case we are now considering if the Jost solutions are defined as in~4.3!. Performing the limits
kR→60 we get in the stripukIu,k

G~601 ikI!5Gs~60!1
s

2p E
0

kI

da F~601 ia! ^ C~601 ia!, s5sgnkI , ~4.19!

where we used the second equality in~4.6!.

3. Behavior of G „k… at the end points of the cut

In order to study the behavior of the Green’s function in the vicinities of the pointk
56 ik @whereG1(k) is singular# we use~3.27! and introduce the regularized Green’s functi
Greg(k) as solution of the integral equation

Greg~k!5G1,reg~k!1G1,reg~k!U2Greg~k!, ~4.20!
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which thanks to properties ofG1,reg has finite limits at pointsk56 ik. Subtracting~4.20! from
~4.5! and using~3.27! we get

G~k!2Greg~k!522p ig~k!~k sgnkI2 ik!F1~k! ^ C1~k!@ I 1U2G~k!#

1G1,reg~k!U2@G~k!2Greg~k!#.

Under the assumption of unique solvability of~4.20! and thanks to the identityI 1U2G(k)
5LW 1G(k) we derive from this equality for the Green’s function in vicinity of these points
following representation:

G~k!5Greg~k!2
2p ig~k!~k sgnkI2 ik!~Greg~k!LQ 1F1~k!! ^ ~C1~k!LW 1Greg~k!!

112p ig~k!~k sgnkI2 ik!~C1~k!LW 1Greg~k!LQ 1F1~k!!
. ~4.21!

In analogy with ~4.15!, ~4.17! we introduce the regular parts of the functionsw(x,kI),
c(x,kI) at kI56k:

w reg,65Greg~6 ik!LQ 1w1 , c reg,65c1LW 1Greg~6 ik! ~4.22!

and the ‘‘expectation values’’

B65c1LW 1Greg~6 ik!LQ 1w1 . ~4.23!

Then by~3.6!, ~3.7! we have that

2p lim
k→6 ik

~k sgnkI2 ik!~C1~k!LW 1Greg~k!LQ 1F1~k!!5 iB6 ,

and thus using the above notations we get the asymptotic relation

G~k!5Greg~6 ik!1
g~k!w reg~6k! ^ c reg~6k!

12g~k!B6
1o~1!, k→6 ik. ~4.24!

Summarizing, the Green’s functionG(k), like G1(k), has a discontinuity on the segme
ukIu,k of the imaginary axis, but in general it is not necessarily singular at the end points o
segment. Indeed, ifB150, then atk→ ik the logarithmic behavior ofg(k) in the numerator of
~4.24! is not compensated, so the Green’s functionG(k) has a logarithmic singularity at the poin
k5 ik, like in the special case considered in Sec. II. However, if

B1Þ0, ~4.25!

then the logarithmic behaviors of numerator and denominator in~4.24! compensate and we get
finite result. Taking into account the conjugation propertyB25B1, this is also valid for the point
k52 ik, so in this case at the end points of the cut we have

G~6 ik!5Greg~6 ik!2
w reg,6 ^ c reg,6

B6
. ~4.26!

Applying to ~4.24! the operationsc1LW 1 from the left andLQ 1w1 from the right we get forA(kI) by
~4.10! that

A~6k!51 ~4.27!

independently of the value ofB1 .
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C. Jost solutions

1. Properties of Jost solutions

From the properties of the Green’s functionG(k) studied in Sec. II it follows that the Jos
solutionsF~k! andC~k! introduced in~4.3! are analytic in the regionkRkIÞ0, and continuous up
to the borders, have a discontinuity atkI50 as in the decaying case and an additional disco
nuity at kR50 whenukIu,k. By ~2.59! the Jost solutions obey the conjugation property~2.76!.
Moreover, the functionsx(x,k) and j(x,k) defined as in~2.78! are bounded both in the
x-variables and obey condition~2.80!.

The discontinuity of the Jost solutionF(k) at kR→60 follows from ~4.16! by means of
~4.3!, i.e., by applyingLQ 1F1(601 ikI) to ~4.16! from the right. By~3.30! the discontinuity of
F1(k) at the imaginary axis is proportional tow1 . Under condition~4.25! we have representatio
~4.26! thanks to whichG( ik)LQ 1w150 by ~4.22!, ~4.23!. So the discontinuity ofF1(k) in the first
equality in ~4.3! does not contribute to the discontinuity ofF(k) and we get by~4.16!

F~x,101 ikI!2F~x,201 ikI!5u~k2ukIu!w~x,kI!w~kI!, ~4.28!

where

w~kI!5
c~kI!LQ 1F1~ ikI!

2p iA~kI!sgnkI
, ukIu,k, ~4.29!

and again thanks to~4.25! we can omit specification of the limiting procedure forF1(60
1 ikI) in the r.h.s. Below in~4.38! and ~4.42! we give the behavior ofw(kI) and w(kI) that
enables to prove that in the limitB(k)→0 one getsd(kI2k) in the r.h.s. of~4.28!.

If we use for the numerator of~4.29! the explicit expression

c~kI!LQ 1F1~ ikI!5E dx~L 1
d~x,]x!c~x,kI!!F1~x,ikI!,

we recover the spectral dataw(kI) describing the discontinuity of the Jost solutions introduced
Ref. 16. Using~4.3! and ~4.15!–~4.17! w(kI) can be rewritten as

w~kI!5
c1LW 1G~201 ikI!LQ 1F1~ ikI!

2p i sgnkI
[

c1LW 1F~201 ikI!

2p i sgnkI
, ~4.30!

or

w~kI!5
c1LW 1G~101 ikI!LQ 1F1~ ikI!

2p iA~kI!sgnkI
[

c1LW 1F~101 ikI!

2p iA~kI!sgnkI
. ~4.31!

From the first equality here and the conjugation properties of all the objects involved we h

w~2kI!5
C1~ ikI!LW 1w~kI!

2p iA~kI!sgnkI
, ukIu,k. ~4.32!

Notice that by~2.59!, ~4.15!, and~4.17! we get the conjugation property

w~x,kI!5c~x,2kI!, ~4.33!

which motivates the introduction of the multiplierA(kI) in ~4.15!. Then, by conjugation of~4.28!
we get for the dual Jost solution

C~x,101 ikI!2C~x,201 ikI!5u~k2ukIu!c~x,kI!w~2kI!. ~4.34!
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Thus we see that the discontinuity of the Jost solutions across the imaginary axis is given
their terms, but in terms of the functionsw(x,kI), c(x,kI) introduced in~4.15! @or ~4.17!#. From
their definition it follows that they obey equations~2.75!: LW w(kI)50 andc(kI)LQ 50, and can be
considered a generalization of the functionsw1(x), c1(x) to the caseu2 different from zero.
However, they acquire a nontrivial dependence onkI and cannot be obtained as specific values
the Jost solutions. Due to the properties of the Green’s function these solutions are discon
at kI50. In the following we refer tow(x,kI) andc(x,kI) as auxiliary Jost solutions.

2. Behavior of Jost solutions and spectral data at the end points of the cut

The asymptotic behavior of the Jost solutions easily results from the asymptotic prope
the Green’s function given in~4.24!. Applying LQ 1w1 from the right and using definitions~4.22!
and ~4.23! we get

G~k!LQ 1w15
w reg,6

12g~k!B6
1o~1!, k→6 ik. ~4.35!

Then, from the definitions~4.3! of the Jost solution and properties~3.6!, ~3.7! of the Jost solutions
of the one-soliton case, we derive the asymptotic behavior

F~k!5Ak

p

iekx0w reg,1

~k2 ik!~12g~k!B1!
1O~1!, k→1 ik, ~4.36!

F~k!5
e2kx0w reg,2

2Akp~12g~k!B2!
1o~1!, k→2 ik, ~4.37!

while the behavior ofC~k! follows from conjugation property~2.76! and relationsw reg,6

5c reg,7 that follow from ~4.22!. As regards the auxiliary Jost solutionw(kI), by its definition
~4.15! and ~4.35! we get in the same way

w~kI!5
w reg,6

12g~101 ikI!B6
1o~1!, kI→6k, ~4.38!

and asymptotics forc(kI) follow again by the conjugation property~4.33!. We see that the
behavior of the Jost and auxiliary Jost solutions at the pointskI56k is determined by the value
of B1 . If B150 the behavior of the Jost solutions is like in the caseu2[0 @cf. ~3.6! and ~3.7!#
and the auxiliary Jost solutions are finite and nonzero at these points. IfB1Þ0, the behavior of
both types of Jost solutions is modified at these points by the multiplier (loguukIu2ku)21 as
follows from ~3.26!. In particular, in this case we have

w~6k!5c~6k!50. ~4.39!

Now we applyLQ 1w1 from the right to~4.19! with the upper sign and cancelGs(60)LQ 1w1 thanks
to ~4.39!. Then by~4.31! and the conjugation properties~2.76! and ~4.12! we get the following
expression ofw(x,kI) in terms of the Jost solution,

w~x,kI!5 i E
k sgnkI

kI

da A~a!w~2a!F~x,101 ia!, ~4.40!

which, as we will see below, is necessary for closing the inverse problem.
For the spectral dataA(kI) in ~4.10! we can use the first equality in~4.17! and in the case

B1Þ0 also~4.40!, and, then, by~4.27! and ~4.31! we obtain the relation
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A~kI!511 i E
k sgnkI

kI

da w~a!w~2a!A2~a!,

giving the explicit expression ofA(kI) in terms of the spectral dataw(kI),

A~kI!5S 12 i E
k sgnkI

kI

da w~a!w~2a! D 21

, ~4.41!

which also is necessary for closing the inverse problem.
For the spectral dataw(kI) we can use the second equality in~4.31! and taking into accoun

that by ~4.22! and ~4.23! c1LW 1w reg,65B6 we get by~4.36! and ~4.37! the asymptotic behaviors

w~kI!5
iAkekx0B1

2p3/2~k2kI!~12g~101 ikI!B1!
1O~1!, kI→k20, ~4.42!

w~kI!5
ie2kx0B2

4Akp3/2~12g~101 ikI!B2!
1o~1!, kI→2k10. ~4.43!

Notice that forB150 both these asymptotics are equal to zero, while as we mentioned abo
the product on the r.h.s. of~4.28! one getsd-function in this case.

Concluding this study of the properties of the Jost solutions and spectral data at the
kI56k, let us emphasize that, in order to get relations among different spectral data, whi
crucial for solving the inverse problem, as for instance~4.32! used in getting~4.40!, it is necessary
to use different representations for the spectral data, like~4.30! and ~4.31!, in terms of different
solutions of the nonstationary Schro¨dinger equation and its dual. These representations ca
obtained in the framework of the resolvent approach, while they cannot be derived if one
only with equations for the Jost solutions~cf. Ref. 16!.

3. Bilinear representation for the resolvent and Green’s functions

Now, we can derive a bilinear representation of the resolvent in terms of the Jost solution
proved that fors2Þ0 its derivative with respect tos2 obeys~2.46!, so using notations~4.4! for the
limiting values ats250 we get

M̂ ~x,x8;s!5
1

2p i E dk @u~x22x28!2u~2ks12s2!# F~x,k1 is1!C~x8,k1 is1!

1sgns1@u~x22x28!2u~2s2!#@G~x,x8;101 is1!2G~x,x8;201 is1!#.

Then, thanks to~4.16!, we get the following generalization of the bilinear representation~3.16! for
the resolvent of the perturbed potential:

M̂ ~x,x8;s!5
1

2p i E dk @u~x22x28!2u~2ks12s2!# F~x,k1 is1!C~x8,k1 is1!

1
u~k2us1u!
2p iA~s1!

@u~x22x28!2u~2s2!#w~x,s1!c~x8,s1!. ~4.44!

If we consider the kernelM (x,x8;s) defined by~2.13!, then both terms on the r.h.s. give distr
butions belonging toS8. For the first term this follows from the mentioned properties of
functionsx andj, defined as in the decaying case by~2.78!, and for the second term from the fa
thate2s1x1w(x,s1) andes1x1c(x,s1) are bounded at space infinity whenus1u,k. Equation~2.45!
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at s1Þ0 follows from the analyticity of the Jost solutions and from the derivatives of~4.40! and
of the analogous equation forc(s1). The absence of a discontinuity ats150 in the cases2Þ0 like
in the derivation of~2.92! is equivalent to the condition

E dk F1~k! ^ C1~k!1
w1

^ c1

A1 5E dk F2~k! ^ C2~k!1
w2

^ c2

A2 , ~4.45!

where we used notation~2.91! also for the limiting values of the auxiliary Jost solutions on the r
axis

w6~x!5 lim
6kI→10

w~x,kI!, c6~x!5 lim
6kI→10

c~x,kI!. ~4.46!

Thanks to~2.76! and ~4.33! these limiting values obey the conjugation properties

F6~x,k!5C7~x,k!, w6~x!5c7~x!, kPR. ~4.47!

By ~2.49! the bilinear representation~4.44! for the resolvent leads to the following bilinea
representation for the Green’s function of the Jost solutions:

G~x,x8,k!5
1

2p i E dk8 @u~x22x28!2u~kIk8!# F~x,k81k!C~x8,k81k!

1
u~k2ukIu!
2p iA~kI!

@u~x22x28!2u~2kRkI!#w~x,kI!c~x8,kI!, ~4.48!

which generalizes~3.22!. Below we use this bilinear representation for deriving relations betw
the Jost and advanced/retarded solutions.

D. Discontinuity of the resolvent at sÄ0

1. The advanced Õretarded Green’s functions and solutions

Above we investigated the behavior of the resolvent when at least one of the variabless1 or
s2 is different from zero. As we have seen in the case of decaying potentials, it is just the stu
the discontinuity of the resolvent ats50 that leads to relations between Jost and advan
retarded solutions which can be used for defining the spectral data. In the present cas
perturbed one-soliton potential the method is pretty close and, therefore, we omit details a
mainly present the peculiarities of this case. First, we introduce the advanced/retarded G
functions as specific limits of the resolvent in the same way as in~2.52!. It is straightforward to
prove that they obey equations~2.68! and~2.69! and integral equations~2.70!. In order to find the
difference between the advanced and the retarded Green’s function we use the Hilbert ide
the form~4.2!, which, according to our previous discussion, in the case of a perturbed one-s
potential is more convenient than~2.42!. So we choose in~4.2! boths ands8 real,s185s150 and
consider the limitss28→60, s2→70. We get

G12G25G6LQ 1~G1,12G1,2!LW 1G7 ,

which by ~3.31! gives for the discontinuity the representation

G12G25
1

2p i S E dk F6~k! ^ C7~k!1w6 ^ c7 D , ~4.49!

where we introduced not only, in analogy with~2.57!, the advanced/retarded solutionsF6(k),
C6(k) but also the auxiliary advanced/retarded solutionsw6 , c6 defined by
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F6~k!5G6LQ 1F1~k!, w65G6LQ 1w1 , ~4.50!

C6~k!5C1~k!LW 1G6 , c65c1LW 1G6 . ~4.51!

It is easy to check that these functionsF6(x,k), C6(x,k) andw6(x), c6(x) are solutions of the
differential equations~2.86! and obey a conjugation property, i.e.,~2.87! for F6(x,k), C6(x,k),
and

w65c7 ~4.52!

for the auxiliary solutions.
The bilinear representation~4.44! for the resolvent, thanks to~2.52!, gives the following

representation for the advanced/retarded Green’s functions in terms of the Jost and auxilia
solutions on the real axis,

G6~x,x8!5
6u~6~x22x28!!

2p i S E dk Fs~x,k!Cs~x8,k!1
ws~x!cs~x8!

As D , ~4.53!

where we used notations~2.91! for the limiting values of the Jost solutions at the real axis a
where the l.h.s. is independent on the signs51,2 due to condition~4.45!.

2. Relations among Green’s functions G Á
„k … and G Á

The difference among the limiting values of the Green’s functionG(k) on the two sides of the
real axis and the advanced/retarded Green’s functions, like in the case of the decaying po
can be presented in two forms. The first one follows from~4.48! in the limitsk→k6 i0 and~4.53!:

Gs~k!2G65
71

2p i S E dk8 u~6s~k82k!! Fs~k8! ^ Cs~k8!1u~7sk!
ws

^ cs

As D . ~4.54!

A second type of relation, analogous to~2.74!, can be derived from the Hilbert identity~4.2!.
Taking into account definitions~2.72! and ~2.52! we get

Gs~k!2G65G6LQ 1~G1
s~k!2G1,6!LW 1Gs~k!, kPR,

so that we can use~3.33! and definitions~4.50! and ~4.51! to derive

Gs~k!2G65
71

2p i E dk8 u~7s~k2k8!!F6~k8! ^ ~C1~k8!LW 1Gs~k!!

7
u~7sk!

2p i
w6 ^ ~c1LW 1Gs~k!!, s51,2. ~4.55!

Now we can use relations~4.54! and~4.55! in order to get relations among Jost and advanc
retarded solutions, introduce spectral data and get characterization equations such that, in
lar, condition~4.45! is accomplished.

E. Spectral data

1. Relations among Jost and advanced Õretarded solutions

In order to derive these relations we again use definitions~4.3! and ~4.15! for k5kPR and
apply LQ 1F1(k) and LQ 1w1 to ~4.55! from the right ~the latter one to the limit of~4.55! at k
→10). Then by~2.91!, ~4.13!, ~4.46!, and~4.50! we get

Fs~k!5E dk8 F6~k8!r 6
s ~k8,k!1w6r 6

s ~k!, s51,2, ~4.56!
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ws5E dk8 F6~k8!t6
s ~k8!1w6~As!u(7s), ~4.57!

generalizing~2.96!, where we introduced spectral data@cf. ~2.97! and~2.98!# by means of relations

r 6
s ~k,k8!5d~k2k8! 7u~6s~k2k8!!r s~k,k8!, ~4.58!

r s~k,k8!5
C1~k!LW 1Gs~k8!LQ 1F1~k8!

2p i
[

C1~k!LW 1Fs~k8!

2p i
, ~4.59!

r 6
s ~k!57u~7sk!r s~k!, ~4.60!

r s~k!5
c1LW 1Gs~k!LQ 1F1~k!

2p i
[

c1LW 1Fs~k!

2p i
, ~4.61!

t6
s ~k!57u~6sk!ts~k!, ~4.62!

ts~k!5
C1~k!LW 1Gs~10!LQ 1w1

2p i
[

C1~k!LW 1ws

2p i
. ~4.63!

We write equations~4.56! and ~4.57! in a more compact form as

~Fs, ws!5~F6 , w6!* R 6
s , ~4.64!

and omit equations forC and c that can be obtained analogously, or by conjugation. Here
introduced the matrix operator

R 6
s ~k,k8!5S r 6

s ~k,k8! t6
s ~k!

r 6
s ~k8! ~As!u(7s)D . ~4.65!

R † denotes the Hermitian conjugate operator. SolutionsF(x,k) and w(x) @C(x,k) and c(x)]
have been combined in a row~correspondingly, column!, where only the first element depends o
k. For two operatorsR andR8 with elementsRi j , Ri j8 with dependence on the argumentsk, k8
like in ~4.65! we introduce a composition* that gives a matrix of the same form with elemen

~R* R8!11~k,k8!5E dk9 R11~k,k9!R118 ~k9,k8!1R12~k!R218 ~k8!,

~R* R8!12~k,k8!5E dk9 R11~k,k9!R128 ~k9!1R12~k!R228 ,

~4.66!

~R* R8!21~k,k8!5E dk9 R21~k9!R118 ~k9,k8!1R22R218 ~k8!,

~R* R8!22~k,k8!5E dk9 R21~k9!R128 ~k9!1R22R228 .

The unity matrix in the set of such operators is given by

I~k,k8!5S d~k2k8! 0

0 1D . ~4.67!
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In the same way we define the product of the matrix by the row~from the left! and by column
~from the right! of the type used in~4.64!. This composition is also denoted by an asterisk
emphasize that the integration is performed in the first~upper! element only.

Equation~4.64! gives the boundary values of the Jost solutions in terms of the advan
retarded ones. In order to get the inverse relations we apply the same procedures as abov
~4.54! and in analogy with~2.102! in terms of the introduced notations we get

~F6 , w6!5~Fs, ws!* ~Ws!21~R 6
2s!†, ~4.68!

where we introduced the constant matrix

Ws5S 1 0

0 AsD . ~4.69!

Alternative spectral data that relate values of the Jost solutions computed on the two s
the real axis appear if we insert (F6 ,w6) from ~4.68! into ~4.64! for opposite sign ofs. Thus we
get

~Fs, ws!5~F2s, w2s!* ~W2s!21F 2s, ~4.70!

where we denoted

F s5~R 6
2s!†* R 6

2s . ~4.71!

Finally let us note that Eqs.~4.58!–~4.63! together with Eqs.~4.31!, ~4.40!, and ~4.41! solve
completely the so-called direct problem, furnishing all spectral data and the auxiliary fun
w(x,kI) in terms of the Jost solutionF(x,k) and the functionsF1(x,k) andw1(x) relative to the
one-soliton potential.

Below we discuss the properties of these spectral data and relations between them.

2. Characterization equations for spectral data

Inserting~4.68! in ~4.64! we get relation (Fs,ws)5(Fs,ws)(Ws)21(R 6
2s)†* R 6

s , s51,
2, so taking into account the asymptotic behavior of the Jost solutions with respect t
x-variables we derive the characterization equation

~R 6
2s!†* R 6

s ~Ws!215I ~4.72!

for the spectral dataR 6
s . Another characterization equation follows by inserting~4.64! into

~4.68!:

R 6
s ~Ws!21* ~R 6

2s!†5I, ~4.73!

and the third one is the condition that the r.h.s. of~4.71! is independent of the choice of the sig
6:

~R1
s !†* R1

s 5~R2
s !†* R2

s . ~4.74!

These equations generalize the characterization equations of the case of decaying potenti17 We
see that~4.72! and~4.73! are just the condition that the ‘‘triangular operators’’R 6

s are invertible
and that (R6

2s)† is the inverse ofR 6
s (Ws)21. They define, say,R 6

2 if R 6
1 is given. Thus

essential restrictions on the spectral data are imposed by~4.74!, that is a consequence of the reali
condition on the potentialu(x). Thanks to~4.64! this equation proves~4.45!. By ~4.65! we write
~4.74! as a system of three equations~for some signs!:
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S E
k8

1`

2E
2`

k D dk9 r s~k9,k!r s~k9,k8!5sgnk u~kk8! r s~k!r s~k8!1sr s~k,k8!1sr s~k8,k!,

~4.75!

@u~k!As1u~2k!#r s~k!5sS E
0

1`

2E
2`

k D dk8 r s~k8,k!ts~k8!2ts~k!, ~4.76!

uAsu25E dk sgnk uts~k!u211. ~4.77!

Characterization equations for the spectral data~4.71! look simpler,

~F s!†5F s, ~F s!215~W2s!21F 2s~Ws!21, ~4.78!

to which we have to add the requirement thatF s can be decomposed in the product~4.71! of two
sets of triangular operators~4.65!.

3. Discontinuities of spectral data

The cuts of the Jost solutions intersect on the complex plane atk50. Thanks to property~4.6!
for the Green’s function we get by~4.3! that the Jost solution obeys property

lim
skI→10

F~601 ikI!5Fs~60!, s51,2, ~4.79!

which means that it is necessary to pay special attention to the properties of the spectral dat
point k50. Thus taking the limitskI→s0 in ~4.28! we get for the boundary values of the Jost a
auxiliary Jost solutions the relation

Fs~10!2Fs~20!5wsws. ~4.80!

The spectral datar s(k,k8) are defined in~4.59! in terms of the Jost solutionC1(k), which is a
continuous function ofk, and ofFs(k8) which is discontinuous atk850. Thereforer s(k,k8) is
continuous with respect tok andk8 with a possible discontinuity atk850. Precisely, by~4.59!,
~4.63!, and~4.80! we get

r s~k,10!2r s~k,20!5ts~k!ws. ~4.81!

The spectral datats(k) are continuous atk50 and from their definition~4.63! and the definitions
~4.10! and ~4.29! of A andw we derive

ts~0!5sAsw2s. ~4.82!

The spectral datar s(k) are discontinuous atk50 as follows from their definition~4.61!.
Taking into account~4.30! and ~4.31!, we get the relations

r s~10!5sAsws, ~4.83!

r s~20!5sws. ~4.84!

These behaviors atk50 are compatible with the characterization equations. In fact, choo
k8560 in ~4.75! we get~4.76! and analogously~4.76! at k560 gives~4.77!.

F. Inverse problem and time evolution

Let now be given the spectral data, i.e., functionw(kI) and, say,R 6
1 . Functionw(kI) is

continuously differentiable on the intervalukIu,k except for the pointkI50, where it has
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bounded limitsw6. Moreover,w(kI) has the asymptotic behaviors~4.42!, ~4.43! and A(kI)
defined by~4.41! is bounded on this interval and has finite limitsA6 at zero. The spectral dataR 6

1

obey the characterization equation~4.74!, or, more explicitly the characterization equatio
~4.75!–~4.77! for its elements in~4.65! and relations~4.81!–~4.84!. The matrix operatorR 6

1 also
admits inverse, so that the spectral dataR 6

2 can be introduced by~4.72! or ~4.73! with the
triangularity property given in~4.65!, which means that the spectral dataF 2 can be defined by
~4.71!. Taking into account that the Jost solutionF(x,k) is analytic in the complexk-plane with
a discontinuity across the real axis, given by the first equation in~4.70! for s51, and with a
discontinuity across the intervalukIu,k of the imaginary axis, given by~4.28!, and has an
asymptotic normalization atk→` given by ~2.78! and ~2.80!, the Cauchy–Green formula yield

F~x,k!5e2 ikx12 ik2x21
1

2p i E dk8
ei (k82k)x11 i (k822k2)x2

k82k S E dk9F2~x,k9!@F 11
2~k9,k8!

2d~k92k8!#1
w2~x!

A2 F 21
2~k8! D2

1

2p i E2k

k da w~a!

a1 ik
e2(a1 ik)x12 i (a21k2)x2w~x,a!.

~4.85!

Notice that the singular behavior~4.42! of w(a) at a5k is smoothed by~4.38! and, consequently
the integral on the r.h.s. is well defined. It is necessary to emphasize that equalities~4.40! and
~4.85! were derived under condition~4.25! that excludes the caseu2(x)[0. Indeed, in this case
Greg( ik)5G1,reg( ik) so that by~4.23! B(k)50.

The integral equation~4.85! together with~4.40! solves the inverse problem. In fact, consi
ering ~4.40! and the limits of~4.85! ask→k2 i0, kPR, and ask→101 ikI , we obtain a system
of three linear integral equations for$F2(x,k),F(x,101 ikI),w(x,kI)%, whose solution is
uniquely determined in terms of the spectral data. When these boundary values are determi
Jost solution for generickPC is given by ~4.85! and then the potential is reconstructed in t
standard way by~2.78!, ~2.81! as

u~x!5
1

p

]

]x1
F E dk eikx11 ik2x2S E dk8F2~x,k8!@F 11

2~k8,k!2d~k82k!#1
w2~x!

A2 F 21
2~k! D

2 i E
2k

k

da w~a! e2ax12 ia2x2w2~x,a!G . ~4.86!

Since, in the resolvent approach, all spectral data can be given as special reductions
extended resolvent, one can derive directly~see Ref. 4 for details! the time evolution of the
spectral data related to a solution of~1.2!. We omit here these calculations and give only the fi
result on the time evolution of the spectral data:16

F 2~k,k8,t !5S e24ik3t 0

0 1
DF 2~k,k8!S e4ik83t 0

0 1
D , k,k8PR, ~4.87!

w~kI ,t !5e4kI
3tw~kI!, ~4.88!

A~kI ,t !5A~kI!. ~4.89!

Taking the time evolution~4.88! into account we get that~4.42! and~4.43! are preserved under th
dynamics and like in the pure one-soliton case

k~ t !5k, x0~ t !5x014k2t, ~4.90!

wherex0(t) is the parameter of the one-soliton solution~3.2!.
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V. CONCLUSION

We presented the main aspects of what we call the extended resolvent approach to the
theory of differential operators and we tested it in the two-dimensional case of the nonstat
Schrödinger equation with decaying and nondecaying potentials at large distances in the pla
showed that a specific advantage of this approach is that the extended resolventM (s) of the
differential operator~1.1!, which depends on a parametersPR2, can be used as a general tool f
finding all mathematical objects, such as Green’s functions, Jost and auxiliary Jost solu
advanced/retarded solutions and spectral data, which result to be necessary for develop
spectral theory. In fact, the introduction of all these quantities follow naturally from the stud
departure from analyticity of the extended resolvent and of its discontinuities, together w
reductions. In particular, the different Green’s functions involved in the theory are value~in
general limiting values! of the resolventM (s) at different specific pointss, which are suggested
by the behavior ins of M (s) itself. Moreover, the study of the properties of all these object
reduced to the study of the resolventM (s), which can be accomplished by using Hilbert-typ
identities and the bilinear representation~2.90!. This representation gives the extended resolven
terms of the Jost solutions and supplies a simple and straightforward way of deriving rel
between different kinds of solutions of the linear problem, constructing spectral data and de
relations between them, as well as characterization equations.
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