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Abstract

Inverse scattering theory of the heat equation with potential being a perturbation of the one-soliton potential by means of
a decaying two-dimensional function is presented. Modification of the Jost solutions and scattering data are 2065n.
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The operator u(x) was developed in [3-5], but only the case of po-
2 tentials rapidly decaying at large distance on ihe
L= =00+ 09 —ul), x=(x1,x2), @) plane was considered. On the other side, it is well
which defines the well-known equation known that KPIl is a2 + 1)-dimensional generaliza-
tion of the famous KdV equation. Indeed, if the func-
Lo(x,k)=0, keC, (2) tion u1(t, x1) obeys KdV then, for an arbitrary con-

of heat conduction, or heat equation for short, is Stantu €R,
known [1,2] to be associated to the Kadomtsev—Pet- )
viashvili equation u(t, x1, x2) = u1(r, x1+ px2 — 3u°r) (4)

(ur — Bultyy + txgxyxy)xy = —Uxpxy (3) solves KPII. Thus, it is natural to consider solutions of
KPIl that are not decaying in all directions at space in-
finity but have 1-dimensional rays with behaviour of
type (4). A complete inverse scattering theory of the
heat equation for such potentials is absent in the litera-
U Work is supported in part by INTAS, 99-1782, by Russian ture. Some preliminary results towards the formulation
Foundation for Basic Research, 99-01-00151 and 00-15-96046, and of this theory were obtained in [6,7]' where Specia| po-
by COFIN 2000 *Sintesi". tentials generated by Backlund transformations were
Corresponding author. considered, and in [8], where, by using the so-called
E-mail addresses: boiti@le.infn.it (M. Boiti), pempi@le.infn.it : , In [s], where, Dy using
(F. Pempinelli), pogreb@mi.ras.ru (A.K. Pogrebkov), resolvent approach, the way was opened to the study
prinari@le.infn.it (B. Prinari). of more generic potentials.

(more exactly, KPII equation). The inverse scattering
transform for the heat equation with a real potential
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Here, we consider the case of only one ray and we They are meromorphic functions in the complex do-

chooseu = 0, since the generic direction of the ray
can be reconstructed by the Galileo invariance of KPII.
Thus in what followsu1(x) = u1(x1) and, moreover,
we consider for simplicity the case whergis the 1-
dimensional soliton potential

—24%
costfla(x1 — x0)]’
with a > 0 andxg real constants.
In this Letter we present results for the inverse scat-
tering theory of the heat equation with a real potential
u(x) that is a perturbation of the 1-dimensional soliton

potentialu1(x) by means of a smooth potential(x)
rapidly decaying in all directions,

®)

ui(x) =

u(x) = u1(x) + uz(x). (6)

We introduce and describe the properties of the Jost @1 ,(x) =
solutions and scattering data and formulate the inverse

problem relevant to this case. In what follows the
special case of operator (1) with the 1-dimensional
potentialx1(x) is denoted as

Li=—d, + 82 — u1(x). @)

First, let us consider the case where the perturbation B1o(x) = cPr_a(x),

uz = 0 and let us re-formulate in the 2-dimensional
space well known facts about Jost solutions of the
1-soliton potential (5). The Jost solutions of the dif-
ferential equationd.1 @1 (x, k) = 0, LI (x,k) =0,
WhereL‘f is the dual operator, are given explicitly by

By(xi k) = k—ia tanf[a.(xl —x0)] ei,'((k)x7 @)
k—ia

Wi k) = k+ia tanf[a.(xl —x0)] filox, ©)
k+ia

wherek € C and we introduced the two-component
vector

e(k) = (k, —ik?) (10)
for simplicity. They obey the conjugation properties
(11)
that are equivalent to the reality condition for the
potential, and are normalized/ainfinity as follows:
lim eil(k)xq§1(x; k=1,
k— 00

lim e ¢ ®¥yy (x; k) = 1.

k— 00

(12)

main of the spectral parametemwith poles atk = ia
andk = —ia, correspondingly. Thus, they obey the d-
bar equations

0D1(x, k
L =in®1,(x)8k —ia),
ok

ov1(x, k
PAED i 03k + i), (13)
where we introduced the standard notations
DP14(x)=—i resPy(x, k),

k=ia
Uy _4(x)= —ikres Yi(x, k). (14)

=—la

Explicitly we have

aeax0+a2x2

cosha(x1 — x0)]’
aeaxo—azxz

l1/1,7a (x) = (15)

~ cosha(x1 — xo)]’

The formulation of the d-bar problem (13) is closed by
means of the relations

Wl,—a (x)= _C'Ijl,a(x)v
(16)

where c = 2a¢%*0 > 0 and @1 _, and ¥ ,(x) are
values of the Jost solutions in the conjugated points,

@1, —a(x) = P1(x, —ia), Yia(x) =¥1(x,ia).

(17)

These formulae show that the embedding in two
dimensions of the Jost solutions of the 1-soliton
potential is trivial. On the contrary, the corresponding
2-dimensional Green’s functiafi; of the operator.1
is not a trivial extension of the 1-dimensional Green'’s
function of the operatok? + 92 — u1(x1) and, in
particular, it has more complicated singularitiekin

This Green’s functionG, can be obtained as a
special case from the generic construction presented
in [8] and can be expressed in terms of the standard
objects introduced above as follows:

Gi(x,x', k)

1
=5 / dk' [0(1ksi| — lkiy|) — 0 (x2 — x5)]
ki =ky
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x @1(x, KW (x', k) + CO(a - |kg|)
X 0(x5 — x2)P1,—a(X)W¥1,4(x"). (18)

One can check directly by means of the explicit for-
mulae (8) and (9) that it obeys the differential equation
L1Gi(x,x’, k) = 8(x — x'), and satisfies the following
properties:

G1(x,x", k)= G1(x,x', —k) = G1(x, x', k), (19)

. . .
lem(x)(—zik)a—x1 O Gl (x, x' k) =8(x —x'),
(20)

G100 L B _ SO, (R (x —R). (21)

ok 2
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Green’s functiorG1. The function® (x, k) is no more
meromorphic, but its behaviour &tinfinity and con-
jugation property are the standard ones,

lim “®*p(x, k) =1, (24)
k—o00

,  ;

lim 2ik— e“®*@(x, k) = —u(x), (25)
k—o00 8x1
D (x,k) = ®(x, —k). (26)

Thanks to (23) they follow from the analogous prop-
erties of@, and from (6), (19) and (20).

Since G1(x, x’, k) is discontinuous at the points
k = +ia, the behaviour of the Jost solution in a
neighborhood of these points must be studied in detail.

which are analogous to those satisfied by the Green’s To describe it we introduce thieindependent solution

function of a 2-dimensional rapidly decaying poten-
tial. However, at the points = i« (and only at these
points) this Green's function is discontinuous. Pre-
cisely, we have from (18) in the neighborhood of these
points:

Gl(-x7 -xlv k) = Gl,reg(-x7 -x,)
|ks|

ko

“—
- = t

Cc
arcco
4

k>~ +ia.

}4’1,a (D)W1a(x),
(22)

Since the second term in the right-hand side is annihi-
lated byL; and its dualG1 reg(x, x') is also a Green’s
function. Notice that it i independent and the same
for both points. This property will be important in the
following.

Now we are ready to construct the Jost solution
of (2). By means of (6) and (7) we write in (1) as
L = L1 — u>(x) and define the Jost solutiah(x, k)
(in fact, its generalization) as solution of the integral
equation

D(x,k)=Dd1(x,k)
+fdx’Gl(x,x’,k)uz(x/)q)(x,,k), (23)

where G1 is given in (18). In other words, we use
the so called scattering theory on a non-trivial back-
ground [9]. In what follows we assume unique solv-
ability of this equation for allk # +ia. There is an

Dreg(x) of (2) determined by the integral equation
Dreg(x) = P1,—4(x)
+ / dx' G reg(x, xu2(x") Preg(x"), (27)

where we used the fact thai; req is also a Green’s
function of the operatoL.;. Let us now introduce the
function

— kg

Ak)y=m + A arccot | |‘ | , (28)
%

wherei denotes the constant

A=c / dx W14 (X)u2(x) Preg(x). (29)

Under our assumption of rapid decay of this
constant exists (the integral is convergent), is real and

obeys the inequality
1+1>0, (30)

so that the functiom (k) is real and positive. Then we
can prove that

_ imcPreg(x) .
(p(x’k)_i(k—ia)A(k) +0@1), kx~ia, (31)
_ 7T Dreg(x) ~
D(x, k)= 7A(k) +0(1), k~-—ia, (32)

that is, since foi # 0 the functionA (k) is discontin-
uous at the point& = +ia (and only at these points),

evidence that it can be proved by standard techniquesthe Jost solutior® (x, k) results to have a more sin-

under some small norm assumption on the perturba-

tion us [4,5]. Under this assumption, the properties of

gular behaviour than the Jost solutidn(x, k) of the
unperturbed one soliton solution. Correspondingly, the

the Jost solution are prescribed by the properties of the properties of the d-bar derivative of the Jost solution as
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well as the properties of the scattering data are affectedwhere
by this singular behaviour.

Let firstk # +ia. Then as in the standard situation @, (x) = _—1 lim f dk @ (x,k), (38)

we get 21 ¢—0
lk—ia|=¢

M @ (x, —k)r(k), (33) and® (x, —k)r (k) is now a distribution irk defined by

ok the following functional:
where

) ;
r(k) = ngnk" /dx Wy (x, —k)u2()®(x, k). (34) p'v'/d k® (x, —k)r k) £ k)
JT

Thanks to (11) and (26) this scattering datum obeys 25”210 f d?k & (x, —k)r (k) f (k), (39)
the standard conjugation property lk—ia|>¢
rk) = —r(k), (35) where we used the notation p.v. since the indicated

regularization generalizes in a natural way the Cauchy
principal value regularization procedure to the case of
a singularity in the plane. Note tha®,(x) in (38)
can be considered as an extension of the definition
of residuum to the case in which the pole singularity
is multiplied by a discontinuous function at the same
point. Following (38) we can define the “value” of
@ (x, k) atthe pointk = —ia as

and by (31) and (32) it behaves at poikts +ia as

i A SQNks;
k)= ' 0(1), 36
"= 2+ kel —imam TP (39)
i.e., in both points it has a pole singularity multiplied
by the discontinuous functiod (k). Taking into ac-
count that the singular behaviour®f(x, —k) is given
by the denominatogk — ia)A (k) at pointk =ia and

by A(k) at pointk = —ia we see that the r.h.s. of (33) 1 dk
is integrable at the latter point but it has a singularity #-a(*) =7 lim yg a2 k). (40)
of the form sgrky|k — ia| 2A(k)~2 at pointk = ia, [k+ia|=s

which is not integrable. Thus we have to give a mean-

ing as a distribution to the r.h.s. of (33). Lgtk) be a From (31) and (32) we deduce that

test function. Then using the fact that(x, k) is inte- log(1+ 1)
grable for anyk we define its) derivative in the sense Pa(x) = CT Preg(x), (41)
of distributions in the usual way log(1+ A
acp(x k) o k) oy = 2CFD - ) Preg(x), (42)
/ d’k —="2 f(k) = / d%k @ (x, k) ——
dk and then

Since the distributio®® (x, k) /dk is singular only at
the pointk = ia we can write

acp(x k) This last equality close the formulation of the inverse
A%k —=—f (k)

Py (x) =Py (x). (43)

problem for (37) and demonstrates that the parameter
' ¢ is not modified by the perturbation. Note also that in
=—lim / d%k & (x, k)—= s ( ) contrast with the 1-dimensional case continuous and
H0|k—m\>s ok discrete scattering data cannot be given independently
since the singularity of the continuous scattering data,
and then use the integral in the r.h.s. for deriVing an which in the generic case is necessar“y present’

explicit expression for the distributiodd (x, k)/9k. depends on the parameters of the discrete scattering
We have data.
9D (x, k) Finally, taking into account the asymptotic behav-

=@ (x. —k)r(k) +in Pa(x)8(k — ia), iour (24), the definition of the principal value in (39)

(37) and definition (40) we can write the following system

ok
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of integral equations: evolution since all three parametersc, and i are

B (x. k) = e*i((k)x constants of motion.

2
+1pw f A iewr—ewnig (v )iy
i k' ’

k — Conclusion
i (L) —L(k))x
+ i P (), 44 i i
k—ia a(x) (44) In this Letter we gave a short presentation of an ex-
}cp (x) = e—it(=ia)x tension of the inverse scattering theory for the heat op-
o ax/=¢ erator to the case where the potential is a smooth (de-
1 5 D(x, —kyrk) (i caying at infinity) perturbation of the 1-dimensional
- p-V-f d°k Wé’l( (O=tianx one soliton potential. This is the first (to our knowl-
H(CGia)—(—ia))x edge) example of a inverse scattering theory including
¢ ®4(x), (45) potentials with 1-dimensional rays. We showed that
2a under such a perturbation the Jost solutions get sin-

which solves the inverse problem for (37) and (43). gularities more complicated than poles. The study of
The integrands in the r.h.s. of these two equations arethese singularities enabled us to introduce the modi-
not locally integrable, respectively, the firstiat ia fied scattering data and describe their properties. De-
and the second at = +ia. Correspondingly, their  tailed proofs of the results presented here are based on
integrals are regularized by means of the principal the so-called resolvent approach (see [6,7,9,10] and, in
value prescription, as defined in (39),/at=ia and  particular, the case of one soliton on a background in

atk =zia. [8]) and will be given in a forthcoming publication.
Under assumption of unique solvability one can

derive from these equations and property (35) the
conjugation property (26) of the Jost solution and
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