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1. Introduction

The nonlinear interaction between radiation and a multilevel
optical medium has received considerable attention over the past
decades. The phenomenon that describes the effect of a coher-
ent medium response to an incident electric field, to which the
medium is totally transparent and which undergoes lossless prop-
agation, is known as self-induced transparency (SIT). SIT was first
discovered by McCall and Hahn [1] in the case of resonant opti-
cal media undergoing a pure two-level atomic transition. A large
variety of special solutions as well as an infinite number of con-
servation laws associated with the Maxwell-Bloch equations gov-
erning the SIT phenomenon in a two-level medium were found
by Lamb [2,3] and others [4,5]. The general initial value prob-
lem for the propagation of a pulse through a resonant two-level
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optical medium for the SIT case was solved by applying the In-
verse Scattering Transform (IST) in [6]. In [7-9], the IST was em-
ployed to solve the Maxwell-Bloch equations in a more general
setting of two-level unstable optical media to study the superflu-
orescence phenomenon and related problems in laser optics. The
complete integrability of the reduced Maxwell-Bloch equations in
the presence of a permanent dipole was investigated in [10], and
also in [11] where the effect of inhomogeneous broadening was
taken into account. In these papers, the authors obtained the Lax
pairs, a hierarchy of commuting flows, and Backlund transforma-
tions for the reduced Maxwell-Bloch equations.

It is also possible to formulate the propagation of optical pulses
in a three-level optical medium in the framework of the IST. Optical
pulse propagation in a three-level medium under two-photon or
double one-photon resonance conditions has been studied exten-
sively, both theoretically and experimentally, by various authors
since the 1970s. Specifically, there have been investigations in
connection with SIT and simultons [12-14], lasing without inver-
sion [15,16], electromagnetically induced transparency [17-19],
and other related topics [20-22]. In these problems, one typically
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Fig. 1. Schematic of a three-level system, with excited state |3) and lower states
|1) and |2). £2, and £2; are the Rabi frequencies of the control and secondary pulses
E;and E; at |3) <> |1) and |3) <> |2) transitions. I” is the decay rate of |3) to states
external to the three-level system.

considers A-configuration media, i.e., three-level media with a de-
generate ground level (see Fig. 1), other possible configurations be-
ing the V (inverted version of the A-configuration) and the Ladder
(or Cascade) types of three-level systems. A large class of solutions
for the physical problems mentioned above have been obtained by
using the IST technique and other methods in earlier works [23,13,
24], as well as in more recent papers [25,26]. A comprehensive re-
view of the earlier studies (during the 1980s) on the application of
IST to the theory of pulse propagation in multi-level optical media
can be found in [27].

The basic physical problem considered in this paper is the prop-
agation of two optical pulses in a medium of three level atoms
in the A configuration as shown in Fig. 1. In this scheme, the ex-
cited state |3) decays at a rate I" to states other than |1) and |2).
The electric fields E; and E, corresponding to the individual opti-
cal pulses are resonantly coupled to the |3) <> |1) and |3) <« |2)
atomic transitions, respectively. The material properties of the op-
tical medium are described by the Bloch density matrix p, which
is a 3 x 3 Hermitian matrix. The diagonal elements of p are de-
termined by the population densities of the atomic levels, and the
off-diagonal elements describe the complex valued material polar-
izability envelopes of the optical medium. The equations governing
the temporal evolution of the atomic levels in the optical medium
and the propagation of the optical pulses through the medium can
be derived from the Schrédinger and Maxwell’s equations using a
slowly varying envelope approximation. The resulting system of
equations are known as the coupled Maxwell-Bloch (CMB) equa-
tions. In the lossless case (I" = 0), and under the assumption that
the propagation constants, which depend on the dipole moments
and the atomic number density for the two optical pulses through
the medium, are the same (simulton conditions), these equations
can be written as

2. = % [i)avs.l] (1.1a)

po=[(R2+ia)),p] ac€R. (1.1b)

In the above equations, [-, -] denotes the matrix commutator,
and

1/ 0 0 o
J=disg(-1.-1.1), 2=_{ 0 0 2,
-27 -2, 0 (12)

o0
By = / B(x, 7. g (@)dar
—00

where £21(x, t) and £2,(x, t) are the slowly varying complex
envelopes of the electric fields E;(x, ) and E,(x, t). Note that
besides the coordinates x and 7, the density matrix p depends also
on a real parameter « representing the de-tuning from the exact
quantum transition frequency due to the Doppler shift caused by
the thermal motion of the atoms in the medium. The last integral
term in (1.2) accounts for the inhomogeneous broadening effect
by averaging over the range of detuning with the (atomic) velocity

distribution function g(«), which satisfies the normalization
condition ffooog(oz)da = 1. The coordinates (x, ) adopted in
this paper are the natural coordinates for the IST scheme (see
Section 2). These are related to the physical coordinates as follows:

x=t—2z/c, T=2,

where t € R is the normalized time, z > 0 is the normalized prop-
agation distance along the optical medium, and c is the speed of
light. In particular, Eq. (1.1a) is written in the frame moving to the
right with speed c.

It follows from Eq. (1.1b) that oy (Trp"(x, T, @)) = 0 for any
positive integer n because p" also satisfies (1.1b), and the trace
of any commutator vanishes identically. In particular, for n =
1, the trace of the density matrix p is independent of x, which
corresponds to the conservation of the net population density in
the three atomic levels as x denotes a time-like variable. In fact,
since the CMB equations are invariant with respect to a gauge
transformation of the form p — p — u(t, «)l; where I, denotes
the n x n identity matrix, one can set Tr p = 1 by appropriately
choosing the function wu(t, ). Furthermore, in some physical
applications such as electromagnetically induced transparency
(see e.g., [18]) or matched pulse propagation through absorbing
media [28], the Bloch matrix p is of rank 1, and its elements can be
expressed as p; = y,-yj* in terms of the probability amplitudes y;
of the atomic levels. The optical pulse envelopes §21(x, 7), £22(x, T)
are localized in x for all values of t since they represent temporal
pulses. They satisfy the vanishing boundary conditions £2 — 0 as
x — oo for all 7. Note, however, that only one set of boundary
conditions can be prescribed for the Bloch matrix p since (1.1b)
can be regarded as an ordinary differential equation for p in x
given 2(x, t) for any (fixed) value of . Thus, for instance, if p as
x — —ooisprescribed, then p asx — +ocis determined uniquely
by (1.1b). For later convenience we define these boundary values
forpas p_ = p(x - —o0),and p_ = p(x — 00).

In this paper we present an IST procedure to solve the gen-
eral initial value problem for the CMB equations with inhomoge-
neous broadening, (1.1), describing the propagation of localized
optical pulses decaying sufficiently rapidly as x — +o0, through a
three-level medium. Furthermore, these solutions are determined
for generic initial preparation of the medium, i.e., for a sufficiently
broad class of specified boundary conditions p_. A comprehensive
treatment of this problem via IST has not been previously carried
out for generic choice of p_. Another key issue, not addressed else-
where before, is to determine the final state of the medium given
by the Bloch matrix after the interaction with the electromagnetic
field, i.e. the asymptotic value p_ of p as x — oo. In this work,
we demonstrate how to recover this asymptotic medium config-
uration explicitly in terms of the associated scattering data. Using
the IST method we construct exact n-soliton solutions for the op-
tical pulses and study the soliton interaction properties, including
polarization shifts for the optical pulses. Moreover, as a by-product
of our IST analysis we derive an explicit formula for the scattering
matrix in the case of pure n-soliton solution.

The paper is organized as follows. In Section 2 we discuss the
direct as well as the inverse scattering problem associated with
the CMB equations by introducing the eigenfunctions and the
scattering data. The inverse problem is posed as a Riemann-Hilbert
problem on the real axis, with poles in the upper/lower half-plane
of the scattering parameter. Then we derive the time evolution of
the eigenfunctions and the scattering data, which is nontrivial and
the key issue in this problem. We close Section 2 with a discussion
of the so-called sharp-line limit, corresponding to the case when
there is no inhomogeneous broadening and the broadening
function g(«) is taken to be a Dirac delta function. Section 3 is
devoted to reflection-less scattering and pure soliton solutions. In
particular, we derive explicit formulas for the n-soliton electric
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field envelope 2(x, t) and the density matrix p(x, 7, «), and
investigate the dynamics of one- and two-soliton solutions,
including the collision-induced polarization shifts due to two-
soliton interactions. In addition, the explicit form of the reflection-
less scattering transmission matrix together with its analyticity
properties is also derived in this section. Finally, we make some
concluding remarks in Section 4. The sections in the main text
are supplemented by Appendices A-C. In particular, Appendix B
provides further properties of the scattering transmission matrix
in the reflection-less case derived in Section 3.4, and Appendix C
contains some preliminary results for the scattering matrix for a
one-soliton solution on a small radiative background.

2. Scattering problem

It is well-known that the CMB system (1.1) for the matrices
£ and p can be expressed as the compatibility condition of the
following Lax pair:

vy = (ikj+ 2)v (2.1a)
v, =Tov (2.1b)
where v = v(x, 7, k) is a three component vector, k the complex
spectral parameter, and T = i({p). For convenience, here and
henceforth we employ the following notation:
-l (o]
AY(x, 7, k) = 7][ £ px.r.0)de. keR 22)
4) o —k

with ffooo denoting the Cauchy principal value integral. When k ¢
R, the integral above is understood to be over the entire real line
instead of principal value.

The compatibility condition between (2.1a) and (2.1b) yields
2, =T, + [T, ik] + £2], which can be rewritten as,

2. = of £ k- b

oo @ — Kk

+ Be(@) + [p(e), 2+ ia]]}da.

Equating the terms with the same k-dependence from the above
expression, one indeed recovers the CMB equations (1.1).

The scattering problem (2.1a) is the same as that for the vector
nonlinear Schrédinger (VNLS) equation in the focusing case, with
12 playing the role of the potential. For £2 decaying rapidly enough
as x — =00, the IST is well-established in this case (see e.g., [29]).
Below we provide a brief review of the direct and inverse scattering
for Eq. (2.1a).

2.1. Direct problem

One refers to the solutions of the scattering problem (2.1a) as
eigenfunctions with respect to the spectral parameter k. When 2
decays rapidly as x — =00, the eigenfunctions are asymptotic
to the solutions of the differential equation v, = ikJv as |x| —
00. Hence, the scattering problem (2.1a) admits the eigenfunction
bases

@ (x, k) ~ e (2.3a)
W (x, k) ~ e, (2.3b)

with J = diag (—1, —1, 1), as given in (1.2). These eigenfunctions
with the assigned boundary conditions as x — 4oo for any k € R
can be written in terms of the following integral equations

d(x, k) = e + [

—00

X —> —0

X —> 400

M) o) (', k)dx,

+o0
W (x, k) = el — / NI QX)W (X, k) dx.

X

Neumann iteration on the integral equations allows one to prove
that the first two columns of @, denoted by ¢, can be analytically
continued to the upper half of the complex k-plane, while the last
column of @, denoted by ¢, can be analytically continued to the
lower half-plane. Similarly, the first two columns of ¥, denoted
by ¥, and the last column of ¥, denoted by ¥, admit analytic
continuation onto the lower and upper half-planes, respectively.
Moreover, integration by parts on the above integral equations
yields

D(x, ke M ~ 1, W (x, ke M ~ 13,

where the asymptotic behavior in each column is taken in the
proper half-plane of analytic continuation. _

It can be shown that both @ = (¢ ¢) and ¥ = (¢ ¥) are two
complete sets of basis eigenfunctions for the scattering problem
(2.1a). Then one can define the scattering data S(k) by the relation

ask — oo

w=as, Sk = <§+ 2) . keR, (2.4)
where a(k) is a 2 x 2 matrix, a(k) is a scalar, b(k), b(k) are
2-component column vectors, and T denotes the Hermitian con-
jugate.

Properties of the scattering matrix: It follows from the analyticity
properties of the basis eigenfunctions that the matrix a(k) is
analytic in the lower half k-plane, while the scalar function a(k) is
analytic in the upper half-plane. The vectors b, b in general cannot
be continued off the real k-axis. Moreover, the scattering matrix
S(k) ~ Isask — oosince @, ¥ ~ ¥ as k — o0. Then the
analyticity properties of the various components of S(k) imply that

ak) ~ I,
ak) ~1 ask — oo, Im(k) > 0,

as k — oo, Im(k) <0,

while the off-diagonal scattering coefficients b(k), b(k) — 0 as
k — oo on the real axis.

From Eq. (2.1a) for & together with its Hermitian conjugate
equation, and the symmetry for the matrix potential 2 = —,
one can show that for k € R, ®'(x, k)®(x, k) is independent
of x. Applying the boundary condition (2.3a) as x — —oo then
gives @ (k)@(k) = Is. In a similar fashion, one can show that
wi(k)w(k) = I5 for k € R. Then (2.4) implies that S is a unitary
matrix for k € R, i.e,,

S(k)St (k) = ST (k)S(k) = L.

Furthermore, if S(k) can be analytically continued off the real
k-axis, then similar arguments as above lead to the complex uni-
tarity conditions @' (k*)®(k) = Wi (k*)W(k) = I for the eigen-
functions, and the symmetry relation

S(k)st (k) = St (k")S(k) = I,
or explicitly

a(balt (k") + b)b' (k") = I,

~ _ (2.5a)
a* (k" a(k) + bt ()b(k*) = 1,
a(kbk*) + a*(k*)bk) = 0, (2.5b)
3t ()3 BB (1) —
a'(kak) + bk )b'(k) =1, (250)
a* (k" a(k) + bt (kb(k) = 1,
af (k)b(k) + a(k)b(k*) = 0, (2.5d)

which are valid wherever all scattering coefficients are simultane-
ously defined.

From the scattering problem (2.1a) for @ and ¥, it also follows
that

(Indet @), = (Indet W), = Tr(ik] + £2) = —ik,
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since Tr(2) = 0. Integrating these equations and applying the
boundary conditions (2.3a) and (2.3b), one obtains det @ = det ¥
= e~ Consequently, detS(k) = 1 due to (2.4). From the sym-
metry relation above one can write [ST(k*)]33 = [S™'(k)]33, which
together with the unimodularity of the scattering matrix S(k) leads
to the relation

deta(k) = a*(k*), (2.6)

for any k in the lower half-plane. The zeros of det a(k) in the lower
half plane and those of a(k) in the upper half plane play the role of
discrete eigenvalues for the scattering problem (2.1a). If a(k) has a
finite number of simple zerosin theregionImk > 0,sayk;, ..., k;,
then deta(k) has simple zeros at points ki, ..., ki in the region
Im k < 0. We also introduce the reflection coefficients r(k), r(k) de-
fined on the real k-axis as

r(k) = bk)/ak), k) = @H ' (k)bk),

for which the symmetry relations (2.5d) yield r(k) =
k eR.

(2.7)
—r(k),

2.2. Inverse problem

Let us now formulate the inverse problem to solve for the
eigenfunctions @, ¥ in terms of the scattering data. Recall that
= (¢¢) and ¥ = (¥ ¥), where the matrices ¢ and ¥ are

analytic on Imk > 0, and q_S 1/_/ are analytic on Imk < 0. From
(2.4), one obtains the matrix relations

ya'l=¢t+¢, Yla=¢r+,

for k € R, wherer, r are defined in (2.7). Using the second relation
above, one finds that for k € R,

det (¢, ¥) = det (¢, pb + ag) = adet & = a(k)e ™.

Since det (¢, ¥) can be continued analytically onto the region
Imk > O, it follows that det (¢, ¥) = 0 at each of the zeros
(assumed to be simple) kq, . . ., k, of a(k) in the upper-half plane.
Consequently, at each k;, the column vector ¥ is spanned by the
two column vectors constituting ¢, i.e.,

¥ k) = o(k)n;

where 7; is a 2-component column vector. Then the quantity ¥/a
is meromorphic in the upper-half plane with simple poles at k =
ki,j =1,2,...,n, and the residue at each pole is given by

14

Res;— kj < ) ¢(kj)ﬂy ﬂj ,(k)
where a' denotes the derivative with respect to k, and B; is the
norming constant associated with k;. In addition, from the large k
behavior ¥ ~ e and a(k) ~ 1, it follows that (¥ /a)e ™ ~ e as
k — oo where e; = (0,0, 1)T. Thus we can formulate a vector
Riemann-Hilbert problem for a piece-wise analytic function via
the equation

v p—ikx _ 9( J)ﬂl e~ ikix
E ( >t Z — k; )
L B0B,
B Z k—k; ¢ ) ’

— pre—i 4 (Q'Seikx _
j=1

The left hand side of the above equation is analytic in the upper-

half k-plane and vanishes as k — oo, whereas the bracketed

quantity in the right hand side is analytic in the lower-half k-plane

and vanishes as k — oo, and ¢re~** is the jump discontinuity on

the real k-axis. Then the solution of this Riemann-Hilbert problem
can be written as

4’("1)[;1 ik
—ikjx
€+ Z k— k]
1 [ ¢E)rE)e ™
2wi J_oo & — (k—i0)
An equation similar to (2.8a) can be derived for ¢ starting from the

relation ya~' = ¢t + ¢ or, equivalently, ¥ = ¢ b’ + ¢a. Then
fork € R,

det (¥, ¢) = detadet @ = deta(kye ™.

dkye ™ =

dk. (2.82)

Since det ({ﬁ d_b) and det a(k) are analytic in the lower-half plane,
and deta(k) = a*(k*) has simple zeros at k = kf forj =
1,...,n, it follows that the columns of the matrix (fﬁ (ﬁ) are
linearly dependent. Then it can be deduced (see Appendix A) by
using the relations @' (k*)®(k) = ¥t (k*)W(k) =I5 that

(¥a " deta) (k) = (¥a~") (kKa* (k) = —p(kn],
where the 2-component vector ; was introduced above. Hence,

(17/5‘]) (k) is meromorphic in the lower-half k-plane with simple
polesatk:kf,j: 1,2,...,n,and

Resk:kj* (l_p 571) = _é(kj*)ﬂ;

Taking into account that both ¥a~'e® ~ (e;e,) and gpe®™® ~
(e1 e) as k — oo, where e; = (1,0,0)7, e, = (0, 1,0)7, one
can formulate the following Riemann-Hilbert problem

. L p(ke) B e
¢em_<(el ez)_zm )

i=1

— (ir’feikx <¢ 371 ikx (el ez)

$U5) B e
L),

=1

where the left-hand side is analytic for Imk > 0 and vanishes as
k — o0, while the right-hand side consists of a bracketed term
that is analytic for Imk < 0, and vanishes as k — oo, plus the
jump discontinuity ¢rfe® on the real k-axis. The solution of this
problem yields, for Imk > 0,

" GkB]
ik x
e ey — ———e
(e; ) Z P
j=1 J
1 [ ¢@)r! (e
27i J_o & — (k+1i0)
Egs. (2.8a) and (2.8b) form a closed system of integro-algebraic
equations for the eigenfunctions ¢ and ¢. The inverse problem
amounts to solving this system for & = (¢¢) in terms of the
scattering data which consists of {kj, ,Bj}j'?:] together with the
reflection coefficient r(k) for k € R. Once the eigenfunction basis
@ is found, the potential £2, the full scattering matrix S(k) and the
Bloch matrix p(x, T, «) can be obtained from @ in ways described
below.
The electric fields $2;, £2, are reconstructed via a large k

expansion of the basis eigenfunctions. If one sets & = e, then
it follows from the integral equation for @ in Section 2.1 that

n1(x)
k

¢eikx —

d. (2.8b)

nx, k) =1Is+ +0(k™) ask — oo,

with u; = —,u¥, and (2.1a) implies that w(x, k) satisfies

tx + ik, J1 = 2.
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Substituting the large k expansion for u in the equation above, and
taking the limit as k — oo, gives

2 =i[p, J1 = 21 = 4i[p1lis = —4i ([1ls)",
25 = 4i[p1las = —4i ([n1l)”™,

where /11 can be obtained as the k~!-coefficient in the large k
expansions of (2.8a) and (2.8b). In (2.9), [111]; indicates the (ij)th
entry of the matrix pi1.
The scattering matrix can be recovered from (2.4) and the large
x-asymptotics of the eigenfunctions
S(k)y = lim & '(x, W(x, k) = lim &' (x, k*)e"¥
X—>—+00

X—>—+00

(2.9)

= lim e M uf(x, k*)el. (2.10)
X— 400
The Bloch matrix p can be reconstructed from ¢ via the
“squared” eigenfunction F = @#C®~' where C = C(t, k) is an x-
independent matrix. It is easy to verify using (2.1a) that F satisfies

Fy+ [F, ik] + 2] =0,

which is the same ODE (1.1b) for p(x, 7,®) when k = a € R.
Therefore, p is uniquely determined by

Fx, T, k=) = &, 7,0)C(t, ) ®~ ' (x, T, @)

= p(x, 7,a), (2.11)
provided that the matrix C(t, ) is specified by the boundary
condition p_ as x — —oo. That is,

px, T, ) ~ eBceT ™ = asx — —oo. (2.12)

Since the Bloch matrix p is Hermitian and ®f(a) = &~ '(«) for
o € R, it follows from (2.11) that C(7, «) is a Hermitian matrix.
Once C is fixed from the assigned boundary condition p_ as x —
—oo corresponding to the initial preparation of the 3-level atomic
states in the optical medium, the Bloch matrix p is then determined
by (2.11) for all later x € R. In particular, the final state of the
3-level medium after interaction with the electric field is then
given in terms of the scattering matrix as follows:

p=ws'cSw ! ~ e BSTICS)e T =5, asx — oo, (2.13)

where we have used Egs. (2.11) and (2.4).

Let us summarize the method of solving the CMB system (1.1)
for the matrices £ and p via the Lax pair (2.1a)-(2.1b). We assume
that £2 is assigned at t = 0 for all x € R and a boundary condition
p_ for p is assigned as x — —oo. The solution of the problem via
IST then amounts to

(i) first determining the basis eigenfunctions @ and ¥ (solutions
of (2.1a)) specified by their asymptotic behavior as x —
400 as in (2.3a) and (2.3b), and the corresponding scattering
matrix S(k) at T = 0 in terms of 2(x, 0);

(ii) using (2.1b) to determine the t-evolutions of the eigenfunc-
tions and the scattering data (see Section 2.3);

(iii) reconstructing the potential £2(x, t) from (2.9), and p(x, 7, )
using the boundary condition p_ and (2.11) via the inverse
problem for t > 0.

As mentioned earlier in the introduction, since £2, §2, corre-
spond to localized optical pulse envelopes we assume here that
2 — 0asx — =zooforall z > 0. A necessary condition for
this to happen is

0,2 —> 0 asx — *ooforallz.

(Note that this condition alone would still be meaningful in the
case of potentials £ going to a constant, or to e** as x — +00.)
Then Eq. (1.1a) implies that the following condition

im [ )] = / (o2 J@g(@)de =0

o]

must be satisfied for all t. From Eqgs. (2.12) and (2.13), one finds
that the non-vanishing matrix elements of the commutator [p_, J]
are proportional to et2*_ If we assume that the coefficients of
e in the commutator are in L; (R), then the integral over the
commutator vanishes as x — oo due to the Riemann-Lebesgue

lemma.
Reality condition: The CMB equations (1.1) admit real solutions

=2 p=p

when the parameter « = 0 in (1.1b). The reality of the solu-
tions induces additional symmetries on the eigenfunctions as well
as the scattering coefficients. If @(x, k), ¥(x, k) are eigenfunc-
tion bases for (2.1a) when 2* = £, then so are the functions
@*(x, —k*), ¥*(x, —k*), and they satisfy the same boundary con-
ditions as @(x, k), ¥(x, k) when x — 4o00. Therefore, one has ad-
ditional symmetries of the eigenfunctions,

d(x, k) = " (x, —k"), W(x, k) = w*(x, —k*).

Then det(¢p, ¥)(k) = a(k)e™™ implies the symmetry a(k) =
a*(—k*). Consequently, one has
a(k)) =0 = a(—k{) =0 Vj,
Note that the zeros of deta(k) = a*(k*) thenoccuratk = (k;‘, —k;)
in the lower-half plane.

Thus, the zeros of a(k) occur either in distinct pairs {k;, —k;‘},
or are pure imaginary when k; = —kjf“ = in;. In this case, if one
imposes the symmetry @(x, k) = &*(x, —k*) in Egs. (2.8), then
equating the residues at the simple poles k € {k;, —k;f, in;}, and
changing the variable ¢ — —¢ in the integral term for *(x, —k*),

one obtains the following symmetries for the norming constants
and reflection coefficient

Blicie = —(Bli=y)™ = —B;,
r'(=§) =r(§).

Therefore, the scattering data corresponding to real solutions for
£2, p consists of

{(i, B, (—k7. =B}

j=1’

Im(k;) = Im(—k;") > 0.

Bli=iy; = ibj, b; € R?,

{i?’]j, ibj, nj € R, bj € Rz}j:] ,

and the reflection coefficient r(k), k € R. In Section 3, we will
use these symmetries for the norming constants to construct real
n-soliton solutions.

Thus far our discussion of the scattering problem for the CMB
system (1.1) has been primarily based on the first equation of the
Lax pair i.e., Eq. (2.1a), which is the same as for the VNLS equation.
In the following subsection we consider the second equation (2.1b)
of the Lax pair in order to obtain the t-evolution of the scattering
matrix S(k). It is this feature of the scattering problem that is
substantially different from that of the VNLS equation. In contrast
to the VNLS equation, which is purely an initial value problem,
the CMB system constitutes an initial-boundary value problem,
where, in addition to the initial data £2(x, 0), the boundary values
p. of the Bloch matrix significantly influence the solution method.
More specifically, if p_ # p,, then in (2.1b) the forms of the
asymptotic t-evolution matrices T as x — 00, are also distinct.
A consequence of this is that the t-evolution of the scattering
matrix S(k) associated with the CMB system becomes highly non-
trivial compared to the VNLS case, as illustrated next.

2.3. Evolution of the scattering data

First, we consider the t-evolution of the eigenfunctions ¢ and
¥. Since the boundary conditions (2.3a) and (2.3b) hold for all
T, one must have #;, — 0Oasx — —oo,and ¥, — 0 as
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x — oo. Therefore, it is necessary to modify Eq. (2.1b) for @ and ¥

as follows:

b, =TP — IT_, v, =TV — ¥T,,

where T.. depend only on 7, k, and are given by

To(k,v) = lim (e7™T(x, 7, k)e™) =i lim (e pe'¥)
x—to00 X—Fo00

with (-) defined as in (2.2). Moreover, using the asymptotic values
Py in(2.12) and (2.13)

Tf(k ‘L') =1 lim (e_i(k—ol)_lxcei(k—a)]X>
’ X——00 4

T, (k, 7) =i lim (e "k-0g1cgeik—oky
X—> 00

2.3.1. Evolution of S(k)

The evolution of the scattering matrix S is determined from
the evolution equations for @ and ¥ above, and Eq. (2.4). It
is straightforward to verify that S(k, ) satisfies the ordinary
differential equation

S, =T_S —ST,, (2.14)

with k as a parameter. In order to derive the evolution equations
for the various components of the matrix S(k, t), it is necessary
to calculate the quantities T (k, t) explicitly, for k € R. For that
purpose, we first express the matrices C and S™'CS in block form
as

_(H m 10 _(H m
(51 v (d )

where the 2 x 2 matrices H, H satisfy HY = H and H = H, the
scalars h,h € R, and m, m are 2-component complex vectors.
Then, using the well-known formula

im {1 piangy = zinfer) ke,

(2.15)

LN o (2.16)
we obtain
i g(oz) H ezi(k—a)xm
T_(k,7) = Zmeoo ~2i(k—e)x o t h da
i(H ——gm
= —gm*
g(a) eZi(k—oz)xril
T (k,7) = Z lerrolo a—k < —2i(k— a)me i dor
l(l:l) —gm
= 7-[ -
—ngJr i(h)

Next we use the block form of S in (2.4) and that of C in (2.15),
to express the quantities {H h, m} in terms of {H, h, m} and
{a, b, b, a} only, and replace these expressions for {H h, m} in
the matrix T above. Substituting the resulting block forms of T+
into (2.14), we finally obtain for the evolution of each block of the
scattering matrix S the following equations for k € R,

a, = —i[(y) n %lgy]a, y = b'Hb+a*'m'b+ab'm (2.17a)
b, = i[(D) + %lgD]b - %gma, D=H-—yl (2.17b)
_ Py i - 4 -
bl = —sz[(m - —gD] + Zomia,
4 2
D = a'Ha + bm'a + a'mb' (2.17¢)
~ i ~ _ i -

a = z[((H) - %gH)é - a<<D> - ZgD>:|, (2.17d)

where H = H — hl,. We will henceforth assume H to be a
positive definite 2 x 2 matrix based on the following physical
considerations: It is evident from (2.12) that the block-diagonal
part of C in (2.15), consisting of the 2 x 2 Hermitian matrix H
and the real scalar h, is the same as the block-diagonal part of
p_ which corresponds to the initial configuration of the 3-level
atomic states in the optical medium. Hence the diagonal elements
of H are given by [H]; = [p_lj — [p_ls3,j = 1,2, and the off-
diagonal element [l:l]lz = [ﬁH] = [p_]l12. Since in most physical
applications the optical medium is initially prepared such that the
ground states |1) and |2) are more populated than the excited state
|3) as x — —o0, it is reasonable to assume that [I:l]jj >0,j=1,2.
Furthermore, the complex polarizability envelope function [p_]15,
which corresponds to the coupling between the ground states |1)
and |2) via the two photon absorption process, is assumed to be
small when the medium is initially prepared. Therefore, we can
take 0 < |[l:l]12| < [l:l]jj, j =1, 2, which implies that His positive
definite.

Egs. (2.17) are coupled, nonlinear, nonlocal evolution equations
for the components of S(k, t) for a given Hermitian matrix C(k, t),
and are valid for k € R. In general, these equations do not
seem to be amenable to exact explicit solutions even for special,
simplified choices of the matrix C. This situation is not totally
unexpected because even for the 2-level system, where S, T.. are
2 x 2 matrices, one cannot solve the t-evolution equations for
the scattering coefficients explicitly, except in the case when C is
a constant, diagonal 2 x 2 matrix as was shown in [6]. For the 3-
level system, it does not appear that there is an obvious way to
linearize the evolution equations (2.17) even when C is a constant,
diagonal matrix. In spite of this difficulty, the IST procedure can
still be carried out because it requires the t-evolution information
for only a subset of the scattering coefficients instead of the whole
scattering matrix S(k). Indeed, the inverse problem (2.8) at any
T > 0 can be solved only from the knowledge of the reflection
coefficientr(k, 7), the k;’s and the norming constants g;(z). It turns
out that the t-evolution of these quantities is not difficult to find.

2.3.2. Evolution of the reflection coefficient
From (2.17a) and (2.17b), it follows that the reflection coeffi-
cient r = b/a satisfies a linear, inhomogeneous equation, namely

. b4
r; = iHr— Egm,
(2.18)

1 [ H
/ SHE. ) 0 ker,

~ Tl ~
FH (k) = <H>+ZgH: - (k1 i0)

4
where we note that J¢(k) admits analytic extension to the upper-
half plane. A similar equation can be also derived for r in (2.7)
from (2.17¢) and (2.17d), and it is consistent with the symme-
try r(k, t) = —r(k, 7). The formal solution of (2.18) is given by
r=r,+T1,

rn(k, 7) = Uk, T)U~ ' (k, O)r(k, 0),
rpk, 7) = —%g(k) fb(lc, U™k, sym(k, s) ds,
0

where U(k, t) is a fundamental matrix of solutions for the homo-
geneous equationr, = i#r. IfHis independent of 7, then the fun-
damental matrix is the usual matrix exponential, i.e., U(k, t) =
exp(iFH (k)T).

If m = 0, thenr = r, is the homogeneous solution which
depends on the initial condition r(k, 0). In addition, the norm ||r||
evolves according to

g .~
0; ||1'||2 = _71'?“1',
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which, together with the assumption that His positive definite, im-
plies that the norm of the reflection coefficient decays with respect
to 7 at arate proportional to the inhomogeneous broadening func-
tiong(k), k € R,and |r|| = 0as T — oc. Thus the radiation as-
sociated with the continuous spectra of the initial optical pulse is
absorbed by the medium as the pulse propagates through it, which
is a well-known fact for the two-level system [6]. In fact, if Hisa
constant matrix, then the decay is exponential. Furthermore, from
the relations ||b||? = [Ir]2(1 + |||~ |a> = (1 + |e)®)~ it
follows thatb — Oand |a| — 1ast — oc.

If at T = 0, the initial electric fields £2;(x, 0), £2,(x, 0) decay
sufficiently fast, then b(k, 0) is analytically extendable onto a strip
0 < Imk < § of the upper-half plane. In this case, it follows that
r(k, 0) is (at most) meromorphic on the strip, with simple poles
at a finite number of points k;, j = 1, 2, ..., n corresponding to
the zeros of a(k, 0), and the residue at each pole k = k; is given
by the norming constant B;(0). However, it is important to note
that for 7 > 0, ry(k, ) has identical pole-configuration as r(k, 0)
because #(k, t), and hence U(k, t), is analytic for Imk > 0. This
means that the location of the pole k = k; does not evolve with
T; moreover, no new poles appear for t > 0. The solution 2(x, 7)
for this case corresponds to soliton pulses traveling in a radiation
background.

When m # 0, the inhomogeneous term in (2.18) forces the
particular solution r, (7). An interesting consequence is that even
when the initial value r(k, 0) = 0, (2.18) yields a non-zero reflec-
tion coefficient r(k, T) = rp(k, v) for t > 0. Thus, for instance,
even if the initial electric field 2(x, 0) = 0, the polarizability fluc-
tuation of the medium due to m(k, 7) # 0 would spontaneously
generate an electric field for t > 0 leading to the phenomenon
of superfluorescence. For two-level system, the superfluorescence
phenomenon was investigated using IST in [9,7,8]. Note also that
the particular solutionr, (k, T) exhibits secular behavior if mis pro-
portional to any solution of the homogeneous equation r, = i#r.

2.3.3. 7-dependence of p,,

Once the initial atomic configuration of the medium p_ is
prescribed by (2.12), the final atomic state of the 3-level optical
medium as x — oo is given by the matrix o, in(2.13). Aside from
the conjugation by the matrix e ¥, p + is completely determined
by C and the scattering matrix S. However, due to the complicated
t-dependence (2.17) of the scattering coefficients, it is difficult to
describe the precise behavior of p, with respect to 7. Nonetheless
we can make a few general observations regarding the final atomic
configuration. Using the block form of C and S~'CS given in (2.15)
one can express p,, as

b+ — eia]X (Sflcs)efiajx

H(e, 7) m(a, T)e 2
= _ , ! i R.
(mT(a, 0 i, 1) «€

If for simplicity we assume that C is block diagonal, i.e., m = 0,
then

H:=H-hl, =a'Ha— (b'Hb),, m = a'Hb.

The diagonal elements of H are given by [p, 1; — [p, ]33, j = 1,2,
which measure the difference of population between each of the
ground states and the excited state in the medium as x — co. The

sum of the diagonal elements of H is given by TrH = Tra'Ha —
2b"Hb. Using Tra'Ha = Traa'H = Tr(I, — bb")H = TrH — b'Hb,
one obtains TrH = TrH — 3b'Hb < TrH since H is assumed to
be positive definite. Therefore, [0, ]; — [0, 133 < [p_1; — [A_I33
for at least one of the ground states [j). This implies that energy is
transferred from the optical pulse to the medium so that after the

optical pulse has passed through the medium, a certain fraction
of the atoms are rendered in the excited state due to the |j) —
|3) transition. The required energy for the transition must come
from the radiation part of the pulse since the soliton part will
be transmitted through without loss of energy. Recall that when
m = O the reflection coefficient r(k) satisfies the homogeneous
version of (2.18), and bothr,b — 0 as T — oo. Then b'Hb — 0
as well, due to the inequality 0 < bTHb < (TrH)||b|2, which is
another consequence of the positive definiteness of H. Therefore,
as radiation continues to be absorbed by the medium, the fraction
of energy available to excite the atoms decrease with 7, and one

finds that TrH — TrHas t — oo.

Yet another significant feature is the fact that even though the
medium is initially prepared such that m(«, ) = 0, the medium
polarizability envelope m(e, t) of p, becomes non-zero as x —
o0. Indeed, the squared norm of m can be computed as follows
|m|? = b'Haa'Hb = b'H(I, — bb)Hb = b'H?b — (b'Hb)?,
where both terms in the last equality become vanishingly small
as T — o00. But depending on the initial value b(«, 0), the norm
m(a, T) may initially grow, attain a maximum value at T = 1 in-
side the medium, and then decay as T — oo¢. For instance, if we
consider H = c()ly, c(x) € R,i.e, the medium is initially pre-
pared to have the same population difference between each of the
ground states and the excited state throughout the medium, then
itis clear that the squared norm ||m||?> = c2||b||>(1 —|/b||?) will at-
tain a maximum value inside the medium if ||b|| starts with an ini-
tial value ||b(a, 0)||> > 1/2, and decreases monotonically with t.

The evolution equations (2.17) are valid for the components of
the scattering matrix S(k, t) for k € R. However, in order to derive
the evolution equations for the remainder of the scattering data,
namely, {k;, ﬂj(r)}}‘zl, we need to find the t-evolution of a(k, 7)
for Imk > 0. Recall that a(k, t) is analytic with simple zeros
{k; }]'-‘:1 in the upper-half plane. In what follows, we show that both
Egs. (2.17a) for a(k, t) and (2.17d) for a(k, ) have appropriate
analytic continuations to the upper-half and lower-half k-planes,
respectively.

2.3.4. Evolution of the norming constants

In order to determine the t-evolution of the scattering
coefficients that are analytic off the real k-axis, we need the -
dependence of the eigenfunctions in their respective half-planes
of analyticity. These can be calculated from (2.1b) after taking into
account the boundary conditions (2.3a) and (2.3b), and are given

by
¢ =Top—ipH), ¢, =T —ih)o,
Vo =Ty —iy(H), ¥, =Ty i)y,
where h are H are obtained from the second of (2.15). Below
we outline the derivation of the equation for ¢, the rest follows
similarly. _ _

Recall that ¢ is analytic in the lower-half plane, and ¢ ~ ese
asx — —oo forall T > 0. So for ¢ the evolution equation (2.1b)
needs to be modified such that ¢, — 0 as x — —oo. Using

00 +2iax
im [ L9y o,

x—>Foo | o —k

(2.19)
ikx

Imk < 0, (2.20)

one can show that forImk < 0

lim Tge ™ = lim i/ £@)

X——00 x——00 4 a—Kk

H m e—2iax _ ik
(mT eZiOlX h ) ¢(X7 k)e . do

— lim i/ g(@) (me %X do — (.0
T x4 ) a—k h i)
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Therefore, from (2.1b) one obtains the evolution equation for the
eigenfunction ¢ as given above in (2.19).

From (2.4) and the complex unitarity relation &' (k*)®(k) =I5
it follows that S(k) = &~ !(k)¥(k) = &' (k*)Ww(k). From this one
can show that the scattering coefficients a, a can be expressed as
bilinear combinations of the eigenfunctions:

atk) = @' (x, k)Y (x, k), Imk >0,
akk) = ¢’ (x, kK)P(x, k), Imk < 0.

Therefore, from the evolution equations (2.19) and the fact that
T (k*) = —T(k) we obtain

a; =ilh—h)a, Imk> 0,

B _ . (2.21)
a, = i(H)a —ia(a'Ha + bm’a + a'mb’),

Imk < 0.

Eq. (2.21) coincides with the analytic continuation of (2.17a) and
(2.17d) for a, a. Taking into account the distributional identity
1/(p £i0) = 1/p F ind(p) that holds for any p € R, it can
be shown that as k approaches the real axis from the upper-half
plane, the equation for a(k) in (2.21) reduces to (2.17a), with the
integral becoming a principal value integral. The same holds for
the evolution equation for a(k), which reduces to (2.17d) as k
approaches the real axis from the lower-half plane.

The zeros of the scattering coefficient a(k, ) correspond to
the equation a(k;, 7) = 0,j = 1,2,...,n. Differentiating this
equation implicitly and using the first equation of (2.21), one has

da . ~ , dk;
0= (k1) =i(h = h)(k, T)alk;, 7) + a'(k;, r)d—rf =

dk;

—1 =,

dr

where @’ := 3¢. Moreover, d'(, k;) 0 because k = k; is a simple

zero of a. Hence the location of the zero k; of a(k, ) is independent
of t.

Next we derive the evolution equation for the norming constant
B = nj/a/(kj). Evaluating the evolution equations for ¢ and ¥
in (2.19) at k = k;, and taking into account the relation ¥ (k;) =
& (k;)n; (cf. Section 2.2), one obtains

d.m; = i(H — ) (k).

Also, differentiating the equation for a in (2.21) with respect to
k, then evaluating the resulting equation at k = k;, and using
a(k;, ) = 0, one can show that

9. (k) = i(h — hy(k))a' (k;).

Consequently, the evolution of the norming constant ; is given by

3:B; = i(H) (k) B;. (2.22)

Solutions to Egs. (2.18), (2.22), together with the fact that the
k;'s are T-independent, provide the information necessary to solve
the inverse problem (2.8) associated with the CMB equation for
any T > 0. In the next section we solve the inverse problem
corresponding to the soliton solutions of (1.1).

We remark that it is possible to obtain a(k, t) and b(k, t) by
solving only (2.18) for r(k, 7), for k € R in the following way. One
can use the information on the analyticity properties of a(k, 7),
its asymptotic behavior at large k and the location of its zeros
(assuming they do not evolve in ), to reconstruct the function
via a scalar Riemann-Hilbert problem (see, for instance, [29]). One
obtains

k=K i [ log(14IIrE. D)%)
a(k’r)_l_[k—kj‘ exp|:2nf - dg |,

—0o0

j=1
Imk > 0.

Then one finds b via b(k, t) = a(k, t) r(k, t). Note that by dif-
ferentiating the above expression for a with respect to t and using
(2.18)forr(&, 7),0one canrecover the evolution equation for a(k, t)
in(2.21).

2.4. Sharp-line limit

Here we briefly discuss the effects on the evolution equations
of the scattering data in the limiting case where there is no inho-
mogeneous broadening. This case is known as the sharp-line limit
whence the inhomogeneous broadening function g(o) — §(o —
o), the Dirac delta function centered around «g. Without loss of
generality, we take g = 0. For the two-level Maxwell-Bloch
equations with inhomogeneous broadening, the sharp-line limit
leads to the sine-Gordon equation for real optical pulses [5,30].
The sharp-line limit for the CMB equations in three-level optical
media has been also considered by several authors and some exact
solutions have been found (see e.g., [25,13]).

Setting g(a) = §(«) in (1.2) and in the evolution operator T in
(2.1b), yields

ip
4k’
and the coupling between the optical pulse and the three-level

optical medium system in this case is described by the following
system of CMB equations

P =P, 7,0) = p(x, 1), T=

1
QI:Z[pajlv px:[ﬂ’p]

Since we are considering localized pulses such that £ — 0 as
X — oo for all T, we must have that 9,2 — 0asx — =oo.
This condition along with the equation p, = [£2, p], imposes a
nontrivial constraint on the boundary values for the Bloch matrix
p, namely, one must have

hm [p!.” = [p:E’J] = O’

x—>+00 Pe = xEI:Poo p(x, o)

The Bloch matrix p and its boundary values p_ can be calculated
via the “squared” eigenfunction F = #C®~! in the same way as
discussed previously in Section 2.2. Since F(k = 0) satisfies the
same ordinary differential equation given above for p, from Eqgs.
(2.11)-(2.13) at « = 0 one obtains

px,T) = (X, 7,00C® ' (x,7,0),  p_
P =S5 ' CoSo,

= G,

where C; = C(r,@ = 0),C} = Cy,and Sy = S(k = 0,7), 8] =
So ! Moreover, from the constraint [p.,]J] = Oit follows that both
Co and S; 1€ySp must commute with J, i.e., they must be block-

diagonal. However, if we express the matrices Cy and Sy in block
form as

_(Ho O _ (A bo
o= (5 n) »=( w)

where H(T) = Hp, hp € R depend on the initial atomic configura-

tions of the optical medium, and ag, bg, by, ag are the components
of the scattering matrix S(k) at k = 0, then it is easy to verify that
S, 'CoSo is block-diagonal if and only if by(t) = 0. Thus, in order
to obtain localized pulse solutions in the sharp-line limit via the
IST formalism, the initial and boundary data need to be restricted
such that (i) p_(7) is block-diagonal, and (ii) by = 0 for all . Note
that it follows from (2.5) that the remaining scattering coefficients
atk = O satisfy by = 0,a;' = a}, |ag| = 1. Hence Spis a 3 x 3,
block-diagonal, unitary matrix.

Next, we derive the evolution equation for the scattering
matrix S(k, t) in the sharp-line limit starting from the evolution
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equations for the eigenfunctions, as was done in Section 2.3. The
eigenfunctions evolve according to

i i ( v_w )

4k ak P P+l

so that the boundary conditions (2.3a) and (2.3b) are preserved for
all z. Then using the relation ¥ = &S, one obtains for k € R,

T

(p¢ - ¢p—) ’ v, =

i
4k
with p_ = Cyand p, = §; ¢Sy as given above. Since Cy
and S, are both block-diagonal, the evolution equations for the

components of the scattering matrix are readily calculated as well,
and are as follows

r =

(KLS - S/’+) )

_ i _

A= (Hoa - a(agﬂoao)) . a4 =0 (2.23a)
i _ Cin

be = —_ Hob, bl = —b'(@/Hoay), (2.23b)

where l:IO = Hy — holy. Therefore, a(k) is independent of t,

consequently, the reflection coefficient r = b/a satisfies the

same evolution equation as b in (2.23b). One can also verify from
the second equation in (2.23b) that r in (2.7) satisfies the same
equation as r consistent with the symmetry r = —r. Moreover,
bl Ib|| are independent of 7. When ﬁo is independent of t, the
reflection coefficient r(k, t) can be expressed as

(2.24)

iHo
r(k, T) = exp <_4kt> r(k, 0),

and has an essential singularity at k = 0, which is true even when
l:lo = l:lo(r). When k # 0, r(k, ) exhibits oscillatory behavior
since the eigenvalues of the Hermitian matrix ﬁo are real. The norm
|Ir(k) || remains constant, instead of decaying with respect to t as
in the inhomogeneous broadening case.

It is instructive to examine the passage to the sharp-line limit
of the evolution equation (2.18) for the reflection coefficient by
considering a simple model situation where m = 0, H = H)
i.e.,independent of t, and the inhomogeneous broadening function
g(a) is a simple Lorentzian function of «

)= ———, > 0,
g(a) t@ip) P
so that g(w) — &(w) as p — 0. Then (2.18) reduces to its
homogeneous version r; = i#r where the matrix # can be

explicitly obtained by evaluating the integral in (2.18) with the
Lorentzian g (). One gets

i H(—ip)

iH(—ip)
=—- — T
4 k+ip

4(k + ip)

If we assume that H is analytic near k = 0, then for k # 0, one
recovers (2.24) as p — 0. On the other hand, when k = 0, and
p — 0,r(0, 7) and all k-derivatives of r(k, 7) at k = 0 vanish
instantaneously (in k), for all 7 > 0, due to the fact that the eigen-
values of the positive definite matrix H are positive. Then from the
second equation in (2.5c), it follows that by(r) = b(0, ) = 0 and
lag(t)| = ]a(0, t)] = 1, consistent with the restrictions on the
scattering data for the sharp-line limit obtained earlier in this sub-
section.

The evolution equations for the scattering data analytic in the
upper and lower half-planes are also determined in the sharp-line
limit by considering the evolution of the eigenfunctions analytic
in the appropriate half-planes. It can be shown that the evolution
equations for the matrix a and the scalar a given by (2.23a) also

r=>rk, )= exp(— )r(k, 0).

hold for Imk < 0 and Imk > O, respectively. Moreover, the
evolution equation for the norming constant §; corresponding to
the eigenvalue k; is given by

i~ .
arﬁ]:—rkjl'loﬂj, ]:],2,...,“,

where l:lo is a Hermitian matrix with real eigenvalues. The
symmetry conditions on the reflection coefficient and the norming
constants for real solutions derived in Section 2.2 hold in the sharp-
line limit as well.

3. Reflection-less potentials and soliton solutions

In this section we consider the inverse problem associated
with a class of potentials for which the scattering problem (2.1a)
consists of only a finite number of discrete zeros in the upper-half
plane {k; ]’-1=1 of a(k, 7), and the reflection coefficient r(k, ) = 0
forall k € Rand > 0. Such potentials are called reflection-
less potentials and correspond to pure soliton solutions of the
CMB equations (1.1). In this case, the inverse problem is purely
linear algebraic, hence can be solved in closed form. Consequently,
exact explicit expressions for 2 and p corresponding to multi-
soliton solutions can be found. It follows from the inhomogeneous
equation (2.18) that in order for r(k, t) = 0 to hold for all T > 0,
one must have r(k,0) = 0 and the forcing term m(k, ) = 0.
Consequently, the matrix C in (2.15), as well as the scattering
matrix S must be block diagonal. Then the boundary values p, in
(2.12) and (2.13) also become block diagonal, and are given by

p_(a,7) =C= (H(OS g h(oto, T)) ’

(3.1)
. a'Ha) («, 0
poe,T) = ((a a?)(oc 7) e r))’ @ €R,

since C commutes with J. In particular, notice here that the off-
diagonal components m = 0 in the matrix p_, since bothm = 0
and b = 0 in the reflection-less case. Thus, p is determined only
in terms of p_ and the scattering coefficient a. However, recall that
m # 0 in the general case (see Section 2.3.3), when b # 0.

The inverse problem for the eigenfunctions in the reflection-
less case, i.e., Eq. (2.8) with r(§) = 0 takes the form

b i T d(x, ko) B, e ke
Bl — ¢, 1 3 P KOBe 1
=1 k — k@
| " Glx, kp)BLet” (32)
P(x, kye' = (e1e;) — Z —t=r
=i k — kj
If one sets k = ki and k = k;, respectively, in the above equations

for q_ﬁ and ¢, then Egs. (3.2) for the inverse problem reduce to a
linear algebraic system for the unknowns M;(x) = ¢(x, kj)e”‘i" and

M;(x) = p(x, k]f")e_ikf ¥ namely,

_ "M (X)ﬂ e—Zikgx
Mi() = e+ )~
=1 G — ke

n o T 2ik%x
M, (x)B e

Mi(x) = (e1€p) — Y ———t——

=1

Replacing the solutions of the linear system back into (3.2) gives

the solution of the inverse problem for the eigenfunctions d(x, k)

and &(x, k) in terms of M;, M; as
wx, k) = ®(x, k)e ¥

kj — k;

) (3.3)

- ,.,-‘- ~
- M;(x)B; (x) M;(x)B;(x)
I3+; kK k—k
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where we have defined Bj(x) = /3]-6_2”‘1"‘. The t-dependence of
M;, l\_/lj, which enters only through the norming constants 8;(7), is

suppressed here and below for brevity. In order to solve for, say, M
one introduces the n x n matrices
~ —i- ~
1 B; B

s Bj= :
ki — ki Y kK

and can write

n n
> U+ KB);M; = e5+ (e1€2) > KiB;.
j=1 j=1

K; =

Multiplying the above equation by K=, and using the well-known
relations for the Cauchy matrix K

n
ki — k¥
. it Tk =)
(G e N
y k,‘ — kj l_[(k,' — k]) (3 4)
J#i .

n

Z (K'), = —as

=1

one obtains the following compact equation for l\7lj )

L - T
Zl(iij =V Vi= (ﬂi, _ai) )
=1
where K=K !+ Bisa generalized Cauchy matrix of the form

,..-1— ~
© _aq BB vlv;

e ki — k-

Eq. (3.5) is a vector-valued system of linear equations, i.e., a linear
algebraic system for each component of the 3-component column
vector M; = (M1, My, Mj3)". From the solution of (3.5), one can
also construct the 3-component column vector M; Bj as follows

(3.5)

n
M;B; = = > (KM, + gjes,

n
(e1e5) B — Y By M,
=1 =1
which is obtained from the coupled linear system of equations for
M;, M; given earlier. Thus, the eigenfunction in (3.3) is completely

determined by the solution of (3.5).

3.1. n-soliton solution

As discussed in Section 2.2, the potential £ can be reconstructed
by means of the large k-asymptotics of w(k) which in the
reflection-less case is given by (3.3). More precisely, £2 is given by
the formulas in (2.9) where 1, is the coefficient of the k~!-term in
the asymptotic expansion of (3.3). This yields

—4 Z (K*>' B,

j.e=1

n
(21, 2)' =4iy M3B; =
j=1

where K* is the complex conjugate of the generalized Cauchy ma-

trix K defined above. Using Cramer’s formula, the above expression
can be written as the ratio of two determinants,

K* a*
B(S) 0
K|

wherea = (aq, ay, ...

2, = 4i =1,2, (3.6)

, a,)T is a column vector whose components

is defined by B = (B,

. . ()
are given in (3.4), and the row vector 8 *

(s) ~(5) ~(s)
,BZS s ,an ) where ﬂjs denotes the sth component of each 2-

component vector Bj.

The reflection-less potential £ given by (3.6) corresponds to
the electric field envelope for the n-soliton solution for the CMB
equation (1.1). It is parametrized by the discrete eigenvalues
and the norming constants: {k;, ﬂj}j’?=1, and, in particular, its
dependence on x and 7 is solely through the quantities Bj(x, T) =
ﬂj(r)e‘z“‘f". Furthermore, the electric field envelopes $25(x, )
given by (3.6) are regular for all x € (—o0, o) and T > 0 because
the determinant |R*| # 0. The last assertion follows from the fact
that for any non-zero vector y € C", the inner product

~ V) Yiv; -
YKy = Z J;( Eyj b= E:y{"zijf/ e T dg
— *
Lj=1 "¢

= —i

# 0,

n o0 .
> / e”‘ffds
j=1 0

where the integral converges since Imk; > 0. Hence, none of the
eigenvalues of the matrix K* is zero.

The norming constant ﬂj(r), which gives rise to the t-
dependence of the potential £2(x, ) in (3.6), satisfies the linear
evolution equation (2.22). The 2 x 2 Hermitian matrix H=H
— hI in (2.22) is given by the boundary condition p_ in (3.1)
corresponding to the initial atomic configuration of the 3-level
medium. In the following we assume that His independent of T,
ie. H = l:l(a), and is such that the complex matrix (ﬁ)(lcj) is
diagonalizable for eachj = 1, 2, ..., n. Then the solution of (2.22)
is given by

@, ma)r v,
Vi

(1) lk

Bi(r) = - vV + ¢ (3.7)

(€

where \/ ) is the eigenvector (with ||v;€)|| =1) of(A)(k») associ-

ated to the eigenvalue A;e), £ = 1,2,and cj(l) 1(2) are complex
constants related to the initial value 8;(0) of the norming con-
stants. Moreover, the complex eigenvalues )L]m can be taken such
that without loss of generality

mA” <ImA?, j=1,....n (3.8)
IfHis independent of «, then the eigenvalues of (H 1 ) (k;) are propor-
tional to the eigenvalues of H and the eigenvectors are the same as

those of H. The soliton solutions in the case when H is a constant
diagonal matrix have been studied in [26].

Real solitons: The conditions under which the electric field compo-
nents §21(x, t), £22(x, ) and the Bloch matrix p(x, t) are real were
discussed in Section 2.2. For pure n-soliton solutions the scattering
data consist of p complex eigenvalue pairs (k;, —kj‘) and q purely
imaginary eigenvalues in; together with the corresponding norm-
ing constants which must satisfy the symmetry relations

Blie—i (t) = =B (¥).  Bliin;(r) = ibj(z), bj € R?

forall T > 0.If the norming constants are initially chosen such that
they satisfy the above conditions at T = 0, it must still be ensured
that the symmetry relations are preserved by the evolution equa-
tion (2.22) of the norming constants. This imposes certain condi-
tions on the choice of the matrix ﬁ(a) as shown below. When H is
independent of 7 the solution of (2.22) can be formally presented

as B(r) = exp (if(l:l)(kj)) B,(0).1f Blie—iz (0) = —B(0), then
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B|k=,,<;(f) = —ﬂ;-k(‘t) holds for all T > 0 if and only if
(H) (k") = —(H)" (k) =

N 0T
[Ewie),, s, (39)
kj — kj—l—O[

where the last equality follows after complex conjugation and us-
ing Hf (a) = ﬁ(a). By equating real and imaginary parts of vari-
ous matrix elements, it is easy to verify that (3.9) holds under the
following conditions: (i) the distribution function g(«) is an even
function of «; (ii) the diagonal elements of ﬁ(a) are even functions
of r; and (iii) the real part of the off-diagonal elements of l:l(oe) is
even while the imaginary part of the off-diagonal elements of l:l(oz)
is an odd function of . These conditions are sufficient but not nec-
essary, and are automatically satisfied when, for instance, H(«) is a
constant diagonal, or a constant real symmetric matrix. The above
argument holds in the case of purely imaginary eigenvalues k = in;
as well, whence the corresponding norming constants S(in;, t) re-
main purely imaginary for all t > 0 if and only if (3.9) holds. In ad-
dition, (3.9) implies that the matrix (l:l) (in;) is a purely imaginary
matrix, and the above mentioned conditions are also sufficient to
ensure this.

3.2. One-soliton solution

Let us now consider the case of one discrete eigenvalue for
the scattering problem, k; = & + in with n > 0. Let B(7) =
e Py 4 c@eirP Ty denote the associated norming con-
stant, where A(V, A are the eigenvalues of the matrix (H)(k;)
and v, v@ are the corresponding eigenvectors. One can write
B(x,7) = PB(r)e kX = elt=2ki0p(7) where A is either A) or
2@ and p(7) is defined accordingly, depending on the cases to be
discussed below. Thus we have,

B(x, T) = 2ne  2EXHRAT ayponx — Im AT + 8(7)1P(T),

Pl
2n

8(r) =1In , (3.10)
where the unit vector p = p/||p||. Then from (3.6) with n = 1, the

one-soliton solution for the optical pulses can be expressed in the
form

(Ql(xv T)v 92(X7 T))T

= 4ine 25X ReAT soch [2x — Im AT + 8(2)] P(T). (3.11)

Recall that the constants ¢V, ¢® depend on the initial value 8(0)
of the norming constant and that the eigenvalues that determine
the time dependence of the norming constant () have been or-
dered such that Im AV < Im A®). Then one can distinguish several
cases depending on the initial condition B(0).

Case (i). If ¢V =£ 0, i.e., if the initial value of the norming constant

B(0) does not coincide with the eigenvector v® of (ﬁ) (ky), then
A = 2D in(3.10) and (3.11). In addition,

p(r) = ¢y 4 (@GP =2y

i(A@LA(”)r . .

where e decays exponentially for t > 0, provided
ImA® < ImA®@. In this case, both the soliton velocity and
the polarization vector p(t) depend on the propagation distance
T along the optical medium in contrast to the VNLS one-soliton
solution where the soliton velocity and polarization are constant.

Ast — 00,e*? =27 _ 0 then the one-soliton solution has the

asymptotic form

T .9 i QO (N
(-Ql, 92) ~4”7€ 2iEx+iRe A\ t+iargc

]
x sech[an —ImAPY7 +1n —] vD,
21
which shows that the asymptotic value of the soliton polarization
vector coincides with the eigenvector vV of (ﬁ) (k1). Recall that
the coordinates (x, t) are related to the normalized time t and the
normalized propagation distance zbyx =t —z/cand t = z.In
these physical coordinates, as z — o0, the soliton travels to the
right with the velocity

Im A(l)C)—l

vy =c(14+
* ( 2n

which is less than the light speed ¢ in the medium when Im AV >
0, and increases with the soliton amplitude parameter 7. Note
that if the initial norming constant B(0) is precisely along the
eigenvector vV, so that c® = 0, then the asymptotic form above
becomes the exact one-soliton solution for all ¢ > 0. In this case,
the solution is a single sech profile traveling with a constant speed
v, and a constant polarization vector v(?,

Case (ii). If 0 < |c®| « |c®@], then one can define a char-
acteristic length along the optical medium by 7o = (ImA® —

Im k(”)q In|c® /cM| such that the one-soliton solution behaves
differently from that in Case (i) for T < tp. In this case one sets
A =A@ in(3.10)and (3.11). Then the polarization vector becomes

i@
p(r) = Dyl V=2t o @)y
For T « 19, this solution has the asymptotic form

(Ql’ -QZ)T ~ 4inefzifx+iReA(z)rﬂ'argc(z)
)]
X sech[an —ImAP7 +1n 2—] v,
n

which is a traveling wave moving with a velocity v_ whose expres-
sion is obtained by replacing A" by A in the expression for v
above. Thus, the soliton velocity and polarization switch from v_,
v® for t <« 1y to vy, vV for T > 1. If however, B(0) is propor-
tional to the eigenvector v®, then ¢V = 0, and the above asymp-
totic solution becomes the exact one-soliton solution for all T > 0.

Case (iii). If the eigenvalues of (H)(k;) are such that ImA(D =
ImA® = w, then from (3.10)

Blx, 7) = 2ne 2T explanx — wr + 8(0)1P,
p(t) = cDy@ 4 C(Z)ei(kex<2>—Rex<U)rv(2),

and &(t) is defined the same way as in (3.10). In this case the one-
soliton solution is given by

(21, 2,)" = 4ine”#*sech[2nx — wt + (7)1 p.

Therefore when ¢V # 0 and ¢® # 0, the soliton peak oscillates
around the line 2nx — wt = 0 in the (x, t)-plane. In this case, the
soliton polarization vector p is also a periodic function of t with

period 277 (Re .® — Re )L(”)fl, where we take Re AV < ReA®
without loss of generality.

Figs. 2 and 3 show plots of the magnitudes of the electric field
envelopes for the exact one-soliton solutions corresponding to the
discrete eigenvalue k; = 1 + i/2. In all the plots, the inhomoge-
neous broadening function is assumed to be a Lorentzian distribu-
tion
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Fig. 2. One-soliton electric field envelope §2 with Lorentzian inhomogeneous broadening and diagonal H. Left: modulus of the first component |£2; (x, t)|. Center: modulus

of the second component |2, (x, 7)|. Right: norm || 2(x, 7)]|.
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Fig. 3. Same plots as in Fig. 2 with H = (” _8i>.

8i m

Fig. 4. Same plots as in Fig. 2. Here the matrix (H) (k;) = (’1’+2i+21,.) andky = 14i/2.

The matrix H describing the initial preparation of the medium is
chosen to be independent of «. In Fig. 2 itis H = diag(sr, 27), and

H= (;’l _ﬂgi) in Fig. 3. In both cases ¢V = —2i,¢® = i.In Fig. 4

we plot a one-soliton solution corresponding to the case where the
matrix (H)(k;) has two distinct eigenvalues with the same imag-
inary parts. The discrete eigenvalue is still k; = 1 + i/2, while

(l:l) (k) = (” T 2 1 J:2i>, and for the initial value of the norming

constant in (3.7) we have chosen ¢V = 1 — 2i,¢® =i.

3.2.1. Real one-soliton solution

The scattering data for real soliton solutions were discussed
earlier in Section 3.1 (see also Section 2.2). For real one-soliton
solutions k; must be purely imaginary i.e, k; = in, n > 0, and the
associated norming constant 8(r) must be purely imaginary for
7 > 0.Therefore, 8 must initially be chosen to be purely imaginary,
and in addition, the matrix (l:l) (in) must also be pure imaginary.
The latter condition follows from (3.9) and guarantees that B(t)
stays pure imaginary for all T > 0. A set of sufficient conditions

for (l:l) (in) to be a purely imaginary matrix is listed in Section 3.1
following Eq. (3.9).

There are two distinct types of real one-soliton solutions
that can be obtained from (3.11) depending on the two distinct
possibilities for the eigenvalues A(V and A? of the pure imaginary
matrix (l:l) >in).

Case (i). Pure imaginary eigenvalues: AV = iw;, A® = iw,, w1,
w, € R, and without loss of generality w; < w,. The correspond-
ing eigenvectors v(V, v are however real. Then using (3.7) one
can write

B(r) = i(cie vV 4 e 2y P,

for real constants cq, c; which depend on the pure imaginary ini-
tial condition $(0). With & = Rek; = 0 and B(t) as in above, it is
easily verified that the one-soliton solution in (3.11) is indeed real,
and its asymptotic behavior has the same essential features as the
complex one-soliton solution (except of course the complex phase)
corresponding to Im A" < ImA®.

Case (ii). AV = ix, A® = ix*, A € C. The associated eigenvectors
are complex conjugate of each other, i.e., v() = vand v® = v*,
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Then the solution from (3.7) can be expressed as
. ok B . »
ﬂ(‘L’) — ce’“v —c*e ix TV —e ImAz (C etReArv _c*e IReMV*)

where c is a complex constant determined by 8(0). Since B(t) is
pure imaginary, the corresponding one-soliton solution obtained
from (3.11) is real. In this case the soliton polarization vector is a
periodic function of T with period 27 /Re A, unlike Case (i) where
the soliton polarization vector approaches a constant as T — oo.

3.2.2. One-soliton density matrix p

In the reflection-less case, the Bloch density matrix p =
&CP~! can be written down explicitly in terms of the n-soliton
eigenfunction. Since the matrix C is block diagonal in this case, it
commutes with J so that C = p_ (cf. (3.1)), and one can express p
as

px, T, ) = pux, T, 0)p_(o, DU (X, T, @),

with w given as in (3.3). Here we consider in some detail the one-
soliton density matrix when the eigenfunction x has only one
discrete eigenvalue k = k;. When n = 1, one can solve for
M, ; and M; from the coupled linear system given above (3.3),
and obtain the one-soliton eigenfunction from (3.3) as follows

3135 2i77B1

2i - =
wx T, k) =15 — % k=l K ~"12 (3.12)
a+ B2 | 2B, 1Bl
k — ki k — kq

The corresponding probability density matrix p(x, 7, «) can be
expressed in block form as

P, T.0) = p_(ar, T) + (’3%; f’f) :

pr pO
~ H O
p_(a,7)= (O h)'

Setting £ (x, ) = 2nx—ImAt+48(r)and O (x, ) = —2Ex+Re A7,
the components of p are given by

(3.13a)

ipp'
o — k]
b'itp
(o — k) (e — k¥’
H (1+tanh¢) prHP \ .
+ )b,
o — k1 2

A/\-i_ﬁ
P = in(1+ tanh &) 2
o —kj

po = nsech’ ¢

p. = —ne?sech (
Pr n ¢ Py

v

H=H_— (3.13b)

1+tanh¢ ..
— (P'HP)L,

where H = H — hl, as before, and in (3.13b) the expression from
(3.10) for B1 has been used. The unit vector p is the polarization
vector of the soliton pulse £2.

Egs. (3.13a) and (3.13b) give the density matrix for the three-
level optical medium in the presence of a one-soliton pulse and no
radiation. Note that p — p_ as ¢ — —oo for a fixed 7, implying
that the medium is at the state of its initial preparation long before
the pulse arrives at a given location in the medium. On the other
hand, long after the pulse has passed a given location 7 in the
medium, i.e.,as { — oo, the density matrix p — p_-+diag(Ap, 0),
where

L _Hppt pPTH,
Ap = lim =2i <7 — ),
P §—>oop” 7 a—ki o=k

H, =H- p'HP)L.

In particular, note that [p]s3 — [p_ls3 = hsince p, | 0
as ¢ — oo, indicating that the excited state atomic population
increases, at first, due to transfer of energy from the optical pulse
to the medium, then decays to its initial value long after the pulse
has passed. But the atomic population at each of the ground states
does change due to two-photon absorption during the optical pulse
propagation through the medium as [Ap]; # 0,i,j = 1,2.
However, the sum of the ground state populations tends to its
initial value as ¢ — oo. The latter fact is due to the vanishing
of Tr(Ap) which follows from p'H,p = 0. Furthermore, at the
location of the pulse center { = 0, one has p, = —Tr(p,) =

n2(ptHP) /la —k1|> > 0.Therefore, as the soliton pulse propagates,
it excites the medium causing |j) — |3) transitions of the atomic
states. Subsequently, energy is re-absorbed by the pulse as the
population level of the excited state |3), as well as the sum of
populations of the ground states |j), j = 1, 2 tend to settle back
to their previous values. This results in a lossless propagation of
the one-soliton pulse through the optical medium which renders
itself transparent to the soliton. Finally, note that even if the initial
material polarization m must be zero (cf. (3.1)) for the reflection-
less case, the soliton pulse does induce a material polarization
p, # 0 during its passage through the medium. The medium
polarization is not completely aligned with the soliton polarization
p but differs by an off-phase component ﬂp as seen from (3.13b).
As noted earlier in this subsection, the soliton polarization p —
v j = 1,2ast — oo, where v? are the eigenvectors of the
matrix (l:l)(kl). If, in addition, H is independent of «, then the
eigenvectors of Hand (l:l)(kl) are the same, consequently the off-
phase component l:lp becomes in-phase, in the limit T — o¢. In
this case, the material polarization p, gets oriented closer to the
soliton polarization direction as the pulse travels further along the
medium.

Next, we briefly describe the situation when the density matrix
can be expressed as p = yy! where the vector y = (y1, y2, ¥3)7
represents the complex probability amplitudes for the atomic level
occupation. This form of a rank one, Hermitian density matrix
arises in applications such as matched pulse propagation in an
absorbing medium (see e.g. [25]), where one works with the
probability amplitude vector y rather than the density matrix p.
In order for the reflection-less density matrix p = uCu' to be
rank one, the matrix C(«, T) must also be of rank one, i.e,, C =
cct for some complex 3-vector c(o, 7). Then one has y = puc.
Furthermore, the block diagonal form of C in (3.1) implies that
either (i) ¢ = (0, 0, c3)7, or (ii) ¢ = (c1, ¢z, 0)T. For the first case,
we obtain using the one-soliton eigenfunction w in (3.12) and the
decomposition of,f?l in (3.10) that

0 " .
nC3 e“sechp
= = 0 . 9
V= me <C3) + k — ki (l(1+tanh§)>

where P is the two-component soliton polarization (unit) vector
and ¢, 0 were defined earlier (above (3.13b)). In this case, the
medium is initially prepared so that the atoms are all in the excited
state |3). The one-soliton pulse initially triggers transitions to the
ground states [j), j = 1, 2 as seen above, and induces a material
dipole polarization along the direction of the soliton polarization
vector p.Butas{ — oo,y — (0, 0, é3) where ¢3 = c3(k—kq)/(k—
k3), which implies that the atoms tend to return to the excited state
|3) long after the pulse has passed through a given location in the
medium, where the dipole polarization also tends to zero. Note also
that since |¢3| = |c3| the complex probability amplitude of state |3)
changes only by a phase factor. However, the population density of
each atomic state approaches its initial value as ¢ — oo, so that
the soliton propagates without any energy loss to the medium. For
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case (ii), we find that

. ) A
_ p'c itanh £p -~ [
y—C—nk_k,f (e'esechf R P

In this case, y — cas ¢ — —oo, i.e, the ground states are
populated initially. Then the electric field of the soliton pulse
induces transition to the excited state, and as { — oo, the atoms
tend to return to the ground states, i.e., y — € where

2in_ ((p'e)p
k—ki\ 0 J°

The transition from ¢ to ¢ as the pulse propagates through the
medium implies that the probability amplitudes of the ground
states undergo a unitary transformation since ||€|| = ||c||. This
fact also ensures that the soliton pulse propagation is lossless as in
case (i).

c=c—

3.3. Two-soliton solutions and polarization shift

A pure two-soliton solution corresponds to two distinct discrete
eigenvalues k; = & + in;, and associated norming constants ;,
j =1, 2. Then from (3.6) the two-soliton solution is of the form

1(1/31 Ksz
|K¥|

(821(x, 1), $22(x, 7)) = (3.14)

where |K*| is the determinant of the 2 x 2 generalized Cauchy
matrix

~ « ..,-i—..,
>+ 181> dajaz + BB,
~ —2in k¥ —k
K" = " ~1T~ 2l 2 2
aa + BBy laal” + 1Bl
k; — kl —217’}2
0 =2 ki —k; ) = 2in, ki —k,
T n1k1—k2 - k]—kz

K; and K; are the determinants obtained by replacing respectively,
the first and the second column of K* by (at, a3)T. Eq. (3.14)
represents two interacting solitons in the sense that the asymptotic
form of the solution before or after the interaction can be
represented as a sum of two one-soliton solutions. Furthermore,
as will be shown next, the polarization vectors associated with the
asymptotic one-soliton states before the interaction are distinct
from those after the interaction. Thus, in addition to the usual
phase shift, the solitons also experience a polarization shift after
the two-soliton collision process.

In order to analyze the soliton interaction dynamics, it is
convenient to introduce the soliton phases 6;, j = 1, 2 as follows

B, 7) = e7py(r) = e L

||ﬁj||
6(x, 1) = 2nx + In || B, (D),

where B;(z) is given in (3.7). The soliton interaction can be
characterized by some t = t1p > 0 when the soliton phases 6;
completely overlap, i.e., when

A() =0,  A(r) = — ln I1B(D — ln 181Dl

We assume here that the initial conditions ,B]-(O) and (H) (k;) are
such that A(zg) = 0 holds for some 7, > 0. In addition, A(t) is
assumed to be a strictly monotonic function of t in a sufficiently
large neighborhood of 7y so that the solitons are well separated
before and after the interaction. We assume first that A(t) is
monotonically increasing, the decreasing case can be dealt with in

a similar fashion. Next we derive the asymptotic form of the two-
soliton solution under these assumptions for both t > 73 and
T K 10.

Note that when t < 19, A(t) = 65/2n; — 61/2n7 <K 0, then
there are two cases since 11, 7, = 0(1).

(i)61 = 0(1), 6, < 0,ie., Byl = 0(1), 18,1l < 1Byl as T < To.
Then it follows from the expression of K* above that

2 2112
las]* + 1184 ajay

oA —2i k¥ —k
|K*| ~ aﬁa?] 1|a2|22 ,
k; — k] —2“’]2
atay
Cl* 1 ~
R~ | Kokl B
] K|
2 —2in,

from which one recovers after some calculation, the one-soliton
formula (3.11) with &, n and B(7) replaced by &4, 7 and B, (7).

(i) 6, = 0(1), 61 > 0, ie., [B,l = O, 1Bl > lIB,ll as
T & T7p. Then a similar calculation as in case (i) yields a one-
soliton solution with parameters & and 7,. But this solution has
an additional phase yx, and the soliton polarization vector depends
on both norming constants 8, and B, (see below).

Combining cases (i) and (ii), the asymptotic form of the two-
soliton solution as T K 1y is given as

(21(x, 7), 25(x, T))" ~ 4igre”**sech [2m1x + 81 ()] py
+ dinye 252sech [2n,x + 82(7) + x1p;

with
(T
so —mIBOL
21
ky — ky |? Animy At
7= |2 i T ! 22|.B1.32|2
ky — ki |kl — k|
_ . _ _ka A 2in
P, =B, p, =e” B, — 1 (ﬂ ﬂz)ﬂl
ky — k1 ky

where fij is the unit vector along B;. Thus, asymptoticallyas T < 7o
the two-soliton optical pulse can be viewed as a superposition
of two well-separated one-soliton pulses traveling along constant
0;(x, T) curves, and p; and p; are the unit polarization vectors for
the first and the second soliton. In fact, one can directly verify that
llp; I| = 1 from the above formulas.

Similarly when t > 13, the soliton phase difference A(t) >
0. Then the asymptotic behaviors of the solution in (3.14) arise
by con51der1ng the cases (i) 6, = 0(1), 6, <K 0, ie, [|B] =
0(1), ||g1|| — 0, and (ii) 6, = 0(1), 6, > 0, ie, ||Bl
0(1), ||B;ll = o0 as t > t1p. The computations are similar to
above, and the asymptotic form as 7 > 7¢ of the two-soliton
solution can be written as

(21(x, ), 22(x, T))" ~ dine” 1 ¥sech [2n1x + 81(t) + x]1pT
+ dinye~?52%sech [2nmx + 8,(7) ] p5,

where the expressions for 84(1’) and x are the same as above, and

Pz+ :Bzv

ky —
t _— X
=e
Py ks — iﬂ]
with ||p | = 1.So for t > 1, the solution (3.14) can once
again be viewed as a sum of two well-separated one-soliton pulses.
However, comparing the solutions for 7 « 79 and T > 1o,
one finds that the one-soliton pulses suffer an equal and opposite

(ﬂzﬂ )/32}
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Fig. 5. Two-soliton electric field £(x, ) with Lorentzian inhomogeneous broadening. Left: modulus of the first component |2, (x, 7)|. Center: modulus of the second

component |£2;(x, 7). Right: norm || £2(x, 7)||.

amount of phase shift x, while the soliton polarization vectors
undergo a transition: {p;, p;} — {pf, p2+} due to the interaction
process. Both the phase shift and the polarization shift depend
nonlinearly on the norming constants §;, j = 1, 2. These results
for the CMB equation are similar to those found by Manakov [31]
for the VNLS equation, except for the fact that the T-dependence
of the norming constants B; is more complicated in the CMB case.
As a result, the asymptotic polarization vectors pji and the phase
shift y depend non-trivially on t for both t < 79 and t > 1,
instead of being constants as one finds in the case VNLS equation
as |t| — oo. The formulas for the soliton asymptotic states do
simplify if one considers two-soliton interactions which take place
well inside the optical medium, i.e., after the optical pulses have
propagated through the fiber for a considerable length. Then one
can assume that the interaction point 7o > 0. In this situation, one
finds from (3.7) that the norming constants behave as

M. irPVe

Bi(t) ~ v e for0 €K T K< tgand t > 1,

where we have taken Im A;]) < Im A;z) as before so that

i@ _aMyg . . .
e 7" — 0fort > 0.Introducing the functions forj = 1, 2,

@j(x, T) = —2&x + Re )\j(l)r + arg cj(l),
(1)

9(x, ) = 2nx — Im ALV i
(X, T) = 2n;X Imkj T+ 1In ,
2n);

the previous formulas for the asymptotic form of the two-soliton
solution reduce to

(£21(x, ), $22(x, T))" ~ 4inie¥1sech 9,p;

+ dinye2sech [0, + x| b5 ,
for 0 < T K 19, Whereas for T > 1,
(21(x, 1), 22(x, )" ~ 4inie¥'sech [91 + x| pT

+ 4in,e2sech ¥,p1 .

In this case, the polarization vectors ﬁ]-i and the phase shift x are t-
independent, and can be recovered from the previous expressions
for pji and x by simply replacing ﬁj(r) with v}l). Note that the
overlap function A(7) in this case takes the simple form

lmk(]1)r —In|cq| lm)\g)r —In|cy|

A(T) ~
2m 2m

)

and will increase monotonically with t provided thatIm Agl)/an >

Im A;l)/an. This implies that in the laboratory coordinate frame,
soliton 1 (with parameters kq, 8,) is traveling slower than soliton
2, since the quantity Im )\j(l) /2n; is the inverse velocity parameter.
If instead A(t) is monotonically decreasing in the neighborhood

of the interaction point T = 7o, then soliton 2 will be the slower
soliton. Alternatively, one can always assume A(t) to be a mono-
tonically increasing function near t = 1o by simply labeling the
faster soliton as soliton 2.

In Fig. 5 we plot a typical two-soliton solution, with discrete

eigenvalues k; = 14i/2 and k, = 5. The matrix H = (gl ;8')
is chosen to be independent of «, and the norming constants in

(37 havec!” = —2i,¢? =iV = —i, ¥ =i/2.

3.4. Scattering matrix for pure n-soliton solutions

We showed earlier in this section that the solution of the linear
algebraic system (3.5) allows us to obtain the explicit form of
the eigenfunction in (3.3). From the asymptotic behavior of the
eigenfunction determined in (3.3) as x — 00, one can derive
an explicit form of the scattering matrix S(k) in the reflection-
less case, which depends only on the discrete eigenvalues and the
corresponding norming constants.

In order to compute the asymptotics of the eigenfunctions, one
needs to solve (3.5) in the large x limit. For that purpose, it is
convenient to rewrite the linear system of Egs. (3.5) by noting that

the x-dependence appears only through Bj and B;. Introducing the

diagonal matrix D(x) = diag(e=%%1%, ..., =%k} and multiplying
(3.5) by D! from the left, one obtains

n

> (TR 4 Bo) % =6 ¥ = (B ™)
=1

where we have used the following

il 1 1 ﬂ]Tﬂi
K=K'+B=K"'+DBD', (Bp)=—"—:.

k,’ — kj*
Xj = eZika“x“‘,lj'

The matrix D~' decays exponentially as x — oo since e?!* — 0

when Imk; > 0, then the solution x; — (u;, 0)' where u; is a
solution of the linear system which does not depend on x

n

n

Y Boyu=p=u=> (B"),B

j=1 j=1

Consequently, one has M; — 0 and l\_/ljii;r — u;B; as x — oo. Fur-
thermore, from the formula for M; 8; derived below (3.5), one also
finds that as x — oo, M;B; — g;es. Replacing the limiting values
of l\_/[jﬁ; and MJ-B]- in (3.3) then gives xlinoqo 1 (x, k), which is block
diagonal, therefore commutes with the matrix J. One can then use
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(2.10) to recover S(k) = lim uf(x, k*) whose off-diagonal blocks
X—> 00

are zero, which is consistent with the fact that b(k) = b(k) = 0
in the reflection-less case, while for the diagonal blocks of S(k) one
obtains

n T
iy =1, -y P

—~k—k’
n n
a; k —k;
a(k):H—Z:k—kf" :Hk—k?"
i= 1 j= J

where g; are defined in (3.4). The last equality for a(k) in (3.15)
can be easily verified by calculating the residue at each pole
k= k.

Observe that for the reflection-less case, the 2 x 2 matrix a(k)
has simple poles at k = k; in the upper-half plane in addition
to being analytic in the lower-half plane, and a(k) — I, as
k — oo. Furthermore, by a straightforward calculation presented
in Appendix B.1, one can directly verify from the form given in
(3.15) that the matrix a(k) satisfies af (k*)a(k) = IL,. The scalar
scattering coefficient a(k) is independent of t, which is consistent
with its evolution equation in (2.21), since h = hwhenb = 0.
Moreover, a(k) is just a product of simple zeros at k = k; and simple
poles at k = kj‘ as in the VNLS case. An important application
for the exact formula for a(k) given by (3.15) is that for a pure n-
soliton solution the final atomic configuration g, (o, 7), @ € R
of the 3-level optical medium can be explicitly determined using
Eq. (3.1) for a given initial state p_(«, 7). It is worth emphasizing
that even though one is able to find closed form expressions for
S(k) in the reflection-less case, obtaining explicit expressions for
the full scattering matrix S(k) in the generic situation in terms of
the scattering data r(k), {k;, B; f:] is a nontrivial task which is still
an open problem. We refer the reader to Appendix C where an
approximate solution to this problem is discussed for small ||r||.

For n = 1, one recovers from (3.15) the expressions for the
matrix and scalar coefficients corresponding to the one-soliton
solution

(3.15)

ky — k* BBl k—k
ki — ki B1B, 7 a(k) = 1
k—ky 1184112 k — ki

It is easy to verify using the formula det(I, + A) = 1 + Tr(A) for
a rank one matrix A that deta(k) has a simple pole at k = k; and
a simple zero at k = kj, and that the relation (2.6) holds. For the
n-soliton case, Eq. (2.6) is not obvious from the expressions for a(k)
and a(k) given by (3.15). But it turns out that a(k) in (3.15) can be
represented as a product of one-soliton factors of the form given
by (3.16), i.e.,

_ n Bu]‘ n
ak =L — Z] p - 'ki = Hej(k),
i= Jj=

é(k) = 12 +

(3.16)

. (3.17)
ki — k' vy
4k =1 LT (k) = 2] (k),
i(k) =1L + K=k T2 (k) = £ (k")

from which the relation deta(k) = a*(k*) in (2.6) follows
immediately. The Blaschke factors £; in the factorization (3.17) of
a(k) are unique even though the vectors v; are defined up to a
rescaling: v; — ¢v;, ¢ € C. It will be shown in Appendix B.2
that the v;’s can be recursively defined by

V= ﬂ];

B (3.18)
Vi = (L1 (k&) - &1 () ' By, G=2,....m.

The above formula for the v;’s depends on the order in which
the Blaschke factors are chosen in the matrix factorization of a(k)
because the factorization in (3.17) corresponds to only one of the
n! permutations in which the indices {1, 2, ..., n} can be ordered.
For instance, if instead of (3.17) one chooses the factorization

) B . - ki — ki
a(k) = £y (K)Ln—1(k) - - - £1(k), (k) =L + —,
k= ki 19

then the V;’s can be recursively given by

i“’1’1 = ﬂna

Vi = (La(k)Ena (k) - - a (k) ', j=n—1,...,1.

The Blaschke product in terms of the En(k)‘s is a re-factorization
of the matrix a(k) factored in (3.17). One can express the Blaschke
factors £, (k)’s in (3.17) in terms of the Zn(k)'s from the following
formula relating the vj’s to the Vy'sforj =1,2,...,n

V=G 41 (k) (k) Eur (k) - - Eir (k).

G € C, (319)
where V; and V; are unit vectors corresponding to v; and V;,
respectively, and ¢; is a suitable normalization constant. In (3.19),
we also adopt the convention that (£; - - - £;_1) = I, forj = 1,and
(fnen_1 s Zj_._]) =1 fOI'j =n.

The Blaschke product formula for a(k) and its re-factorization
play an important role in matrix soliton equations such as the
VNLS and matrix KdV equations because the re-factorization
formula determines the asymptotic value of the final polarization
vectors for the individual solitons after collision in an n-soliton
interaction. For the matrix KdV equation, the connection between
soliton polarization shifts after a 2-soliton interaction and a matrix
re-factorization problem, as well as the underlying relationship
with Yang-Baxter maps, were elucidated in a series of papers
[32-34] by Veselov and co-workers. The VNLS case was studied
by Manakov [31] (see also [35] for the N-component case), who
postulated a formula for the soliton polarizations after an n-soliton
collision in terms of the soliton polarizations before the collision
assuming the solitons are well separated before and after the
collision process. The Manakov formula is essentially the same as
(3.19) above, and originates simply from the re-factorization of the
transmission matrix a(k). Manakov verified his formula for n = 2.
In the general case, the validity of his formula can be inferred (after
some work) from the results of Tsuchida [36], who gave explicit
formulas for soliton polarizations from the asymptotics of the exact
n-soliton solution of the VNLS equation. Since the form of the n-
soliton potential £ in (3.6) for the CMB equation is the same as
that of the VNLS case, the results of [36] also hold for this case.
However, it is worth pointing out that while in previous works the
soliton polarization shifts were related to the re-factorization of
an ad-hoc matrix, here we have shown that in both the VNLS and
CMB cases this matrix is precisely the reflection-less transmission
matrix a(k).

It is instructive to consider the factorization of the transmission
matrix a(k) for n = 2, and compare it with the 2-soliton
polarization shift results obtained in Section 3.1. In this case, one
has

- - - ki — k¥ ~~
atk) = Lk (k) = (LK), k) =1 + ﬁvjvf
)

*
J oot

SN
k;

J

Li(k)y =1
](() 2+k
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forj = 1, 2, and from the formulas given above, the unit vectors v;
and V; are given by

~ ~ ~ 1 [~ ky — k5 (ATA )A
Vo =B, Vi = 2 {ﬂ] Ky — k2 B:B1) B
~ = ~ 1 [~ ki—Kk (ATA )A

= B, Vy = 2 {.32 ks — K ﬁ]ﬁz Big-

where the normalization constant j is such that

(kg — kD) (ky — K3) ‘A A
|k1 - k2|2 ’

Let us now consider a 2-soliton collision where the faster soliton
2 comes from behind, interacts with the slower soliton 1, and
then overtakes it. In this scenario, the soliton centers are ordered
as (2, 1) before collision (t < 1), and as (1, 2) after collision
(t > 10). Then from the asymptotic analysis of the exact 2-
soliton solution in Section 3.3 the soliton polarization vectors
before collision are given by p; = Vi, p, = e¢2v2 asymptotlcally

as T < T1g, and after the collision they are p = el¢1v1, p}' =V
asymptotically as T > 1o. The phases ¢1, ¢, can be easily found,
but that is not essential since the unit vectors in the Blaschke
factors are defined up to an exponential phase anyway. Thus,
a(k) = £,(k)£; (k) corresponds to the factorization before collision,
whereas a(k) = Zz(k)L(k) corresponds to the factorization
after collision. Note that the order of the Blaschke factors in each
factorization is opposite to that of the soliton centers, which are
ordered according to the Blaschke factors in the factorization of the
inverse af (k*), instead.

We now briefly discuss the r-evolution of the transmission
matrix a(k, t) in the reflection-less case. Settingm = b = 0 in
(2.21), and using the relation af(¢,7) = a~'(a,7) fora € R
which follows from (2.5¢) with b = 0, one finds that a(k, t)
satisfies

a, = i(H)a —ia(a 'Ha).

=1

From the expression of a(k, r) in (3.15) it is clear that the -
dependence only appears through that of the norming constant
Bi(tr) which satisfies the evolution equation (2.22). Indeed, it
is possible to verify the fact that if B;(r) satisfies (2.22), then
the reflection-less transmission matrix a(k, t) satisfies the above
evolution equation. The details of this calculation are given in
Appendix B.3.

4. Conclusion

In this article we have studied the CMB equations by means of
the inverse scattering transform. We have discussed the inverse
scattering formulation of this (1 4+ 1)-dimensional problem in
detail. In particular, we have shown that in the presence of
inhomogeneous broadening, the scattering data evolve in a non-
trivial fashion unlike most of the well-known (1 + 1)-dimensional
integrable equations. However, it turns out that the evolution of
the reflection coefficient and norming constants, which comprise
the essential set of scattering data, is relatively simple. In the
reflection-less case, we have obtained explicit expressions for the
n-soliton solution, and studied one- and two-soliton solutions
in more detail. A simple expression for the transmission matrix
a(k) corresponding to the pure n-soliton solutions is derived,
which we believe is new for the CMB and VNLS equations. The
soliton polarization shifts before and after the collision are related,
respectively, to the factorization and re-factorization of a(k). The
solution of the inverse problem with reflection coefficient r # 0 is
anon-trivial issue which we have highlighted in Appendix C, where
the approximate form of the scattering matrix S(k) is computed

by solving (2.8) via a Born approximation assuming small |r||.
However, we have not considered issues such as the effect of small
radiation on the n-soliton solution and its long-time asymptotics,
which are worth investigating, but beyond the scope of this
article.
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Appendix A. A note on the norming constant

Here we derive the relation from Section 2.2
(¥a ' deta) (k) = —p(k)n],

where 7; is a two-component vector satisfying ¥(k;) = ¢(k)n;,
and k; is a discrete eigenvalue in the upper-half plane such that
a(k;) = 0.1t is convenient to define the matrices P(k) = (¢¥) (k)
whose first two columns are same as those of (k) and the third
column is the same as that of W (k), and P(k) = (¥¢) (k) whose
first two columns are same as those of ¥ (k) and the third column
is the same as that of @ (k). Then it is possible to verify that

s aky 0\ _

by using (2.4) and the symmetries &~ (k) = &' (k*), ¢~ (k) =
vt (k*) of the eigenfunctions, which imply that S(k) = &~ (k)¥ (k)
= &t (k")Ww(k). Notice that the matrices P'(k*), P(k), and A(k)
in (A.1) are analytic when k is in the lower-half plane, and in
particular A(k) is of rank one at k = kj’.k since both det é(k;‘)
and a*(k;) vanish. In Section 2.2 it was shown that det P(k) has a
simple zero at k = k7, hence the right null space of ﬁ(kj’-") is one-
dimensional. If v; is a right null vector of ﬁ(kj’?‘), then from (A.1) it
follows that A(k?)v; = 0 as well. Moreover, v; = (i, m;)" where
the two-component vector v; satisfies a(k7)v; = 0. On the other
hand, if ¢(k) = a~'(k) deta(k) is the adjoint matrix of a(k), then
a(k)e(ki) = deta(k;)I, = 0 implying that the columns of c(k;)
are right null vectors of é(kf). Of course, the two columns of c(kf)
are proportional, since det c(k;") = det i(kf) = 0. Then one can
choose right null vectors v; = (v;, m;)" and w; = (i, n;)" of P(k?)
such that v; and wy are, respectively, the first and second column
of the adjoint matrix c(k;-"). Therefore, one has ﬁ(lcf)(vj, wj) =0
which can be expressed as

P(k) ( { )

(ya ! deta) (k) = —(kd],
Since the right null space of ﬁ(kf) is one-dimensional, the vectors v;
and wj are proportional implying that the row vector d; = (mj, n))

is proportional to each row of the rank one matrix c(kj’f). Next, we
show that the vector d; can be chosen to equal 5; where

(A1)

dJ‘L = (mj, n)).

¥(k) = d(k)n; < P(k) <i7’1> =0.
The Hermitian conjugate of the equation above, yields
(], — 1P (k) =0,

which implies that n; is then a left null vector of i(kjf") due to (A.1).
But one also has the identity c(k;‘)é(k;‘) = 0, which means that the
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rows ofc(k;‘) are left null vectors ofé(kjf") as well. The left null space
of é(k;‘) is one-dimensional because deta(k) has a simple zero at

k = k}‘. Therefore, like dJT, 17; is also proportional to each row of
c(k}‘). Hence one has d; = a;n;, o € C. If one solves (2.8) for ¢
with the norming constants d; and #; and recovers the potential £
as described in Section 2.2, then the symmetry 27 = —& implies
thato; = 1, ie., d; = n; forallj.

Appendix B. Properties of the reflection-less transmission ma-
trix a(k)

In this appendix we derive some properties as well as verify
the t-evolution equation of the reflection-less transmission matrix
a(k) given by (3.15) in Section 3.4.

B.1. Symmetry of a(k)

From (2.5a) and (2.5¢) in Section 2.1 it follows that in the
reflection-less case with b = b = 0, the transmission matrix a(k)
satisfies the complex unitarity condition

af (k) =a (k).

Here we show that the transmission matrix a(k) derived in (3.15)
satisfies this condition. This result will be used afterwards in
deriving the factorization properties and the t-evolution equation
for a(k).

Since a(k) is a 2 x 2 matrix, it suffices to show that a’ (k*)a(k) =
I,. Using (3.15) the product af (k*)a(k) can be expressed as

n nt n T
up; Biu;
I - I -
(2 ;k—k;><2 Zk—k
n R n Ri
=1 ,
2+Zk—k,-+;k—k*

i

where R; and R; are the residues at the poles k = k; and k = k¥,
respectively. Computing the residue at k = k; one obtains

n T T n
u;B; By
Ri = —B,-uf + E ﬁ = _ﬁiu? + E (Bo)ijuj'l.l;(,
=1 j =1

where the matrix By was introduced in Section 3.2. From the
definition of the vector u; given above (3.15), one readily sees that
the second term on the right hand side of the last equality for R; is
just ﬂ,-u,.T. Hence, R; = 0.In a similar way, one can show that I_Ql- =0.
Therefore, at (k")a(k) = L.

B.2. Factorization of a(k)
Here we derive Egs. (3.18) through (3.19) related to the Blaschke

factorization (3.17) of a(k).
At first, we factorize a(k) as

= ]_[e k),

where the Blaschke factor ¢;(k) is given by

ak) =1, — (B.1)

I—l

s
ki — ki x, Jyj k —k;

k) =1, + , det{;(k) = X

l—k] yx]
— ki xy)

k) =1 — g
J 2 k — kf y]Tx]

It is clear from the above factorization and the expression for
det £;(k) that (2.6) holds for the matrix a(k) in (3.15). The vectors
X;, y; can be determined by equating the residues at each pole
k = k; of the two expressions for a(k) in (B.1), as well as equating
the residues at each pole k = k; of the corresponding expressions

fora~1(k) = af (k*). The residue at k = k; yields

1y1

Y1x1

—Byuf = (ki — kDS (0l -+ ) (k).
The image of the rank-one operator on the left hand side of the
above expression is spanned by the vector 8; while the image of
the rank-one operator on the right hand side is spanned by the
vector X;. Hence, X; = c;18;, ¢; € C. The residue of a~!(k) at
k = ki is given by

xlyl

Y1Xl

—ui B} = —(ky — k) (Uats - £) T (k) ==
Taking the Hermitian conjugate of the above, one finds that the
image spaces of the resulting rank-one operators on the left and
right hand sides are spanned by the vectors 8, and y;, respectively.
Hence, y; = di8,, di € C. From the expressions of x; and y; in

terms of 8,, one easily concludes that
T T

X1y vivy

—_— = V] = ﬂl s

vix,  will?’

which gives the first equality in (3.18). Now by induction suppose
(3.18) holds forj = 1,2,...,i — 1, i > 2. Then equating the
residue of a(k) at k = k; yields

zY,

—Bul = (ki — k) (¢ -- 11><k,> (i1 - L) (o),

l l
which implies thatX; = ¢;(£; - - - €;_1) "' (k) B;, ¢; € Cby consider-
ing the image of each of the rank-one operators above. In a similar
fashion, by equating the residue of a(k) at k = k;, and taking the
Hermitian conjugate of the resulting equation, one obtains

. .(;1)T(k*)y’ l
X

—Buf = (ki — k(€ e DD,

1Yl

which leads toy; = d;(£; - -~l’,i,1)f(lc?‘)ﬂi, d;i € C. But by the
induction hypothesis, for j = 1,2,...i — 1, the {;s have the
form as in (3.17) so that Ej’](k) = e} (k*) holds. Therefore, y; =

di(€1---2i_1)"'(kj)B;, di € C, and then one has
t i
X;V; ViV, -
ITI = ’2, Vi= - 4ioq) 1(":‘)[31"
vix i

proving (3.18).

The recursion formula for the vectors v; arising in the re-
factorization a(k) = £, (k)€,_1(k) - - - £1(k) given below (3.18) can
be proved in a similar way as above, we skip the details. Lastly, if
we set a(k) = £1(k)Ly(k)---£,(k) = €,(k)€,_1(k) - --£1(k), and
equate the residuesatk = kjandk =k, i = 1,2, ..., n,thenas
before, a similar argument involving the image spaces of rank-one
projectors leads to (3.19). Again, we omit the details.

B.3. Evolution of a(k, t)

In this subsection we show that the t-evolution of a(k) follows
from the evolution equation (2.22) of the norming constants.
Let us first re-write the evolution equation of the reflection-less
transmission matrix a(k) given at the end of Section 3.4 in the form

A

a'a, =ia "(H)a — i(a 'Ha). (B.2)
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Note that since a(k) in (3.15) is a meromorphic function defined
on the entire complex plane with poles in the upper-half plane, the
evolution

equation (B.2) can be extended to the whole plane even though
Eq. (2.21) for a(k) is valid only on Im k < 0. We first consider a(k)
for the one-soliton case given by (3.16), and re-express it as

_ ky — k3 B ,B];
ak) =1, + 1P, Py = )
k — ki 18:11?
where B, is the norming constant associated to the discrete
eigenvalue kq. Using the relation PJ{ = P, one can express the

quantity (é“l:lé) (o) for @ € R in partial fraction form as follows

ki — k3 ~
(I, — Py)H(a)P4
o — k]

ki — k3

(a 'Ha)(¢) = H(e) +

PiH(@)(I, — Py).

a —ki
Then one can readily compute
ki — k3
k — kq

(a~'Ha) (k) = (H)(k) + (I, — Py) (H(k) — H(ky))P,

ky — k7 A Ao
- + Pi(H(k) — H(ky)) (I, — Py),
k —kj

which shows that the pole singularities of (ifll:lé) (k) are remov-
able since the residues at k = k; and k = ki vanish. Substitut-
ing the expression for the one-soliton a into the evolution equa-
tion (B.2), one finds that the left hand side consists of only terms
that have simple poles at k = k; and k = k7 arising from a(k)
and a~!(k) = af(k*), whereas the right hand side of the equation
contains terms that are regular in k, as well as simple poles. For
consistency, the regular terms on the right hand side must cancel,
which can also be explicitly checked by direct calculation. Hence
the remaining terms in Eq. (B.2) are only simple poles at k = k;
and k = kj. Equating the residues from both sides of the equation
for the pole at k = kq, yields

(I — P1)3,P; = i(l, — Py) (H(k))P;.

Multiplying the above equation by 8, and making use of the iden-
tities Py 8, = B;, (I — P;)?> = I, — P and the relation 9, (P18,) =
9:8 = (0. P1)B; = (I, — P1)d, B4, one finally arrives at the equa-
tion

(i, =Py 0.8, — ifik)B, | = 0.

which is satisfied by virtue of the evolution equation (2.22) for the
norming constant. Similarly, equating the residues for the pole at
k = ki leads to the Hermitian conjugate of Eq. (2.22). Therefore,
we have shown that if (2.22) holds for 8,(t), then the one-soliton
a(k, t) satisfies the evolution equation (B.2).

The above argument can be generalized by induction to the
transmission matrix a(k) corresponding to an arbitrary number of
solitons. Indeed, let us denote by a, (k) the transmission matrix
corresponding to a pure n-soliton solution. Then, according to the
product representation (3.17), one has a,1(k) = a,(k) £;+1(k)
with the Blaschke factors defined as in (3.17) and the vectors
vj, j = 1,2,...,n4 1given by (3.18). Substituting a,; (k) into
the evolution equation (B.2), and assuming that it holds for a, (k),
one obtains the following equation for £, 1:

efl

mr10clnr = 0, (@, ' Hay) oy — i <e;+1]a;‘H5n Lri1).

n+1 (B‘B)

Hence a,; (k) satisfies (B.2) if and only if €,, 1 evolves according
to (B.3).

Next, by using a partial fraction decomposition as in the one-
soliton case, one can show that the terms (5;1121 a,) (k) and (£,
5;11:15,1 £,11) (k) in (B.3) are regular in k since the singularities at
k =kjand k = kf forj=1,2,...,n(and also the singularities at
k = kni1, ky; for the second term) are removable. Furthermore, it
can be explicitly checked that all regular terms from the right hand
side of (B.3) cancel out, leaving only simple pole terms at k = k11
and k = k;; on both sides of the equation. Equating the residues
of (B.3) at k = ky41, yields

(I — Pyy1) 3Py = i (I — Ppy) (@, "Ha,) (ki 1) P s

¥
Vn+1Vp g
Py = i net,

Vo1Vt

Then, multiplying both sides of the previous equation from the
right by the vector v, 1, and using the identities (I, — P,,H)2 =
IZ_Pn-H’ Pn+1vn+1 =Vpp1 = (azpn+l)vn+1 = (12 - I"n+l) 8r"n+l-
one obtains

(I3 = Pyy1) 0cVpyq = i (I — Ppyy) (5;1ﬁ5n>(kn+1)vrn+1-

Now recall that according to (3.18), v,y = a! (knt+1)By41, and
therefore

01 = 5;1(’<n+1) (3rﬂn+1 - arin(kn+1)Vn+1) .

Substituting this expression for d,v,,; into the preceding equa-
tion, and taking into account Eq. (B.2) for a, at k = k; 1, one finally
obtains

(1 = Po) 3, (ki) [ 0By — iCH) (i) | = 0.

Equating the residues at k = k;_; on both sides of (B.3), yields
the complex conjugate of the above equation. Thus, if the norm-
ing constant B, satisfies (2.22), then £,1(k) evolves according
to (B.3), so that the transmission matrix a, (k) satisfies the evo-
lution equation (B.2).

Appendix C. One soliton superimposed to small radiation

In this appendix we include some preliminary results on
how to find the solution of the inverse problem (2.8) and the
corresponding scattering data S(k) in the case when the solution
is not purely solitonic but the reflection coefficient r(k) # 0 and
its norm ||r(k)|| is assumed to be small for all k € R. The effect of
radiation on the optical pulses propagating through a three-level
medium is worth investigating for a few reasons. First, as explained
in Section 2.3.3, while the solitonic content of the electromagnetic
pulse is transmitted through the medium without any energy loss,
itis in fact the radiative part of the pulse that is responsible for the
excitation of energy levels in the medium. Secondly, the radiation
r(k, ) is intrinsically coupled to the medium polarizability
envelopes via the evolution equation (2.18). In fact, even small
fluctuations around zero in the medium polarizability coefficient
m in the initial preparation of the medium will resultinr(k, 7) # 0
for T > 0, in spite of having r(k, 0) = 0. Another important issue
is the interaction of radiation with soliton pulses since the soliton
parameters e.g., the soliton center and the polarization vector are
modified due to the interaction after the pulses are well separated
from the dispersive waves. However, a comprehensive treatment
of all these important issues is beyond the scope of this paper, so
we limit our discussions to finding the leading order corrections
to the scattering data for a soliton solution in the presence of
small radiation. For simplicity, we consider the case of one-soliton,
i.e.,, when a(k) has a single zero k; in the upper-half plane and
norming constant 8, in addition to small reflection.
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The mainideais to solve for the eigenfunctions in (2.8) by a Born
approximation. First, the integro-algebraic system (2.8) is iterated
to obtain a system of equations for ¢ (k), ¢(k), up to second order
in the reflection coefficient r(k). This system is expressed in terms
of the bound state eigenfunctions ¢ (k;), ¢(k}). Evaluating the ex-
pression for ¢p(k) at k = k4, and that ofJ)(k) atk = k7, yields a cou-
pled system of linear equations for the bound states ¢ (k;), (ﬁ(k’{),
which can then be solved up to second order in r. Next, plug-
ging the solutions for ¢(k;), ¢(k7) back in the original system for
d(k), ¢(k) leads to the expressions given below for the quanti-
ties M(x, 7, k) = @(x, 7, k)e™ and M(x, 7, k) = ¢(x, T, k)e"* in
terms of k1, B, r(k) only, and up to second order in r(k). We obtain

M(k) = e; [1 T Ay (k) — % [(1 + (AI(k’{) + Bﬁ(k’;))ﬁl)

wm 1o
x BiA1(k) + me} -

||131||2

{(1 + Ay (K7 )) + 0+ ﬁ1A1(’< )

xskmmf+ﬂmwnm}}+@hg)

{31(k)+ [ﬂlflfh(k) By (kj )/31A1(k)+/3132(k):|

1
k—k A

I|.191||2

m

|:,31 By (kj )5

+ﬁ3hdﬁ%+&@0@}}+hau (C.1a)

M@z%{BWﬂ+ Pﬁ”xm
1

FBIKBAT () — BDl | — —— L

1\™M 1™ 172 k—kTA

B

X [(1 + Ay (k) )ﬂ1 + B! (k* +AT(I<1)ﬂ1ﬁ ]}

1 . -
-H%Q4E+Q®—A[O+MMMDAMW)

mmnm}

|:Bl(k*)ﬂl( + Al kDB, )

|Iﬂ1 |I2

mmmm>

kk*

B.By

(12 + cz(kl)) (C.1b)

+ .31.3132(k1 :| } + h.o.t.

where

+ BIALKD) + ALKD B + 1BIA (kD)2

2
a1y JB
4n?

1
F; (Dz (k1) — Bz(’<T)lz)B1
- 2in

’

B, = B,e~2%* h.o.t. denotes higher order terms inr,and the x, -
dependence have been omitted for brevity. The coefficients in (C.1)
are given by:

1 e’} l‘(Ol T)E—Zlax
Ar(x, T, k) = — o,
271 J_oo (0 = k) (2 — (k — 10))

1 0 l‘(O{, .L.)efzwzx
Bix,7,k) = — ————da,
27i J_o o — (k —i0)

-1 oo o0
Az(X,T,k) = W/ dOl/ da/

rf (@, Dr(a, 7) 2@
@ — (@ +10)) (« — (k—i0))’

1 (o] o0 ,
BZ(vavk) = (277:1)2 /;Ooda/ioo do
y r' (o, 7) r(a, 7) 2@ —@x
(' — k) (o — (o 4+ i0)) (¢ — (k — i0))’
1 o0 [e.] ,
Grl = @nb%[wd“fmd“
r(a, 7) 1t (o, 7) e 2@
(@ — (@ —i0)) (« — (k+i0))’
-1 o0 o0 ,
DZ(X,T,I() = Wv/;wda‘/;ooda

5 (', 7) rf (o, 7) e 20—
(& —K}) (@ — (@ — i0)) (@ — (k+i0))

We have retained up to quadratic terms in r above, which is nec-
essary to obtain the leading order corrections to the entries of the
scattering matrix S(k), as we show below. Note that the two sets
{A1(k), B1(k), A5 (k), By(k)} and {Cy(k), Do (k)} admit analytic con-
tinuations to the lower and upper half planes, respectively. Taking
the Hermitian conjugates of the above coefficients switches k —
to k + i0 and vice versa, if k € R. But when k € C, one also needs
to switch k and k*. For example, the Hermitian conjugate of B, (k)
which is analytic when Im k < 0, is defined as
00 Lt 2iax
BJ{(X, T, k") = —i, %da,
271 J_o o — (k4 i0)
and it is analytic when Im k > 0. B
By taking the limit as x — oo of the expressions for M, M
in (C.1) and using Eq. (2.10), one obtains the components of the
scattering matrix S(k) accurate up to second order in r(k). In order
to derive the expression for S(k), one first needs to determine the
asymptotics of the coefficients defined above as x — +o0. Taking
into account (2.16) and (2.20), one obtains that

l‘(k, T) —2ikx
— keR
Ai(x, T, k) e k— ki
= 1o Imk < 0
ke ™ ker
Bl m 0, e {0 Imk <0,

while for any k withImk <0

1 00 pf
Jim Ape T k) = o — Mo, r@. 1) ,

=A k,
i) ko) @ T Ak

1 By( o= o0 rf(a, Dr(a, 1)
= | @ =k (@ — (k—i0))

= By(k, 1),
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and for any k withImk > 0

1 /°° r(o, Orf (o, 7)
2i ) o «— (k+i0)

-l [e¢]

lim Cy(x,7,k) = — do =: Cy(k, 7)
X—+00

1 r(a, O)ri(a, 7)
2711 J oo (0 — K3) (@ — (k+i0))

= Dy(k, 7).

In addition, we deduce that in (C.1) the coefficients A;(k]) =
B, (k}) = 0asx — oo by the Riemann-Lebesgue lemma assuming
r(a, t) decays sufficiently fast for all ¢ > 0. Finally, the following
expressions for the scattering coefficients are derived from (C.1) in
the limitasx — oo

atk) = 1+ A3(k") — 2inBj(k*)

lim Dy(x, 7, k)
X— 400

2”71 Ak (1% s Dk 1%
- (1 FA(KD) — 211;1Bz(kl)) +hot.
k — k3
3 p * PR N 2“7 A AT
ak) = I+ CJ(k) + 2By (k)B By + BB,
— K1

P N -
x [(1+ 20 B DLk B, + € k)| + hoovc,

and for k € R,

5
bk = (1— ") r(k) + hoo.t.,
k — ki
: 2in o At
b(k) = — (L, — ——B:8; |r(k) +ho.t.,
k —k;

where 31 is the unit vector along B;. Note that the leading or-
der corrections to the scattering coefficients a and a are quadratic
in the reflection coefficient, while they are linear in r for the
coefficients b and b which do not have any quadratic cor-
rections. From the definition of the second order coefficients
Ay (k), By(k), Cy(k), Do (k), one can also verify that a(k) and a(k) are
analytic in the upper and lower half planes, respectively. Further-
more, it is easy to see that up to higher order terms, a(k;) = 0, and
that 8, is a null vector for a(k*) so that deta(k*) = 0.

The procedure outlined in this appendix gives a recursive
scheme for obtaining the scattering matrix S(k) in terms of the
essential scattering data r(k), {k;, B;}{_,. The above expression for
a(k) is particularly relevant, since it provides an approximate
solution to the matrix Riemann-Hilbert problem of determining
a(k) that is analytic in Imk < O from the following data: (i) its
large-k asymptotic behavior; (ii) zero of deta(k) at k = ki and
norming constant B,; and (iii) the value of a(k)fa(k) for k € R,
related to r(k) through (2.5) and (2.7).
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