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Biacklund and Darboux Transformations
for the Nonstationary Schrodinger Equation
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Abstract—Potentials of the nonstationary Schridinger operator constructed by mneans of n
recursive Biicklund transformations are studied in detail. The corresponding Darboux trans-
formations of the Jost solutions are introduced. We show that thiese solutions obey modified
integral cquations and present their analyticity propertics. Generated transformations of the

spectral data are derived.

1. INTRODUCTION

In this article we continue (see [1-5])) our investigation into the direct and inverse scattering

transform for the nonstationary Schrodinger operator
L=1i0,, + 8%, — u(zy,z,) (1.1)

in the case when u is a real function with “ray” type behavior. More exactly, u is supposed to be
rapidly decaying in all dircctions on the z-plane with the exception of a finite number of directions,

where it has finite and nontrivial limits; i.e.,

uu,:!:(ml) . ml_;”:’!‘:mu(zl = 2§12, T3), n=12...,N, (1.2)

for N real constants ji,. The spectral theory of operator L with Potential of this class is interesting
per se and because it is associated [6, 7] with the Kadomtsev-Petviashvili equation [8}—in its

version called KP I—
(g = Bur,, + gz iz )y, = SMgys, (1.3)
The mentioned extension of the spectral theory of the nonstationary Schrodinger operator would
provide possibility to extend correspondingly the class of solutions of the KP I equation, including
the solutions with asymptotic one-dimensional behavior. On the other hand, such spectral theory
is essential for investigation by the inverse scattering transform method of strongly localized soliton
solutions and their interaction with the background for the Davey-Stewartson I equation, where
operator (1.1) controls the behavior of the “boundaries at infinity” of an auxiliary function for this

cquation (sce [9, 10] for dctails).
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BACKLUND AND DARBOUX TRANSFORMATIONS 43

The spectral theory of the operator (1.1) with the ray potential is essentially more involved
for rapidly decaying potential. Indeed, in the standard case [11-18] one defines the Jost solution
®(z, k) as the solution of the nonstationary Schrédinger equation,

(18, + 82, — u(z))p(z, k) = 0, (1.4)

that is analytic in the complex plane of the spectral parameter k, kg # 0, and normalized at infinity
by the condition that for the function

x(z, k) = e*=itik g k) (1.5)

we have
i Az, k) =1. 1.6
k—,JJ,"EQ;eu;‘(T"“) (1.6)

"This function can be given as the solution of the integral equation [12)

x(B0)= 1.4 / da’ Gyl — ', kYu()x(', k), (L7)
where Go(z, k) is the Green function
Yo(m, k) = E-g% /da 0(aekga,)ciomt—iala~2k)es keC, (1.8)
of zero potential,
(10, + 02, — 2ikay,,)Go(x, k) = é(x). (1.9)

"T'he solvability of (1.7) under some small norm assumptions was proved in [19], and thanks to (1.7)
it is easy to show that x(=z, k) has the asymptotic behavior

lim x(x,k) =1 (1.10)

|a | =00

on the z-plane, kg # 0, independently of the direction. The Jost solution ®(z, k) defined by (1.5)
obeys [17, 18] the following normalization and completeness conditions:

/d:l:l P(zy, Ty, k + p)&(zy, Ty, k) = 278(p), pER, (1.11)

dbgy ®(z), To, k)@ (2, X9, k) = 278, — ). (1.12)
R LT}, Ty 1 &2 1

The Jost solution is an analytic function of & in the complex plane, kg # 0. It has finite limits

on the real axis,
dF(x, k) = tim B(x, k). 1.13
(5, =, lim () (113)

By (1.11) these boundary values obey the normalization conditions
‘/d:l:1 SE(z, 25, k)0 (2y, 29, p) = 206(p — k), mkeR (1.14)

The spectral data are introduced as a measure of departure from analyticity of the Jost solutions.
In literature there exists a varicty of definitions of spectral dala. In what follows we use the one
suggested in {14, 17, 18}

1 r——
F(k,p) = o /d:z:'l DF (2, Ty, k)@ (2], 24,0) — 5(p - k), p kel (1.15)
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It is casy to check that F(k,p) is independent of 25. The condition of the reality of the potential u
in (1.1) is cquivalent to the self-adjointness of the integral operator with kernel F(k,p). Now
by (1.12) we have

®*(z, k) = o (z, k) +/dp &~ (z,p)F(p, k). (1.16)

Thus, the inverse scatlering transform is the nonlocal Riemann-Hilbert problem of the construction
of the fuimction ®(x, k) analytic in the upper and bottom half-planes with normalization (1.5), (1.6)
and a discontinuity at the real axis given by (1.16).

It was mentioned in [16] that integral equation (1.7) cannot be applied in the case of a
potential u(z) not vanishing in all directions at large distances as the Green function is slowly
dacaying at space infinity. In [5] the following modification of this integral equation was suggested:

z
X(Z, k) =1+ / dyl /dz’ ayx GO(yl - 1:’“3;2 ' zib k)u(x')x(m’, k): (1'17)
—kgoo

where the order of operations is explicitly prescribed. Ilere and below we usce the notations of

the type kgoo in the limits of the integrals to indicate the sign of infinity. If the solution of this ¥
equation exists and is bounded, then, like in the one-dimensional case, :
5,
lim  x(z, k) =1, kg # 0, (1.18) t

Ty ——kqoo

while, in contrast to (1.10), it can be different from 1 in the opposite direction. This modified
integral equation is applicable to the simplest case of a potential of type (1.2), i.e., to the case
w(z) = w(z;), and it is trivial to check that it gives the standard (sec [20]) one-dimensional
cquation for the Jost solution. Nevertheless, a full description of the solutions of equation (1.17) ;
with potentials of the class (1.2) is absent until now. Only multiple pure soliton solutions were B
constructed in [21, 22). It was shown® that solutions of this cquation can have additional cuts in
the complex plane of the spectral parameter [5]. Because of this we are studying here a special but
rather wide subclass of potentials of type (1.2) that is obtained by applying recursively the so-called
binary Biicklund transformations [23} with a complex spectral parameter to a decaying potential.
As we are interested in the spectral characieristics of potentials u having nontrivial limits, we also
stucy the corresponding Darboux transformations furnishing the Jost solutions for the transformed
potentials and their analytical properties as well as the transformations of the spectral data.

In [23} and {24), a rather simple and transparent mcthod was proposed for performing binary
Bicklund transformations of the potential 4 and corresponding Darboux transformations. Let

A e

Pt

L

e 1)

@(x, k) be a solution of the nonstationary Schrédinger equation (1.4) with potential u(z). Then ; P

the transformed potential is cqual to
ii(z) = u(z) — 282, In A(z), (1.19) =g

where N ;,g
A@) = [ de} 1g(al, 20, WP a20) G

"_G'-«

The Darboux transform of ¢(z, k),

LA )

. » whe "
Dent

4

gt

o) = o0, 8) ~ 22 [t G W ), (121) Jxf

IFokas, A.S. and Pogrebkov, AK. (unpubl.). ~ g
§ %
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BACKLUND AND DARBOUX TRANSFORMATIONS 45
solves the equation
(it,, + 82, — @(z))d(z, k) =0 (1.22)

with transformed potential. It is natural to expect that this transformation for complex parameter A
would supply an example of a potential of the type (1.2). The check of the fact that é obeys
cquation (1.22) is based on the following identity for a pair of arbitrary solutions f(z) and g(z) of
equnation (1.22):

i0,,(f(2)g(2)) = -8, W ((z), 9(=)), (1.23)

where Wronskian

W(f(z),9(x)) = [(2)8,,9(z) - g(z)3;, [(z) (1.24)

was introduced.

In order to make equations (1.19)-(1.21) determined, it is nccessary to substitute indefinite
integrals by definite ones and to choose the constants of integration so that the potential % is
real and regular. In order to get transformations parametrized by constants and not by functions
of zz obeying some differential equations, it is natural to choose semi-infinite limils of integrals
in (1.20), (1.21). Then we can usc the fact that the asymplotic with respect to &y behavior (1.10)
is indcpendent of x3. On the other hand, the infinite limits of these integrals require an exact
control of their convergence in the recursive procedure. In addition, one must write the solution cfb
as a lincar combination of the Jost solution and a solution corresponding to the discrete spectrum.
The way to build the correct recursive procedures for generating both solutions is suggested by the
remark that ¢(z, \)A(z) ! is a solution of equation (1.22).

Thus, we start with a regular, rapidly decaying rcal potential u(x) for which all above mentioned
elements of the direct and inverse problems are given. In Section 2 we introduce an exacl recursion
procedure for an arbitrary number of Backlund and Darboux transformations both for the Jost
solutions and solulions corresponding to the discrete spectrunm. We formulate the conditions of the
reality and regularity of the potentials constructed by these means and derive the transformations
of spectral data (by analogy with {25], where the transformations of the continuous spectra were
considered).

In Section 3 this recursion procedure is solved in terms of the original potential w(z), its Jost
solution ®(xz, k), and spectral data F(k,p). As a result, we get a potential depending on (N + 1)N
complex parameters describing IV solitons supcerimposed to a generic background. The uecessary
and sufficient conditions of regularity and reality of the constructed potential are formulated in
terms of these paramcters. In the case u(z) = 0, our construction furnishes not only the multisoliton
potentials obtained in [21], but also the potentials in the essentially morc general class derived
in [22]. Inclusion of such potentials in consideration essentially complicates the whole construction;
liowever, they arc essential for applications (sec {9, 10}).

In Section 4 we consider the asymptotic behavior of the constructed potentials on the z-plane.
We show that it is of the type (1.2) and that it essentially depends on the signs of the imaginary
parts of parameters A; of the Backlund transformations. The latter essentially distinguishes the case
of the two-dimensional nonstalionary Schrodinger equation froin the case of the one-dimmensional
stationary equation. In the future, we plan to apply these results to the study of the generic
potentials of the type (1.2) by means of the formulation of the scattering problem on a nontrivial
background suggested in [5}.
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2. RECURSION PROCEDURE )

Formulas (1.19), (1.20), and (1.21) enable us to formulate the recursion procedure for composing
an arbitrary number of binary Bicklund transformations. Indeed, let ¢,(z, k) solve cquation (1.4)

NET oS

LS80 Mrenten e i i avsi,

with potential u,(z),
iax:¢ﬂ(ml k) + a:| ¢n(m’k) = un(z)‘l’n(xv k); (2‘1)

then we specify equation (1.21) for ¢y, in the following way:

e
¢u+l(m1 k) = ¢n(z, k) . gn-{-l(x) B:x+l(k) + dx'l ¢n(m’n Zg, ’\n+1)¢n(zll?32' k) )
~(ka+An410)00
(2.2) g
where we introduced the notations
(T Apigt) :'%
T p
g z) = TR HdC L a2 iy (2.3) %
S ) :
Ty ':_",!
An-}-l (SD) = Cp41 + / dr’l '¢1)($,1132:An+1)|2v (2'4) y
~An41900 % |
n=0,1,..., ¥

and ¢,41 and By, (k) ar¢ an z-independent constant and a function of k, respectively. Then ¢n4)
has to be a solution of the shifted (n = 1 + 1) equation (2.1) with the potential

U3 (z) = u,(2) ~ 263l A, (). (2.5)
In what follows, it is convenient Lo write all ¢, as sums of two solutions of equation (2.1),
Pu(z, k) = F"(:l:, k) + fu(m: k), (2.6)
that are given by their recursion relations
z;
Fn-H(z) k) - F"(.'l:, k) - gu+l(m) dm’l ¢n(z'l’ Ta, ’\n+l)Fn(xlll Ty, k): (27)
—(ka+An41n)00
)
-fn—}l(mt k) b f,,(:l:, k) T gn-}-l(z) Bn+l(k) + dz’ld’n(l"hzm )‘,.+1)fn(x’11 Iy, k) H (2'8)
—An1900
n=0,1,...,

where functions B, (k) differ from B, (k) because of the different bottom limits of integrals in . "

cquations (2.7) and (2.8). We also put

Folo, k) = 3(z, k), fo(z,k) = 0. (29)

uy(z) = u(z),
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The propertics of all objecls introduced are given in the following.

Theorem 2.1. Let the polential u(z) in (1.1) be real, regular, and rapidly decaying at space
infinity and let $(x, k) be the Jost solution of this equation; i.c., let ®(z, k) be defined by (1.5)
and (1.7). Let also the sets of complex constants X\, Ag,... and real nonzero constants ci,ca,. ..
obey the following conditions:

a0 =12 (2.10)
Anat, > 0, n=12,..., (2.12)

and let some funclions h(k), Ba(k),... of the compler parameler k be given. Then for alln > 0
the following statements hold true.

1. The inlegrals in (2.4), (2.8), and (2.7) converge and define reqular functions of = and k for
ke #0, kg +Ajg #0, 7=1,2,...,n. Functions A,41(x) have no zeroes on the x-plane.
2. There czist nonzero limils

lim fntiFnp (o g = A (k) (2.13)

T kgoo
that are independent of x5 and obey the recursion relations
Ao, k) =1, (2.14)

%, ' ‘
An+l (:t) k) = |1+ O(ik‘&'\n’l-lﬂ?)—-—"—’m;c An(i’ I") (2'15)
: n41

3. There ezist finite nonzero limits

2’\11-{-1 Q

—~iA2
e 1% 0 SN u\,.+11'2) z, — '1‘/\".,_1900,
A11(+) ’\n+!)

Jlim g thunsnly, (o) =
]

(2.16)
A (=, .
——-——'——"( : 11—01)c~1.\,,+112’ &y — —/\n-f-lﬁooa
cn-H

4. There exist finite nonzero (for n > 1) limils

2) i3
Bo(k) 4 by (k) === g o 4),,900,
( n( ) n( )) A,,_1(+,/\,,) 1 3

“ln ci'\llﬂml+|‘\1|0m||f"(z, k) —_—

e 13,l(k)——-—————~——A""l{(.~' )‘")e""\?'m", Ty = —A,500,
Cn
(2.17)
where the functions
400
() = sign My [ 42! G130 0 s (58,22, ) (2.18)

-0

are xy-independent.
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5. Functions I%,(z, k), gn(z), fn(z, k), and ¢, (z,k) solve the nonstationary Schrodinger equa-
tion (2.1) with the potential

n
u,(z) = u(z) — ‘20§l In H As(z). (2.19)
j=1
6. lunctlion
‘ F(z,k
O.(z,k) = AL((:_E_’—%, n=12,..., (2.20)
n }

is the Jost solulion of equation (2.1) with potential (2.5); i.e.,
Xn(z, k) = e*nti®iang (5 k) (2.21)

obeys the modified integral equations (1.17) with u,(2) from (2.19) substituled for u(a).

The theorem is proved by induction on n. Therefore, it will sometimes be useful, when referring
to a formula (#) depending on n, to inake this dependence explicit by writing (# ), and then (#)n41
when the samne forinula is considered for the shifted (n — n -+ 1) value.

We divide the proof into a sequence of lemmas.

Lemma 2.1. Lel for some n > 1 the functions I, and f, be regular functions of x and k,
Jor kg # 0, kg + Aja # 0, 7 = 1,2,...,n, and obey stalements 2 and 4 of Theorem 2.1, or lel
they be given by (2.9) for n = 0. Lel By(k) be regular funclions of k and let Ay, Ant1, Cnd
obey (2.10)-(2.12). Then for ¢, defined in (2.6) there czist the limits

o dim et (k) = A,(£K), K€C, kol <lAngl; (2:22)

where A,, is given in (2.13) and funclion Apyy(z) delermined by (2.4) ezists, has no zeroes on the
x-plane, and obeys the asymplolic behavior

|An(+) ’\n-l l)l2 27 (42X z,)
—_—¢ LR Al LN | 5] , Ty +A i g00
An+1(z) - 2)‘n+l‘3 : n’l , (223)

Cngi T, = —A, 41000,

where, in the case n = 0, in agreement with (2.6), Ap = 1.

Proof. In the case n = 0 equality (2.22) directly follows from (1.7) and (2.9). Ifn > 1,
thien this asymptotic behavior of ¢, trivially follows from (2.6), (2.13), aud (2.17). T'hanks to this
asymplotic behavior and taking into account that [Aya| > |Ans1g] > 0, we get the convergence
of the integral in (2.4). Asymptotics (2.23) follows from (2.22). Taking into account that, by
definition, Ay, 41 is a monotonous function of x; and that, thanks to (2.12), the signs of both limits
in (2.23) coincide, we sce that this function has no zeroes on the z-plane.

Lemma 2.2. Under conditions of Lemma 2.1, function g4y defined by (2.3) is regqular and
has the asymplotics (2.16).

Proof of this lemma follows directly from Lemma 2.1 as A, 4 has no zeroes and the asymp-
Lotics (2.22), (2.23) guarantee that g4y decays with a proper exponent for growing z. The exact
valies of the limits are also readily obtained from (2.22) and (2.23).

Lemima 2.3. Under conditions of Lemma 2.1, the funclion f,,., defined by (2.8) is regular
and obeys the asymplotics (2.17),4..
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Proof. The convergence of the integral in (2.8) and regularity of f,4; follow directly from
Lemma 2.1 if we take into acconnt that by (2.11) |A,41a] < [Ang)- In particular, thanks to this in-
cyuality and (2.22),, and (2.17),,, the integrals [7} dz} Gz}, T2, A1) (@), 22, k) are convergent.
Then from (2.8) we get

ci'\ll+13?ml‘*'l’\n+lﬁxl|f"+1(m, k) = e“"*"’*"+|’\"+‘5‘“’"f,l(a;, k)

”~ Ty
i\ T4 2 LEN R EY . s N o
— Ptz 1Tllg"+1 () | By (k) + / dz (], 2o, ’\n-{-l)fn(a‘,l.! Zq, k)
"’\n-{olﬂm r

‘The asymptotics (2.17),, gnarantees that the first term in the r.h.s. goes to zero when |z, = oo
because of the condition |A,410] < [Aug]- The first factor of the second term has finite limits by
Lemma 2.2, and thanks to the mentioned convergence of the integral in brackets we prove (2.17),,41
and (2.18),,4.1.

Lemma 2.4. Under conditions of Lemma 2.1, Fy,4; defined by (2.7) is a regular funclion
obeying asymptotics (2.13)y41, where Ay is given in (2.15).

Proof. The convergence of the integral in (2.7) follows from the asymptotic behaviors (2.13),
and (2.22),, and then the regularity of F ., follows from Leinma 2.2. In order to prove (2.13),41,
we consider the asymptotic behavior of the integral term:

x)
i(k~X +i(k?=22 )z T PR TN CLREY N
=)zt )T / dzy ¢y, (x7, Tp, Ay ) By, 220, K)
—{ka+ryt19)00

A (L k)
N ]
"‘(’\n-H ~ k)
where (2.13),, and (2.22),, were used. Let us now write (2.7) as
cikm;—{»ik’zgl;-,”'l(x, k) = cikx.-}-ik’m Fn(-"", k)

. . -T2
. (_.’\u-&lﬂzl A nprami] ((3“\n+13{ml+|’\u+lﬁxl|+‘A"+|~7‘7‘(1u+l(m))

= A, (L sign(kg A 10)s Angr) 2, — Hkgoo, (2.24)

Ty
i) HE2T_32 ) L et
X e'(" At )zibi(k? =20, )my / dz'] d’n(fl:'h-'1:'21/\1|+1)Fn("l"'11m2>k')
"(kﬂ'{'Ani-lQ)oo

In the first term of the r.h.s. we can use (2.13),,. The second term is given as a product of three
mutipliers, each having a finite limit for x; going to infinity. Moreover, the first multiplier has a
nonzero limit only for 1y — A, 41900. Then (2.15),4, follows from (2.16), proved in Lemma 2.2
and (2.24).

Lemma 2.5. If under the assumplions of Lemma 2.1 statement 5 of Theoremn 2.1 is satisfied,
then this stalement is also valid for n — n + 1 with the potential upnyy given in (2.19),41.

Proof. By the inductive hypothesis, ¢, obeys
(ia:t:g + d:. - 1"11(‘”))‘75"(1": k)=0 (225)
and the same equation is valid for I, g,, and f,,. Thus, by identity (1.23),
)
ia:ty d""ll ¢n($'l 1 Ty ’\1;-{—1)13;;(9;11 1 T2 k) = "'”,(‘bn.(a:: )‘n+l )) l""(.'ﬂ, k))!

~(kg+A, 19 Joo
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where the asymptotics (2.13) and (2.22) were taken into account. Analogously, from (2.4) we get
ia:te A7l+l (.'l:) > _M,(‘ﬁn(m) ’\n+l)’ ¢n(m) )‘n+l))' (2'26)

Theun, by (2.3) and (2.25)
(ia:l:z + 331 - u"+1($))g"+l($) =0 (227)

with the potential u,,,(z) defined as in (2.5). Now, by (2.6), (2.7), and (2.8) it is easy to check
that Fyyy, fny1, and ¢nqq solve (2.27).

Lemma 2.6. If under the assumplions of Lemma 2.1 statement 5 of Theorem 2.1 is fulfilled,
then statement G is velid forn =+ n + 1.

Proof. We have to demonstrate that x4 defined by (2.20) and (2.21) obeys integral cqua-
tion (1.17) with 1y given in (2.5). Since by Lemma 2.5 F, ;3 obeys differential equation (2.27), 3

A (i i o TP RS PR

< -

we can write
/dz' d, Golz — ', kYt (&)X (2, K) = fd:c' 8;,Go(z — ', k)(i6,; + 6:‘ — 2ik0y )Xng1 (2, k).

Taking into account that the derivative 0z, cancels the slowly decaying terms in the asymptotics
of the Green function, we can integrate by parts and then use (1.9). Thus,

z)
14 / dyl /dm’ alIIGO(yl T zlhz2 % le: k)un-i l(mI)Xu-{-l(zl) I")
—kgoo
x)
=144 / dyl 301Xn+l(yl: T3, k) =1+ Xn+1 (ml k) - Tl_li_l}}:sw Xn41 (x) k)
—kaoo
This proves the lemumna thanks to (2.13), (2.20), and (2.21). In the same way it is easy Lo show that
gu(x) and f,,(z, k) obey the corresponding homogeneous integral equation.
Proof of Theorem 2.1 now follows from Lemmas 2.1-2.6 by induction on n since thanks
to (2.9) the theorem is valid for n = 0.
Corollary 2.1. We have scalar products

/dzll 1‘;.(1:'1,22, k +p)Fn($'l7 Iz:’_‘) = 2776(7’): P € R; (228)

/dxl ,1(:"1,1:2,k+p)f,,(zl,zg,k) (2.29)

Proof. By means of (2.7), we have

Fo(@ k4 p)Foy (=, k) = F (x,k + p)F,(z, k)

Ty
. e
- A_-(—:L_) -/ dz,l ¢"(m”’mz’)‘ﬂ+l)Fvl(x'1|zZ)k+P)
ik ~(ka+Anp1n)o0
L]
P dz u (@), 29, Ay Fu(z), 20, k)|

(ko —Anp1a)o0
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BACKLUND AND DARBOUX TRANSFORMATIONS 51

It is easy to sec that the integral of the last term is equal to zero and, therefore,

/.da'll I;‘rl-}l(m,l?milt k + I)) Fn-l 1(.’1:,1,.'1:2' E) 5 /dxl (Tlxmzrk + P) (zh Ta, I“) (230)

which proves (2.28) thanks to (1.11) and (2.9). The sccond equality is derived analogously.

Corollary 2.2. [ (z,k) is an aenalylic funclion in the complez planc of k wilh possible
discontinuily on the real azis and poles at points k = Xj, i=1...,n.

Proof. Indeced, by definition (2.7), we sce that F,,4, inherits the analyticity of F,, and has an
additional discontinuity at kg = —\,,;19. Thanks to (2.7) and (2.28), (2.29), we have

Fogr (@, kg — i(Anpig +0)) = Iy i (2, by — i(Angrg — 0)) = 208(kg — Aam)opg (x).  (2.31)

Thus, I,41(2, k) has an additional pole at k = X, 4;,

" 10,4 (2 =
'1'1l+l (.'L', k) = ""E‘f—lixl‘(—) + 0(]), k —} ’\n—{»l' (2.32)
. n+l

Corollary 2.3. DBecause of (2.14) and (2.15),

n k ,\ 0(:i:kg,\jg)
An(E, k) ]’[ ( ) ; (2.33)

J

e, Ay (-, k) 5 an analytic Junction discontinuous on the real axis of k that has simple poles at
k= /\J, 3=1,.

Corollary 2.4. Let us introduce the transmission coefficients

sign kg Ao
an(k) = + k) H (’”— -'\-) : (2.34)
j=

Then, like in the onc-dimensional case,

a, (k)= lim x,(=, k) (2.35)

x1—~-+kgoo

This function is analytic in the upper and lower half-planes with a discontinuily on the real azis
and has simplc zeroes at points k= Xj; and k=X;,i=1,...,n.

Corollary 2.5. &, (z,k) is an analytic function in the complcx plane of k with possible
discontinuily on the real azis and

0(’\-:4 1 '\J‘\)
) . (2.36)

i < ' J,H.]('L i _n+l . ’\
(I'n-i-l (:1:, ’\u—{-l ) > 2/\’ . ’9 II - -\
i n ']

Proof follows from Corollaries 2.2 and 2.3 since the singularities of /7, (z, &) in the complex
plane arc compensated by normalization (2.20). Then (2.36) follows from (2.32).
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Corollary 2.6. Let the boundary values of ®,(z, k) and an(k) on the real azis be defined by
analogy with (1.13). Then for these values we have the relation

ot (z, k L 2l )
Fa(@k) _ e, 1) + [ @3 (2,0) 7ol b). (2.37)
ag (k)
(cf. (1.16)), where the continuous part of the spectral data is given by
" (k = A')(P“)—\-j) 6(>sa)
Fu(k,p) = F(k,p (——-’—— k,peR (2.38)
: \G=)e—>y)

Proof. For the boundary values of F,(z, k) on the real axis by analogy with (2.30) we derive

/dzl nl1(31132»k)Fn41(zI:$2)p) /d$| PT(xhxmk)F (xl!xmp)
=2n8(k — p), (2.39)

/dzl!n}l(xlixm ) ,”1(!31,322,])) /d11[‘+($|!$2)"')P (1’1:332:1’)

= 2 F(k,p) + 2n8(k — p), (2.40)
where (1.14) and (1.15) were used. Then (2.37) follows from definition (2.20) and (2.33).
3. RESOLUTION OF THE RECURSION RELATIONS
In order to resolve the recursion relations explicitly, we introduce
7y
Buw@ = [ s FELan A2, 7 0), (3.1)
—(AIQ’*"\mQ )°°
T
ek = [ del B (e, 2 k), (32)
—~(ka+An)oo
Ilm=12,...,
so that
Bl,m(x) e ﬂl(x; A"l) ~ ﬁm(x! ’\l) (3'3)
Let B, (z) denote the nxn matrix
Bﬂ.(z) . "Bl,m(z)"l,m:I....,n! (34)
and let us define the following row and two columns:
®(z) = (®(z, \), ..., B(z,A\,)), (3.5)
B(z, k) = (By(z, k), ... ,ﬁ"(z,k))T, (3.6)
. (T k) (’Yl ("‘), ‘ :')'n(k))T, (37)
where subscript T ineans transposition and v, (k) are certain given functions such that the matrix
Cn = "Cl,m"l.m=l,...,m ,m 7I(Am)s (3'8)

1999
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BACKLUND AND DARBOUX TRANSFORMATIONS 53

is Hermitian. Let us denote
A, () = C, + B, (z), (3.9)

that is also an Hermitian matrix by construction.

In order to formulate the conditions of regularity of the potential u,(z), we introduce also the
matrices

Cn(y) - "{cl,ml y)‘l‘J > 0) y’\mg > 0} ”l,m:l,...,m (3'10)

where y is a certain real parameter, in fact, its sign. The sizes of these matrices can be less than
nxn, since they are constructed by removing from the matrix C, those rows and columns that do
not obey the ineqgualities in (3.10). These matrices are Hermitian also and, if all rows and columns
are removed, we put det C,(y) = 1. Let also A,(y) denote a matrix with entries —i(A — Am) ™!
obeying Lhe same propertics as in (3.10). 1t is known that

n n N\ 9(9A‘g)9(ll'\,,.g)
det Au(y) == H(ZAI‘J)—B(IMIQ) H L—m (3'11)
=1 1, m=1 ’\l =y ’\"1
l#mn
In these terins we impose the following conditions on the constants ¢ m:
+C, () >0 (3.12)

and prove the following

Theorem 3.1. Let conditions (2.10), (2.11), and (3.12) be fulfilled. Then for enyn=1,2,...
and T

n ’
det A, (z) H Aig > 0, det Ap(z) =1, (3.13)

1=1

and the solutions of the recursion equations (2.5)-(2.9) are given by the following relalions:

det A, (x)

) = ——— 3.4
Anw) det A,,_,(z)’ (3.14)

1 Ay(z) Blz, k) .
c(x, k) = ————— ’ 3.5
Fale k) = G2 @) | 0(e) 0, b))’ (3.15)

1 Ay(z) (k) .
w k) = ——— |7 , 3.16
Lulw k) = Gy (o) o (3.16)

=1 An(x) Cn T .
T) = nl =(0,...,0,1)T, 3.17
0(2) = F4 A @) | #(z) 0 en = (0 ) (3.17)
up(z) = u(z) - 263, Indet A, (z), (3.18)

n=1,2,....
Moreoucr, for the constants ¢, in (2.4) we have the relation

(lc'. (;'ll-*-l (/\"_*_'g) (3. Ig)

T TG G prg)
where the matrices C,, (&) arc defined in (3.10).
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54 BOITI et al.

In order to prove that these relations resolve (2.5)-(2.9), we need to calculate all the integrals
involved. By (2.6), (3.15), and (3.16),

1

®(z) &(z, k)

so that
1

¢"($, Au-}-‘l) =3 det A,,(:z:) A"(Z) A.'"-H(m) (321)

(I)(x) ‘I’(IL‘, ’\n-H)

where we introduced the column
At,n-{-l (z) = (Al,n-{»-l (z)) cee )Au,n-i-l(z))T (322)

and used (3.3), (3.8), and (3.9) in order to write v,,(A+1) + B (2, Aut1) = Amntr(z). Let us also
introduce the malrix )

Tkl An(z) ')f(k) + B(z, k)
Ay (z, k) = (An-}-l,‘(x) By (z, k)

wlhere the row Apyy () is defined analogously to the column (3.22). Below, for any matrix A, we
denote by A™) (e same matrix with the removed Ith row and mth column, say,

(3.23)

AS’"‘)(% k) = "(An(m:k))i,j"i,j:l,....,n.' (324) “p

i#l, j#m

Lemma 3.1. Let Theovem 3.1 be valid for some n. Then

¢1|($l An-}-l)d’n(x: k) = 8=| W (3'25)

Proof. Thanks to notation (3.23), we can write the expansions of (3.21) and (3.20) with F
respect Lo the last row as ':4 i
i e e 1 "i\] LRI (km+1) 396 ‘;‘
¢u($:’\n+l) = A I L(_l) (1'(:1:, ’\];) det An+| (32, k)! ('3' ) P

det 4,,(z) /= £
5 f\ 4
1 = 41, +1,n+1 F
bz, k) = IA® &(‘U"““‘I’(w, A) det AL (2, k) + @ (z, k) det ATH " () o
(3.27) i, ‘
Then, taking into account (3.1), (3.3), (3.9), and (3.23), we get g
—— = ) o
<I’(:c, /\m)‘l’(:ﬁ, ’\l) = a::. (AYH-I("’:) k))m.l’ [<n, ‘1"
and o
(I)(x, ’\m)q)(x:k) = a=|(A"+l(xrk))"l.ﬂ+l' :
Thus,
e e S ot Oz A (2, K)), kb 1l ”
¢n(z’ ’\n-l-l)’ﬁu(mv k) - Z (_])L-” ldcl.z A (:B) . dc“ Afﬂ.-'ll i )(:E, "') dCt' Ag;l ' )(:l:, k)) ’_'
kl=1 n )
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BACKLUND AND DARBOUX TRANSFORMATIONS i)

and the statement of the lemma follows from the known property of determinants: If A,, n =
1,2,..., are nXn matrices depending on some parameter and such that for every n the matrix A,
occupices the upper left corner of matrix A4, then

nt1l
(det Apyr) det A, = (det Ap) det A,y = 3 (1) AL det ABTD gey ATIMD - (5.28)
k=1

where the primes denote the derivatives with respect to this paraincter.

Lemma 3.2. Let A, (2) be defined in (3.9). Then the leading asymplotic bchavior of its
determinant for |v1| — oo and xy fized is given by

2

n
det A, () = det C, (F) det A, (&) H "l + e PHTmiAje , 2, — Foo, (3.29)

1=1

where the matrices C,(F) and det A, () are defined in (3.10) and (3.11).
Proof. Let us introduce the nxn diagonal matrix
Dy(x) = diag{1 + e~ Hm-X1" (3.30)
i=1

Then, taking into account that, thanks to (1.5), (1.10), and (3.2),

=Rz N2 g (0 kY 5 1 =
' ihk) (3.31)
Om =i Wmag () L
' l(Al = ’\m)
for |z;] — oo, we derive
. —— ] . .
:1:1!-{)':200 Dy(z)  Au(2) Dy () = ay (), (3.32)
where the nxn matrices ay,(+) = ey (M m1,...n» @0 = 1, are defined by their entries
EDY o
ap(£) = 0(AgAg) (Cl,mg(:F’\l‘:f) + —;“\-*—‘L)?"L) . (3.33)
Z( [ m)

We sce that, duc to (3.33), only cntries (I, m) obeying condition AgA,,q > 0 can give nontrivial
limits. It is casy to notice that entries such that AgA,,q < 0 are decaying at least as ¢ Pnazil e
by (2.11) as the lowest exponential involved in the matrix A,,.

Taking into account the bluck structure of the matrix oy, (&), we get by (3.12)

det o, (£) = det C,,(F) det A, (%),

which gives (3.29).

Lemma 3.3. Let Theorem 3.1 be valid for some n and let Ay, ..., Apqyy obey (2.11). Then
Jor Apy1(x) defined in (2.4) we have equality (3.14),4y where the cocfficient cpy1,a41 of the matriz
Anga(z) s given by

C,,+1,u+| = Chpgaa -+ Cn-H,o (’\u—i-l“))c"r:.l(’\114-1‘3)00',114-1 (’\u-H‘J)' (3'34)

Here Crppro(Angag) and Cyq1(Miqig) ere the last row and column of Cy i (Myas). Morcover,
the matriz Ayqa(e) obeys property (3.13)541-
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Proof. In order to calculate the integral in (2.4) we use (3.21), 80 Ym(An41) = Gmpnyga. Then,
by Lemma 3.1,
P det A, ,(x)

Ga(@ Aus 1) Anga) = 8y 20

where we used the fact that in this case det Ayp1(z, Apt1) = det Apg1(z) — Cuging1 det Ay (z)

by (3.23). Then, by Lemma 3.2, the integral in (2.4) is convergent, and
A (:l:) = + det An+l(m) - det Cﬂ+1 (’\11-1-19) det Au+l (—’\n-H‘J)
i n+1 T Tdet A, (2) det C(Apyg)deb Ag(=2, 1 10)

By definition (3.11),
(3.35)

An-H(")‘n-HQ) B An(—)‘n-i-lﬂ);

thus, the determinants of A cancel out and (3.14),, 41 follows by (3.19). The latter one is equivalent
to (3.34) thanks to the known property of the determinants of bordered inatrices:

] C C. +1 -1 I/
det Cn Cn-:l.t Cﬂ+'l':vl+l = Cutimtl T C"'H"C" C'."-H' ('5'30)
In order to prove (3.13),,4.1, let us mention first that, by (3.10),
Cn+l(_Au+19) = Cn(—An-HB)' (3.37)
Seccond, let v be an arbitrary n-column and v,4y be an arbitrary complex scalar. Then
(3.38)

("':ﬁn-i-l)cn-bl n+1s)( i ) =wfcn(An-l-lQ)w"'|"1l+1|20n+1x
" .

where (3.19) was used in the last term and we denoted
w=v-+ vn»{-lCJI(AH-HQ)C-,WH(4\71—}-18)'

Thus, condition (3.12),41 for onc of the signs trivially follows from (3.37) and for the other sign
is equivalent Lo the condition ¢ A, 419 > 0, which, in its turn, by Theorem 2.1, is equivalent to
thie condition that A, 4y(x) has no zeroes on the z-plane and its sign is equal to the sign of A\, 419
Then, finally, (3.13),4.) follows from (3.14),4; and the proof of the lemma is completed.

Lemma 3.4. Let Theorem 3.1 be valid for some n and let Ay,...,Anyq obey (2.11). Then,
Jor gug1(z) defined in (2.3), we have equality (3.17)541.

Proof. By (2.3), (3.14), and (3.21),

1

—__ h AN A"(:B) A'!"’ l(m)
In1(T) = det A, (x) 3

d’(z) d)(:r:, ’\n+l)

(3.39)

that is nothing clse but (3.17),41 expanded with respect to the last column.
Lemma 3.5. lLet Theorem 3.1 be valid for some n and let Ay, ..., Apqy obey (2.11). Then,

Jor Iy p1(2z) defined in (2.7), we have equalily (3.15)n41.
We need to calculate the integral with /4, in (2.7). Thus, in order to use (3.25), we

Proof.
choose all y(k) equal to zero in (3.20) and, respectively, in (3.23). Then from Lemma 3.1 we get
zy
det A, (5,249, k) )
Fn-H(m! L) = F',,(z:, A‘) = gn-l-l(x) dg‘l 6 '. detn;n(z’l, $2) . (‘540)

"(kil""\u-{- lﬁ)m
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BACKLUND AND DARBOUX TRANSFORMATIONS 57
By property (3.36), cquations (3.23) and (3.30) imply that

det An+l(z) k)
det A, (z)

Crp1y + Bn-l l,l(m) ﬂn(x: k) _-1 1 V(. =
1 4 e-ihm=irz2 ] c"7'.\'-'$l4";\?..m2 (D" ()4, (@)Dn (a))

. ﬁu+l(mxk) - Z

=1 L

We consider the limit y = —(kg + Apg1g)00 of the r.hs. Thanks to the asymptotics (3.31), the
first term goes to zero. By Lemma 3.2, the matrix (_D,:IA,,D;')" has a finite and nonzero limit.
The entries of this matrix corresponding to AigA,g < 0 exponentially decay as g~ PAnamil (see the
proof for the inverse matrix in Lemma 3.2). Then, for the asymptotics of G,,(x, k), we can wrile
efsTt = glkatAnii0)z1g=Aut10%1 where the first factor decays by the sign of infinity, and the second
factor is majorized by some of the decaying exponents by virtue of condition (2.11).

Now by means of (3.15), and (3.39) we get from (3.40) that

An(z)  Z(z,k)
Q_’(a,) Zn4y 1(:1.‘, "')

N 1
I'u-l-l(xv k) =

T det A, () det A, (x) J (3.41)

where we introduced the column Z = (zy,. .. ,z,,)"‘ and the entry z,4. as follows:
A, (z) B(z, k)
A,H_]‘,(:l:) ﬁn-}-l(m)k)

Au(m) ﬁ("’: L‘) .
An{ l,w(m) ﬂn-{-l(m: k‘)

By means of (3.23) with v(k) = 0, this can be rewritten as

7 = ﬁ('l,,k) det A".*_l(m) - Ao,n-l l(J‘)

Zntl (]}(z, k) det Au+l ("U) - (I'(:") ’\u-H)

Zi = (An + 2(‘7‘1 k))j,ﬂ+2 det AS:}I‘ZZ,n-{-?) (.’l:, k) o (An 1 2("‘:) k))j,n-l 1 det AS::-ZZ'".H)(Q;’ k),

Zupr = (2, k) det AL (2, k) — @(z, A,y 4,) det AT (2, k).

We see that the determinant in (3.41) is unchanged if all z1,.. ., 2,41 arc replaced with

n+2 ,
= S (=1 Az, k) det AL (e k), k=1,
=1 ‘
n+1 ,
Fgr = B, k) det AP (5 kY 4 37 (=) (e, 2) det AT (2, 8),
=1

as all additional teris arc just columns proportional to some other columns of the determinant
in (3.41). On the other hand, zj for j = 1,...,n are eqnal to the determinants of the matrix
Anao(z, k) with the row n+ 2 replaced by the jth row of the same natrix. So, all of them are equal
to zero, and thus the determinant in (3.41) is equal Lo Zpqy det A, (x). On the other hand, z,4) is
the expansion of the determinant in (3.15),.41 with respect to the last row. The lemma is proved.

Lemma 3.6. lLel Theorem 3.1 be valid for some n and let Ay, ..., My obey (2.11). Then for
Fuir(z) defined in (2.8) we have eguality (3.16)y,41.

Proof. We nced to caleulate the integral with f, in (2.8). Thus, we have to replace f(x, k)
and @ (z, k) with zeros in the last columm in (3.20). Correspondingly, Lemma 3.1 must be applied
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58 BOITI et al.

with the matrix Anyi(z, k) (3.23) with only y-terms in the last column and zero on the bottom
place. Using the same consideration as in Lemma 3.5, we prove that, for such matrix An4i(z, k),
the limit of det A,41(z, k) det A;!(z) for 7y » ~A,41900 is finite, and then the integral in (2.8)
is convergent. Continuing in this way, we prove (3.16),.4; and get a relation between Bp41(k) and
Tn+1(k). We omit these details since the solutions fr(z,&) are not used in what follows.

Proof of Theorem 3.1 follows by induction on the basis of the lemmas proved above if
we notice that, for n = 1, the formulation of the theorem coincides with relations (2.3)-(2.8) for
n = 0 if we take into account (2.9) and condition (2.12) for n = 1. Similarly, equation (3.18)n41
follows from (2.5) and (3.18),, thanks to (3.14),4., i.e., thanks to Lemma 3.3. Let us emphasize
that the reality and regularity of the potentials u,, for all n arc equivalent to the conditions that
the matrices C, are Hermitian and obey property (3.12). These properties are independent of the
original potential u(z), so they coincide with the conditions given in [22], where the nondiagonal
matrix C, was inlroduced for the first time for the case u(z) =0

Carollary 3.1.

R PO LI L
ARG e B2 AN, 5

n
‘I)"(Z, ’\m) = Z dl,m(bu(z) ’\l)u (342)
=1
where we introduced the constants
T 8 Mar;a) 8(~Amarja)
AN=A (AL ()Y A :
dj o = 2¢ n X =i (-’-“————) . (3.43)
I, i,m lQJII_l (/\ "A ) J_II] A,n...AJ.
J#l

Proof. Taking (1.11) into account, we use (3.2) and (3.6) in (3.15) in order to write

2 ik

Foy(w by — g +10) = 1y, (3, ky — idg — 10) = =2nd(kg — Mg)py(z), 1=1,...,m,

where, by analogy with (3.17), we introduced

-1 An(m) ¢ «
) = BRI 3.44
wile) = 57 A(7) | #(z) o (3.44)
where ¢, = (0,...,0,1,0,. ,0)T is a column with 1 in the Ith place only. Thus, as we alrcady

know from Corollary 2.2, I‘,, ho.s poles at points k = A;, and

res 'F‘ﬂ(z)k) - "'i')ol(x)'
’::A'

Then, by (2.20) and Corollary 2.3

(Mg A )

: T wix) v (M- '\

dJ ) = .

’"(.’l:, l) 2’\[0; JII] (’\l i /\
Jj#l

On the other hand, dircctly by (3.15), again taking inlo account (2.20) and Corollary 2.3, we have

A - X 0("Am‘3/\j3)

m ;

"(’B ’\m)"'z('lmWI(T)H (/\ _‘/\J) ) i
i=1 ij=1 m J b

which proves the statement.
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This corollary completes the formulation of the inverse problem for the Jost solution @, since
its discontinuity on the real axis was given by Corollary 2.6.

Corollary 3.2. Condition (2.11) for the final formulas (3.15) and (3.18) can be omilted.

Proof. Indeed, this condition was relevant only for the proof of the fact that these forinulas
obey the recursion procedure of Theorem 2.1. On the other hand, equations (3.12), (3.15),
and (3.18) are invariant under any permutation of A;’s obeying (2.10).

4. PROPERTIES OF POTENTIALS

We proved that potentials given by (3.18) are real and regular and these propertics are equivalent
to the Hermiticity of the matrix Cy, defined in (3.8) and conditions (3.12). Here we demonstrate
that these potentials belong to the class (1.2). For this purpose, we have to study their asymptotic
behavior when zy is replaced with 2 — 2pa9 and x3 — 0o, where z is fixed and jt is a parameter
determining the direction of asyinptotics on the z-plane. In the same way as in Lemma 3.2, it is
easy to prove that the leading term of the potential is decaying for all o # Aig, ..., Aag. Let now
1t be equal to some Ajgx. Taking into account that the original potential is rapidly decaying, we
have, by (3.18), the following expression for the corresponding limit:

mgil}}’ou,,(:r,, — 2\ jpy, Tp) = ~2 T!I_!;éo gz, Indet A, (2, — 2)jmits, Tp). (4.1)

By analogy with Lemina 3.2, we introduce the diagonal matrix

L . L . 2 . 2
I.‘l.m = 61.11»‘51.]" + Jl,m(] . 61,.1') (1 te peniRAT R 1'\j9¢z’) ’

Tt is obvious that we can replace matrix A, with the matrix -l_’—lA,,l“"1 in (4:1) without changing
the value of Lhe limit. In what follows we denote the trausformations of the matrix A, that do not
alfect the limit (4.1) by the sign ~. Let us introduce, by analogy with (3.33), the (n—1) x (n — 1)
matrix

(Y(j, :{:) v "(rl,m(jx i)”l,vn:l,...,n, Linyjs (42)
(7, &) = 0 F Mg (i — r))0(F A g (Ang — Ajr))

0(:1:’\18(’\[5? =5 /\jm))o(:{:’\m‘\?()‘mm N )‘.’i!}?)) 4
A ) . (4.3
7‘(’\1 s ’\m)

‘T'his matrix has a block structure, and, by analogy with (3.10)-(3.11), we introduce

Ci,22) = H{epml Mo (Mim = M)z > 0, Apg(Aum — Ajp)z, > 0}, (4.4)
A(j)a;?) = "{—-'l.(:\-, - ’\m)_ll A19(’\1“12 - ’\j!R)g"Z >0, ’\mil‘(’\m.‘ﬂ N )‘jsa)’l‘z > 0}”1 (4'5)

lm=1,...,n, lym# j,
and again we set the determinant of a matrix that has no cntries equal to 1. Then

det a(j, ) = det C(j, F) det A(F, ).
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For A(j, &), we explicitly have

det A(j,+) = H(2,\lg)~9(i/\m('\m~ %))

=

]

8L Ara (Mm—2))B(EAma {(Amr—A;R))

’

(4.6)

I#m, l,m#j

and, thanks to the condition (3.12) of regularity, det (4, ) 5 0. Dividing det(F—'lA,,l""l) by det o
and using the property (3.36) and asymptotics (3.31), we get

:hl.i"lzrhlm0 det A, (z) — 2)\jpT,, T,)

2'\1931 et A
=6+ % Z ¢ 0(F o Mm — Ajm)) + —='———9(=*:'\19()\m Ajw))
2/\ R =1 (’\ )
l,m#j
- : c—-i/\JIl
X (a(4,£)7 )im |em O F Ang(Amm — Ajw)) + 7—=0(FAna Omm = Ai0))| -
"(’\m . ’\J)

Thanks to (4.2) and (4.3), the elements of the matrix (@~!); ,, are proportional to the corresponding
O-functions. Then, taking (4.4) and (4.5) into account, we can write

:rglj)lgoo det A (zy — 25T, T5)

n
=6y Z cj,’o(:F’\’Q(’\l-‘R . ’\jR))(C(j’ :F)—l)l,mcm.jo(:F’\m‘J()‘mm u ’\jSR))
lhin=1
Lan#j
+ ePom B Z e(i’\ls(/\m Ajg)) (AG,£)), o(it'\mgl(/\mm = Ain))
9 lin=1 ’\l) , " Ay - ’\J')

Lin#j

Let us introduce now the matricés (4, #) constructed by removing from the matrix Cy, = |lcml|
all rows and columns with numbers I # j such that £X\g(Mm — Ajg) < 0. Let the matrix A(F, £)
be the same as C(j, +) with ¢y, replaced by —i(A\ — ;) !, Then, again by (3.36), we get

et CU,F) | arom det AG, £)

det A"(ﬂtl - 2/\1-3?222,222) o~ det C(], IF) m

By virtue of (4.6),

(lctx(j, +) . R N— '\J' M D) (4 7)
det A, £) — 2Mq i [N = ’ ‘ ;
75 o
and, using (4.1), we finally obtain
"l
2] %
ml_lm un(T) — 2Ajp%0, Tp) = coshz(/\jgrjc? el (4.8) "%
Iy
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where
det C(j, F) det A(g, %)
det C(j, F) det A(j, %)

This proves that the poteuntials constructed by means of the binary Bicklund transforimations
indeed give nontrivial examples of the class (1.2) since they are not decaying along the dircctions
z) + 2Xjgz2 = const. The two rays belonging to one direction are mutually shifted by

it =

JT detC:'(j, +)det C(5, =) 7 [Aim = Al — l:(’\jg sign(Am — Ajw) — gl [*
det C'(5, =) det G5, +) 1= |/\j§e - Azl — 1('\,'9 sign( Mg — Ajw) + Aol |
1#

(4.9)

where we used (4.7).

Our consideration was done under the assumption that );’s are in a generic situation, in
particular, that their real parts ave all different. In the situation when, say, Ajg = A, the
limit in (4.1) does not exist (for a generic matrix Cp,) since there are oscillating terms for large .
Therefore, in this case, the potential does not belong to the class (1.2).

Here we considered only the leading asymptotic behavior of the potentials u,(z). More detailed
investigation perforined in [5] for the case n = 1 shows that, even in this simple situation, the
asymptotic behavior gets some rational corrections in the higher terms. Moreover, these corrections
depend on the sign of Ayq if the original potential u(z) is nontrivial. This dependence on the signs
of the imaginary parts of Aj’s is also obvious here. Indeed, the formulation of the inverse problem
in (2.37) involves the spectral data F,(k,p) that include only Aj’s with positive imaginary parts.
Such dependence of the potential on these signs is a specific two-dimensional feature and, just
as the nondiagonal matrix in (3.42), it has no analogue in the onc-diinensional case. We plan to
discuss these aspects in more detail in a forthcoming publication.
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