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1. INTRODUCTION

A specific feature of (2 + 1)-dimensional integrable equations is that they can be considered
as generalizations of (1 + 1)-dimensional integrable equations. Thus, the Kadomtsev-Petviashvili
equation [1-3], in both its versions KPI and KPII, is known to be a (24 1)-dimensional generalization
of the Korteweg—de Vries (KdV) equation. Moreover, the KP equation admits solutions that behave
at the space infinity like solutions of the KdV equation. It is necessary to emphasize that such
embedding of one-dimensional objects in two space dimensions is not a pure mathematical trick but
has an essential physical relevance. Indeed, the KP equation was derived in 1] from the equations
of the classical water wave problem (for an inviscid, incompressible, homogeneous fluid subject to a
constant gravitational force) under the assumption of small amplitude and weak dispersion as well
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SPECTRAL THEORY OF THE NONSTATIONARY SCHRODINGER EQUATION 7

as under the hypothesis of small transverse variation of the wave motion. In the leading order, the
resulting equation is linear, nondispersive, and one-dimensional. When the perturbation expansion
is continued to the second order, the equation acquires inhomogeneous terms that represent weak
nonlinearity, weak dispersion, and weak “two-dimensionality.” Therefore, from the physical point
of view, the KP equation must be considered to describe small two-dimensional perturbations of
one-dimensional waves. In spite of the physical relevance of this fact, a general theory of the KP
equation, including one-dimensional solutions, is far from being complete, as is also the case for
other (2 + 1)-dimensional equations. This is due to the fact that the standard approach (see [4-8])
was developed for solutions that rapidly decay at the space infinity and, therefore, is not applicable
to this case (see, e.g., [9]). Thus, the theory of the inverse scattering transform (IST) method for
the related spectral problems (nonstationary Schrédinger and heat equations) must be extended to
the “nonscattering” case of potentials that do not decay in some space directions and, therefore, to
a case that inherits the properties of the Sturm-Liouville problem, which is the spectral problem
for the underlying KdV equation.

In [9-18}, a method called an extended resolvent approach was proposed as a way for constructing
such a generalization of the IST. In particular, in [16-18), it was shown that this method, on the
one hand, unifies all the known approaches to the IST techniques such as dressing transformations,
nonlocal Riemann-~Hilbert problems, 8-method, etc., and, on the other hand, enables one to consider
operators of more generic type, say, with nontrivial asymptotic behavior at the space infinity.

In the present article, the extended resolvent approach is applied to the nonstationary Schrédin-
ger operator

C(I,ax) . ia:x:g + 33, ~ u’(z)a = (11112)) (11)

which is the linear problem associated with KPI [1]:

(u, — 6uu,, + uzxzxrl):, = 3uy,,,. (1.2)

The integrability of this equation was established a long time ago in [2, 3], and the IST for the case
of rapidly decaying potentials was developed in [4-8]. At the same time, as we mentioned above, if
u)(t, z1) obeys the KdV equation, then

u(t, Ty, 29) = vy (t, 7, + pzo + 3u’t) (1.3)

solves (1.2) for an arbitrary constant u € R. This confirms that a natural class of solutions of
KPI should include solutions that do not asymptotically decay in all directions on the z-plane but
have one-dimensional rays with behavior of the type (1.3). Consequently, one has to consider a
corresponding class of potentials u in (1.1). The basic example of such potentials is given by

u(z) = uy(z,) + us(z), (1.4)

where u)(z;) and ua(z) are rapidly decaying functions of their arguments. In this case, we have
two rays or, more exactly, a line direction along which the potential u does not decay at the space
infinity but goes to a finite one-dimensional limit potential of the form (1.3) with g = 0. The latter
is not a limitation since the generic case is reconstructed by means of the Galileo invariance of (1.2),
according to which if u(t, z) is a solution of KPI, then

u(t.ry.ra) = u(t.7) + pxo + 3t 10 + 6ut) (1.5)

also obeys the same equation.
The spectral theory for the simplest case of potentials (1.4), where u;(z;) is the zero-time value
of the one-soliton solution of the KdV equation, was developed in [19]). There, the direct problem was
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8 M. BOITI et ol

studied by using a modified integral equation for the Jost solution, i.e., an equation that involves, as
a background solution, the Jost solution of the one-soliton potential and the corresponding Green's
function. It was shown that the Jost solution, in addition to the standard jump across the real
axis of the complex plane of the spectral parameter k, also has a jump across a segment of the
imaginary k-axis. In [19], an appropriately modified formulation of the direct and inverse problems
was developed, even though some essential properties of the Jost solutions and relations between
spectral data were stated without proof. The reason was that a technique based on the Jost solutions
alone is not sufficient for studying these properties and especially for investigating relations between
spectral data. This gap was filled in |18}, where the problem was completely solved in the framework
of the extended resolvent approach.

In the present article, we extend the results of [18] to the case of a generic (real, smooth, and
rapidly decaying) one-dimensional potential u;. The outline of the article is as follows. In Section 2,
we present the basic notions of the resolvent approach and refer to [16-18] for additional details.
In particular, we demonstrate that, in this framework, one can easily derive the known results for
operator (1.1) with decaying potentials. In Section 3, we ccnsider the embedding of the pure one-
dimensional case, i.e., the case uz(z) = 0in (1.4), in the theory of the two-dimensional operator (1.1).
We derive the corresponding resolvent and Green’s functions and describe their properties. In
Section 4, we apply these results to the study of the resolvent, Green’s functions, and Jost solutions
of the operator (1.1) with a generic potential u(z) as given in (1.4). In particular, in Subsection 4.3,
we show that in order to describe the discontinuity of the Jost solutions on the imaginary axis, it is
necessary to introduce an additional set of solutions, which we call auxiliary Jost solutions. Relations
between these auxiliary solutions and the Jost ones are given in Subsection 4.3.3. This study enables
us to derive in Subsection 4.3.4 a bilinear representation for the extended resolvent, the Green’s
function, and the advanced/retarded Green’s functions. Relations between these Green’s functions
are given in Subsection 4.4. In Subsection 4.5, we derive relations between the Jost solutions on
the real axis and the advanced/retarded solutions and introduce the corresponding spectral data.
We present the properties of these spectral data and derive characterization equations for them. In
Section 5, we summarize the main aspects of the spectral theory developed in the framework of the
extended resolvent approach.

2. BASIC OBJECTS OF THE EXTENDED RESOLVENT APPROACH

2.1. Extension of differential operators and a resolvent. Let A = A(z, 8:) denote a
differential operator

A@,8:) =Y an(@)82,  z=(21,z5), n=(n1,m) €N, (2.1.1)

where a,(z) are smooth bounded functions of z, and let us call

Az, 0 +9) = an(2)@, +9)",  g=(g1.q) € R?, (21.2)

its eztension. It is convenient to consider these operators as integral ones with the respective kernels
Az, z') = A(z, 8,)6(z — ') (2.1.3)

and
Az, 2" q) = A(2.9, + q)é(x — 2") = eI A(z. 7). (2.1.4)

where 8(z) = 8(z))d(z2) is the two-dimensional é-function and T = q)T) + ¢2T1.
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SPECTRAL THEORY OF THE NONSTATIONARY SCHRODINGER EQUATION 9

Below, we consider a space of operators A(g) whose kernels A(z,z’; ) belong to the space S’
of tempered distributions of the six real variables z, z’, and q. The differential operators of the
kind (2.1.3) and their extensions defined in (2.1.4) form a subclass of these operators. In this space,
we define a composition (AB)(q) of two generic (not necessarily differentiable) operators A(q) and
B(g) with kernels A(z,z’; q) and B(z,z’;q) in a standard way as

(AB)(z,2';q) = / dz" A(z, 2", q) B(z", 2';q). (2.1.5)

Since the kernels are distributions, this composition is neither necessarily defined for all pairs of
operators nor necessarily associative. On the space of these distributions, we define the operation
of Hermitian conjugation A! as

Al(z,2';q) = A(@’, 7;—q), (2.1.6)

where the bar denotes complex conjugation and, in the case of matrix operators, the matrix on the
right-hand side must be transposed. An operator A may possess a right and/or left inverse in the
sense of the composition law (2.1.5), say, AA~! = I and/or A~'A = I, where I is the unit operator

in &',
I(z,z';q) = §(z — z'). (2.1.7)
With any operator A(g) with kernel A(z,z';q), we associate its “hat kernel”
A(z,z';q) = 1) A(z, 2'; q). (21.8)

In general, such objects do not belong to the space S’ (R®); however, one cen still use their compo-
sition relation

(AB)(z,z';q) =/d-’c" A(z,z";9) B(z",2'; ) (2.1.9)

derived from (2.1.5). Notice that for any differential operator A(z, 0;) with a kernel A(z,z'),
operation (2.1.8) is just the inversion of the extension procedure (2.1.4); therefore, in this case,
A(z,z';9) = A(z,z'). Moreover, for any differential operator A(g) and an arbitrary operator B(g),
we have

(AB)(z,7';q) = A(z,8,)B(z,2'; q),

I . (2.1.10)
(BA)(z,2';q) = A%(<',8,,)B(z,z';9),
where A9 is the operator dual to A. In what follows, we will use the notation
AB=AB, BA=B2A (2.1.11)

for equalities of this type.

2.2. Resolvent approach in the case of a rapidly decaying potential.

2.2.1. Definition of the resolvent. In this subsection, we shortly describe the basic aspects of
the resolvent approach as applied to the nonstationary Schrodinger operator (1.1) with a rapidly
decaying potential u(z). An extension L(g) of the operator £(z, 0:) in (1.1) is given by

L(g) = Ly(g) - U. (2.2.1)
where the bare operator Lg has the kernel
Lo(x,2":9) = [i(0,, + 92) + (8;, + 9,)%)é(z - =) (2.2.2)

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 251 2005
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10 M. BOITI et al

and U is a multiplication operator with the kernel
U(z, 7', q) = u(z)é(z — z'), (2.2.3)

which is independent of q. Below, we always assume that u(z) is real, which, by (2.1.6), is equivalent

to the requirement that
L'=1L. (2.2.4)

The main object of our approach is the extended resolvent M(g) of the operator L(g), which is
defined as the inverse of the operator L; that is, M satisfies

LM =ML=1. (2.2.5)
In order to make such inversion uniquely defined, we impose a condition that the composition
M(g+s)M(q), seR? . (2.2.6)

is 2 bounded function of s in the vicinity of s = 0.
Under the assumption that M exists and is unique, for a real potential u(z), conditions (2.2.4)
and (2.2.5) imply that the resolvent is self-adjoint in the sense of (2.1.6):

Mt =M. (2.2.7)

From (2.2.5), one can also derive that M obeys the asymptotics
il e s
M(q) = Saihee ) g2— oo (2.2.8)

Given the resolvent M of L and the resolvent M’ of another operator L’ of the type (1.1), one can
immediately derive from (2.2.5) the following analog of the Hilbert identity under the assumption

of associativity:
M —-M=-M(L-L)M. (2.2.9)

This identity plays a crucial role in the whole theory, as will be shown below and as was already
shown, in particular, in [16-18].
In the case of the bare operator Ly defined in (2.2.2), the extended resolvent Mp is given by

My(z, ' ! dpe =) 2.2.10
olz, 7, q) = @n)? /p2 Fip—(riag: PT (p1,p2). (2.2.10)

Notice that condition (2.2.6) guarantees the uniqueness of Mg since it prevents the addition of left
and right annihilators of Lg like, for instance, 8§(Lo) to M, in (2.2.10). After integration on the
right-hand side of (2.2.10) with respect to py, we get

— 1
My(z,z',q) = 7t / dky [6(z5 — 75) — 8(€ra(k) — ¢2)] Doz, k) ¥(z', k) (2.2.11)
ka=q)
for the hat kernel. Here we denoted

Po(z, k) = k)T Wo(z. k) = etk (2.2.12)

where £ 1s the two-component vector
£(k) = (k,k?) (2.2.13)

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol 251 2005
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SPECTRAL THEORY OF THE NONSTATIONARY SCHRODINGER EQUATION 11

and k = kg + ikg € C. In what follows, the complex (one-dimensional) parameter k will play the
role of a spectral parameter. Here and in what follows, we use boldface letters to denote complex
variables, preserving nonbold letters (like k) for their real parts; for example,

k = kg. (2.2.14)

Notice that unlike the hat kernel of the differential operator Lg, the hat kernel of its inverse non-

trivially depends on the parameter q.
The functions ®o(z, k) and ¥o(z, k), which naturally appeared in (2.2.11), satisfy the differential

equations
Lo(z,8,)Po(z, k) = (i8,, + 82, ) ®o(z, k) = 0, (2.2.15)

L3(z,8;)Vo(z, k) = (—i8,, + 62,) Uo(z, k) = 0; (2.2.16)

i.e., they provide a solution to thc nonstationary Schrédinger equation and its dual in the case of
zero potential. Thus, they can be considered as the Jost solutions for this trivial case. Notice also

that they obey the conjugation property
By(z, k) = (., k). (2.2.17)
Using notation (2.1.11), we can rewrite equation (2.2.5) in this case as
LoMy(g) = Mo(q) Lo = I, (2.218)

which shows that the hat version of the extended resolvent My(q) is a two-parametric set of Green’s
functions of (1.1) and its dual. By analogy with these notations, we rewrite (2.2.15) and (2.2.16) as

Lodo(k) =0,  o(k)Z, =0, (2.2.19)

considering ®o(k) and Wo(k) as a “vector” and a “covector” with “components” labeled by the

variable z.
By (2.2.11), one can directly verify that for g # 0,

aAaJo(q) e / dig & 6(Lye (K) = g5) Bo(K) ® To(K), s o)
i Wks=q:
aM,
622(Q) = % / dky 6(Lg (k) — g5) Po(k) ® To(k), (2.2.21)
ke=q

where, according to the “vector” interpretation of the Jost solutions, the direct product is defined
in the standard way as an operator with the kernel

((I’o(k) @ \I’Q(k)) (.'1:, I/) = Pz, k)\l’o(:z:', k). (2.2.22)

2.2.2. Resolvent and the Hilbert identity. The resolvent of the dressed operator L (2.2.1) sat-
isfying condition (2.2.6) can also be defined as a solution of the integral equations

M =M+ MgUM, M = My+ MUM,, (2.2.23)

which imply that A/ is the left and right inverse of L. Here we do not investigate the problem of
finding necessary and sufficient conditions for the existence and uniqueness of a common solution

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 231 2005
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12 M. BOITI et al

to both integral equations. It has already been shown (see, in particular, [16-18]) that under
the assumption that equality (2.2.23) holds in the case of decaying potentials u(z), one can use the
Hilbert identity (2.2.9) for studying the properties of the resolvent and its reductions such as Green'’s
functions, Jost solutions, and spectral data, and, finally, for deriving a bilinear expression for M in
terms of the Jost solutions (see Subsection 2.2.4, where this result is briefly reported for further use).
Then, thanks to the known results (see [8]) on the existence and uniqueness of the Jost solutions
in the case of potentials satisfying a small-norm assumption, this bilinear representation proves the
existence and uniqueness of the resolvent under the same conditions. In this paper, we face the
problem of constructing the resolvent in the case of 2 much wider class of potentials, specifically,
for the class given in (1.4), which does not satisfy any small-norm condition. Nevertheless, we show
in Section 3 that the extended resolvent exists in this case, although the standard integral equation
for the Jost solutions becomes senseless.

As the first example of using the Hilbert identity, let us choose U’ = U and let L = L(g) and

= L(q'). Then (2.2.9) can be rewritten as

M(¢') = M(q) = —M(¢)(Lo(g) - Lo(@)M(q) (2.2.24)
or, in view of (2.2.5), as
M(q") — M(g) = M(q')Lo(q")(Mo(q") — Mo(g))Lo(g)M (). (2.2.25)

Then, using notation (2.1.11), we have

OM(9) _ 57\ OMo(g) = = W
T - (q) a;J M( )i J= 1a21 (2226)

and using (2.2.20) and (2.2.21) on the right-hand side, we get

3"‘92 (I‘Y) -1 / dkg K 6(£35(K) — g2) B(K) ® T (K), (2.2.27)
ka=q
azg @ _ L [ e (e (k) — g2) (k) ® ¥(K) (2.2.28)
q, 27r1.k
9=q

for q; # 0, where we introduced a “vector” ®(k) and a “covector” ¥(k) defined as
®(k) = G(k) Cod)o(k) (2.2.29)
(k) = To(k)EoG(K), (2:2.30)

where G(k) is a specific value of the resolvent itself:

G(k) = M(a)] .y 0 (2.2.31)

Note that one explicitly has
(2 k) = /(IJ" (L. 0 )G (. ! k))do(z'. kj, (2.2.32)
v(z' k) = /d:c Vo(z. k) Lo(z.8:) G(z. 2, k), (2.2.33)
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SPECTRAL THEORY OF THE NONSTATIONARY SCHRODINGER EQUATION 13

with
G(z,z' . k) = M(z,z; Q)|q=£g(k) = 1\7(:1:, z'; kg, 2kgkg). (2.2.34)

In view of (2.2.10), the kernel Mo(z, z’; q) is a tempered distribution in z and z’ and a continuous
function for all values of ¢ except ¢ = 0, where it is discontinuous. Therefore, this point should be
considered separately. For this purpose, we introduce specific notations for the following limits of

the resolvent at this point:
Gi(z,z') = lim lim M(z,2';q), (2.2.35)
g2—%0 q1—0

where the limit ¢ — 0 is independent of the sign. Expressing the Hilbert identity (2.2.25) in terms
of the hat kernels (2.1.8) of the resolvent and passing to the above limits, we get

G, = G_ =Gy Lo(Go,+ — Go,- ) oG- (2.2.36)

Here Gp . is defined in terms of My in (2.2.11) by analogy with (2.2.35); using notation (2.2.14)
for kg, we have

Go.u(z,z') = M / dk ®o(z, k) o(z', k), (2.2.37)
so that
Gosp~Go = ’2% / dk B, (k) ® Tg(k). (2.2.38)

Inserting this relation into the right-hand side of (2.2.36), we derive the equality
1
G, —-G_= Py /dk D, (k) ® V(k), (2.2.39)

where, by analogy with (2.2.29) and (2.2.30), the functions ®.(z, k) and ¥ (z, k) are defined with
the use of the same notation as

By (k) = Ga LoBo(k),  Wu(k) = o(k)LoGu (2.2.40)

Next, we consider in detail the properties of all the objects introduced so far: G(k), ®(k), ¥(k),
G+, ®+(k), and V4 (k).

2.2.3. Properties of the Green's function. In view of (2.1.11), it is clear that G(k) defined
in (2.2.31) is a Green’s function of the operator £ and depends on the complex parameter k,

C G(k) = g(k).C = F (2.2.41)
By virtue of (2.2.7) and (2.2.34), i.e., since u(z) is real, we have
G(z,z',k) = G(z', T, k). (2.2.42)

Applying reduction (2.2.34) to equalities (2.2.23), we find that this function satisfies the integral
equations

G(k) = Go(k) + Go(K)UG(k),  G(k) = Go(k) + G(k)UGy(k), (2.2.43)

where the Gieen’s function Go(k) of the operator Lo is defined by the general formula (2.2.31) in
terms of Afy and. by virtue of (2.2.11). equals

Golz, ,) = = [ dp [0z, — 23) = Olkop)] Bola,p+ KV o(a',p + ). (2.2.49)
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14 M. BOITI et al.

Using (2.2.43), we can verify that the function

G(z,z', k) = 0N==2Vg(z 2/ k) (2.2.45)

is a bounded function of its arguments and that

lim G(z,z',k) =0 (2.2.46)
k—oo

if the potential u(z) decays sufficiently rapidly. This also follows from (2.2.8) if we take into account

the definition of the hat kernel in (2.1.8) and equalities (2.2.13) and (2.2.34).
The function G(z,z’,k) is a continuously differentiable function of k in the whole complex

plane C except the real axis kg = 0. By (2.2.27) and (2.2.28), for kg # 0 we have

9G(k) _ sgnkg

aG(k) sgnk
oy = om ROUK),  H =R 2(k) ® U(k), (2.2.47)

kg

so that this Green’s function is analytic in the complex domain,

8G(k) _
=0 kg #0, (2.2.48)

and discontinuous on the real axis.
The properties of the functions G4 (z, ') in (2.2.35) follow from the properties of the resolvent.

They are Green'’s functions of operator (1.1) and its dual; i.e.,
LG, =G, C=1 (2.2.49)

They are referred to as advanced (+) and retarded (—) Green's functions. They obey the conjugation
property

g:{:(zrxl) = g.—,:(zly z) (2.2.50)
and the integral equations
Gr =00+ +Go+UGy, Gi=Gos+G.UGpy, (2.2.51)

where Go + is given in (2.2.37).
The limiting values of the Green’s function G(k) on the real axis must be close, in a sense, to
the advanced/retarded Green’s functions G.. Indeed, introducing the notation

GE(z,2' k) = G(z,2', k +i0), keR, (2.2.52)
we can see by (2.2.34) that they are given by the following limits of the resolvent:

GE(z,z' k) = Jim_ M(z,z'; +e, +2ke); (2.2.53)

thus. like G, in (2.2.35). they correspond to some limit of ﬁ(q) at ¢ = 0. As we mentioned when
discussing (2.2.35), the resolvent is discontinuous at this point: therefore. these limits are different
in general. I [16]. we showed that the study of this discontinuity leads to the definition of spectral
data. In Subsection 2.2.5, we shortly demonstrate this in a simple case of a decaying potential as a
guide to the essentially more complicated case of potentials of the form (1.4).
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SPECTRAL THEORY OF THE NONSTATIONARY SCHRODINGER EQUATION 15

In order to find relations between these Green'’s functions, we again start from (2.2.25). Passing
to the limit (2.2.53) with respect to ¢’ and (2.2.35) with respect to g and vice versa, we get

G (k) = Gx = (G Lo) (G5 (k) — Go.2) (CoG? (K)), (2.2:54)
G (k) = Gx = (6° (k) Lo) (G8 (k) — Go,2) (LoGs)s (2.2.55)

where 0 = +, —. By (2.2.44),
G (z, '\ k) = % / dp [8(z5 — z4) — 8(0(p = k)] Bo(z, ) ¥o (2, 7). (2.2.56)
Then, using (2.2.37) and definitions (2.2.40), from (2.2.54) and (2.2.55) we get
6°(k) - s = %5 [ dpb(Folk - p)B(0) @ (TaP)o0° (), (2.2.57)
G°(k) - u = %5 [ dpb(Fo(h - )0 (W EoBo(p) ©Us(r),  (2258)

where ¢ = +, — and, for the “vector” g”(k)foti)o(p) and the “covector” \Ilo(p)zog"(k), we used a
shorthand notation analogous to that in (2.2.29) and (2.2.30). Finally, let us recall that a relation

between G4 and G- was given in (2.2.39).

2.2.4. Jost and advanced/retarded solutions and a bilinear representation for the resolvent. In
view of (2.2.19) and (2.2.41), it follows directly from definitions (2.2.29) and (2.2.30) that the
functions ®(z,k) and ¥(z, k) satisfy the nonstationary Schrédinger equation with the potential
u(z) and its dual, i.e.,

Lok =0 WEK)ZI =0, (2.2.59)
and in view of (2.2.42), these functions satisfy the conjugation property
&(z,k) = ¥(z,k). (2.2.60)
The integral equations for these functions
O (k) = (k) + Go(k)UB(k), (2.2.61)
Y(k) = ¥o(k) + U(k)UGy(k) (2.2.62)
follow from (2.2.43). If we introduce the standard representation
&(z, k) = e M7x(z,k),  ¥(z,k) = e¥M7¢(z, k), (2.2.63)
we find that x and £ satisfy the equations
(18,, + &2, — 2ikd,, - u(z))x(z, k) =0, (2.2.64)
(-10,, + &2, + 2k, — u(z))€(z,k) = 0 (2.2.65)
and are normalized at infinity,

Jim x(z,k) = lim £(z,k) = 1, (2.2.66)
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16 M. BOITI et al.
while the potential u(z) is reconstructed by these functions as
u(z) = ~2i klingo k3, x(z,k) = 2 klingo ka, £(z, k). (2.2.67)
The solutions &(xz, k) and ¥(z, k) satisfy the orthogonality relation
% / dz, U(z,k +p)D(z,k) = 6(p), keC, peR, (2.2.68)

which can also be derived from a proper reduction of the Hilbert identity (see [10]).
The properties of the functions ®4(z, k) and ¥4 (z, k) are derived from their definition (2.2.40)
in a similar way. By (2.2.49), they also satisfy the nonstationary Schrédinger equation and its dual,

Lo,(k)=0 U,(k)T =0, (2.2.69)

where we again use notations similar to those in (2.2.19). The integral equations

D, (k) = Bo(k) + Go +UP . (K), (2.2.70)
Yy (k) = Yo(k) + ¥ (k)UGo, + (2.271)

and the conjugation property
D.(z, k) = V(z,k) (2.2.72)

follow from definitions (2.2.40) and (2.2.50). Taking into account the form of the Green’s func-
tions G4 (see (2.2.37) or (2.2.78) below), we can check that the solutions ®4(z, k) and ¥4 (z, k) are
the well-known advanced/retarded ones. They also satisfy an orthogonality relation, i.e.,

1
= / dr, Vo (z,k+p)do(z,k) = 6(p), k,peR. (2.2.73)

Above, the Jost solutions appeared as special reductions of the Green’s function, i.e., of the
resolvent itself. On the other hand, as was already mentioned in the introduction, the resolvent
itself can be expressed in terms of these solutions. Indeed, recalling (2.2.8) and taking into account
that x and £ in (2.2.63) are bounded functions of their arguments, we reconstruct M(q) from (2.2.27)
in the form

M(z,2i0) = 5 [ dien[8(er = 35) ~ 0(0(0) - @) 2= UK, (2274)
ko=q

which generalizes (2.2.11) to the case of nonzero potentials.

We have already mentioned (see (2.2.11)) that the resolvent Mp(q) is a continuous function
of g1 when ¢ # 0. By (2.2.23), the resolvent M(q) has the same property, while the right-hand
side of (2.2.74) involves the Jost solutions that are discontinuous at kg = 0. More exactly, let us
introduce, by analogy with (2.2.52), a specific notation for the limiting values of the Jost solutions
on the real axis, i.e.,

dE(r k) = O(x, k £ 10), V¥ (z, k) = Y(z, k +10). (2.2.75)
Then the above-mentioned condition of continuity reads as

/dk dHk)@ UH(k) = /dk. P (k) ® ¥ (k). (2.2.76)
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SPECTRAL THEORY OF THE NONSTATIONARY SCHRODINGER EQUATION 17

Representation (2.2.74) plays a crucial role in the resolvent approach since it enables us to
express all objects of the spectral theory in terms of the Jost solutions. In particular, using (2.2.74),
we obtain the following expression for the Green’s function:

G(z,2',k) = 5 / dp [6(z; — z}) - (kgp)) B(z,p + K)¥(z',p + k), (2:2.77)

which generalizes (2.2.44). Moreover, from (2.2.74) we can get the following expression for the
advanced/retarded Green’s functions in terms of the limiting values of the Jost solutions on the real
axis:

Gi(z,2') = io(—i%;—@ / dk ®°(z, k) ¥° (', k), (2.2.78)
where 0 = 4+ and we used notation (2.2.75). Condition (2.2.76) guarantees that the functions G+
are independent of the choice of the sign o on the right-hand side, as it must be.

Taking into account (2.1.8) and (2.2.8), we obtain the following important property of the Jost

solutions from the bilinear representation (2.2.74):

2% / dkg ¥ (', K)&(z, k) = 6(z; — =), (2.2.79)

TH=x3

which can be considered a completeness relation.

2.2.5. Relations between Jost and advanced/retarded solutions. Spectral data. In the previous
subsection, we derived bilinear representations (2.2.77) and (2.2.78) in terms of the Jost solutions
for the Green's function and the advanced/retarded Green's functions, respectively. We also derived
equations (2.2.57) and (2.2.58), which relate these Green's functions. Now, these results can be used
for deriving relations between advanced/retarded and Jost solutions on the real axis and, then, for
introducing the spectral data. Applying ZOQO(k) to (2.2.57) from the right and Wo(k)zo to (2.2.58)
from the left, recalling definitions (2.2.29), (2.2.30), and (2.2.40), for k,p € R and o = +,— we get

0 = [ dp2.)rir,k) (2.2.80)
Ve (k) = / dpr2° (7, )V (p). (2.2.81)
where
rL(p.k) = 6(p — £) T 6(20(p— K)r°(p,K),  pk€ER, (2.282)
ra(p, k) — ‘I’o(P)Cog;i’:) CO'I)O(k) = \Ilo(p)2£7%d)"(k), (2.2.83)

are the spectral data. When deriving (2.2.81), we used conjugation properties (2.2.17), (2.2.42),
and (2.2.60) for the Green’s function and Jost solutions. Recalling “vector” and “covector” notations
(cf. (2.2.32), (2.2.33) and (2.2.29), (2.2.30)), we can write the following explicit expressions for the
“expectation values” in the numerators of the previous equalities:

Wo(p)LoGP (k) Lodo(k) = / dr / dz' Wo(z. p)(Lolx. 0:)LY(". 0)G (z. 2" k)) gl k). (2.2.84)

Vo(p)Lod® (k) = / dz ¥o(z, p)Lo(z, 8;)0°(z, k), (2.2.85)
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18 M. BOITI et al.

which show that these expectation values depend only on p and k. The triangular operator (2.2.82)
gives a standard representation for the spectral data [20]. Here we present it only to show how
these data appear in a natural way in our approach and that they can be obtained by a successive
reduction of the resolvent.

In order to get the advanced/retarded solutions in terms of the boundary values of the Jost
solutions, we use the limiting values of (2.2.77) on the real axis:
1
G°(z,z', k) = o /dp [6(zy — z5) — 8(c(p — k))] 2°(z,p)¥° (', p), keR. (2.2.86)

Then, by (2.2.78), we have

1
6 (k) - G = 5 [ dpb(£o(p- RN () @V (), o=+, (2.2.87)
and in the same way as above, we readily derive -
2u(k) = [ dp2° ()T kD), (2.2.88)
V()= [ dpri(k,p)¥ (o). (2.2.89)

Now, substituting these expressions into (2.2.80) and (2.2.81) and taking into account the orthogo-
nality properties (2.2.68) and (2.2.73) of the Jost and advanced/retarded solutions, we derive that
the spectral data satisfy the following characterization equations [20]:

/ dpTT® ( F)rs(p, k) = 6(k — k), (2.2.90)
[ @ k) = 66 - &), (2:291)
/ dpre(p, K)rs(p, k') = / dpr? (p, K)r% (p, k'), (2.2.92)
where 0 = +, —. More explicitly, in view of (2.2.82), we have
kl
/ dpr=?(p,k)r° (p, k') = —or®(k, k') = ar =2 (K, k), (2.2.93)
k
kl
/ dp 7o (R, P (k,p) = a7 (k, k') — 070 (R, F), (2.2.94)
k
+00 k
(/ - /) dpro(p,k)r°(p, k') = or9(k, k') + oro(k', k). (2.2.95)
k! —00

Notice that the characterization equation (2.2.91) implies (2.2.76). In fact, substituting (2.2.80)
and (2.2.81) into [ dk $?(k)¥° (k) and using (2.2.91), we get [ dp P+ ® ¥, which does not depend
on o. Notice also that the characterization equations (2.2.90) and (2.2.91) guarantee that once, for
instance. r{ is given. 77 can be defined as the Hermitian conjugate of the inverse of the operator 7.
Due to this fact, equation (2.2.92) for 0 = — follows from the same equation for o = +. Therefore,
we have obtained a regularity condition, that is, the existence of the right and left inverses of the
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SPECTRAL THEORY OF THE NONSTATIONARY SCHRODINGER EQUATION 19

operator rI , and, strictly speaking, only one characterization equation, that is, (2.2.92) with 0 = +,
which can be considered a consequence of the reality of the potential u(z). This remark shows that
the set of admissible potentials and the set of admissible spectral data have the same functional

arbitrariness.
If we introduce alternative spectral data

Fo(k, k') = /dp r3%(p, k)rz% (p, k), (2.2.96)
we can express the discontinuity of the Jost solutions across the real axis by the following relations:
#®) = [dsGFoEn,  EE= [BFEETE. @2

In view of (2.2.92), these spectral data are independent of the choice of the + or — signs on the
right-hand side of (2.2.96). These spectral data satisfy the characterization equations

(FO)Yt=F°,  F~7=(F°)"!, (2.2.98)

which should be supplemented with the requirement that F'° can be decomposed into the prod-
uct (2.2.96) of two triangular operators of the form (2.2.82). Again, the first equation in (2.2.98) is
related to the reality requirement for u(z), while the second equation is a regularity condition.

The inverse problem can be formulated in the standard way [4] by using the fact that the
Jost solution ®(z,k) is an analytic function of k for ke # 0, has discontinuity (2.2.97) on the
real axis, and satisfies the normalization condition given by (2.2.63) and (2.2.66). In [13], we also
demonstrated that the inverse problem can be formulated in terms of the resolvent itself. Here we
omit this result for short, as well as many other results that follow from the extended resolvent
approach like the introduction and the properties of the dressing operators [13], the derivation of
the time evolution of the spectral data corresponding to the KPI equation, and the algorithmic
construction of time evolutions compatible with a given linear problem [12].

3. THE CASE OF ONE-DIMENSIONAL POTENTIAL

3.1. Review of the standard theory of the Sturm-Liouville equation. In this section,
we consider the spectral theory of operator (1.1) when the perturbation up(z) in (1.4) is identically
zero. But first we start with a short review of the standard theory of the Sturm-Liouville equation
in the context of IST (see {21, 22]). We use subscript 1 to denote the Jost solutions of this equation.
As we have seen in the previous section, the resolvent approach naturally involves the Jost solutions
of the linear problem itself as well as solutions of the dual equation. Here, in spite of the self-duality
of the Sturm-Liouville equation, we still introduce two Jost solutions

[82, — wi(z1) + k2] ®1(z1,k) = 0, [82, — ui(z1) + K®] ¥y (z1,k) = 0 (3.1.1)
that are defined as functions of the variable z; and the spectral parameter k € C by the relations
q)l(xl:k) . e_ikI]Xl(zhk)! \I/l(xlak) - eihlsl(zlvk)v (312)
where x; and £; satisfy the integral equations
T erklm-m)

xi(z1, k) =1+ / dyy ———7—— w(y1)x1(y1, k), (3.1.3)

kgoc

k;,oo

e?zk(y;—:n) -1
Sk =1+ [ dn e, ) (3.1.49)

Iy
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20 M. BOITI et al.
for any k (ko # 0) in the complex plane. In particular,

lim x;(z3,k) = lim &(z;,k) = 1. (3.1.5)
k-~-00 k—o0

By virtue of (3.1.2), the reality of the potential #; and the self-duality of the Sturm-Liouville
equation are equivalent to the symmetry properties

®y(z1,k) = \Ill(zl,E), &1 (z1, k) = ¥ (x;, —k). (3.1.6)

The elements of the monodromy matrix are defined as

1 .

a(k) =1- 5 /dyl ey (11)®1(y, k), ke 20, (3.1.7)
1 =

b(k) = 21—-,:/‘1?/15 Miu (1) (v, k), kER, (3.1.8)

where <I>1i are the limiting values on the real axis from above and below (cf. the notation in (2.2.75)).
It is well known {21, 22] that

a(k) = a(-k),  b(k) = b(—k), (3.1.9)

la(k)|® - b(k)? =1, keR. (3.1.10)

In general, a(k) has a finite number of simple zeroes at some points i3¢; on the imaginary axis:
a(ix;) =0, »#; > 0, i=12,...,N. (3.1.11)

Another set of discrete spectral data, coefficients b;, is defined by one of the following equalities:

(I)l(l'],i}{]) - b_,q’l(l‘l, —ixj), \I’l(.’l:l, —i}{j) = bj\I’l(Il,i}{j), (3.1.12)
3=12,...,N. These coefficients are real and nonzero. In what follows, it is convenient to use a
transmission coefficient defined for any k € C, kg # 0, as
f(ks) | 8(-ke) _ (ko) , 8(—ko)
t(k) = + =" = , 3.113
=%t am - et T aH (L18)
so that we have
t(k) = t(-k) = t(k) (3.1.14)

and, for the limiting values on the real axis (again using the notation (2.2.75)),

t*(k) = Hi—kj keR. (3.1.15)

Let us denote the residues of the transmission coefficient at the poles in the upper half-plane by

t, = res t(k) (3.1.16)

k=15,

They are purely imaginary,
f, =-t;, (3.1.17)
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SPECTRAL THEORY OF THE NONSTATIONARY SCHRODINGER EQUATION 21

and by (3.1.14),

+o(1), k- +ix. (3.1.18)

1) =

Moreover, it is known [21, 22] that
sgn(it;b;) = —1. (3.1.19)

The Jost solutions satisfy the orthogonality relations (cf. (2.2.68))

1 o(p)
— = —= R, keC 3.1.20
2 [dn k@) =38, peR keC (31.20)
/dll Uy (z1,155) Py (2, k) = /dIJ ¥y (z1, k)@, (z1,154) = 0, kg | < 55, (3.1.21)
/dxl ‘I!l(Ilyixj)q)l(Il)ix]') = latla jajl =-l: !N1 (3122)
#)

and the completeness relation (cf. (2.2.79))

AI
1 ' . ; .
by /dkxz t(k)®;(z1, k) ¥, (21, k) —i E :tja("j — |kal)® (21, 15) ¥y (2}, i2;) = 6(z, - z})-

=1
(3.1.23)
For the boundary values of the Jost solutions on the real axis, we have
t*(k)®¥ (k) = ®F (k) + r¥(k)®F (—k), (3.1.24)
where we denoted
b(k)
(1) — 3.1.25
r k) = s, (3.1.25)
so that
rZ(k) = r¥(=k). (3.1.26)
It is known [22] that
t£(0) =0, r=(0)=-1 (3.1.27)

for a generic potential u,.

The inverse problem is formulated as the problem of reconstructing the function of k equal to
t(k)®, (k) for kg > 0 and &, (k) for kg < 0. This function is meromorphic in the upper half-plane
with poles at k = i, j = 1,..., N, and analytic in the lower half-plane. lts discontinuity on
the real axis is given by (3.1.24) with the upper sign, and its asymptotic behavior at infinity is
fixed by equations (3.1.2) and (3.1.5). The formulation of the inverse problem is completed by
equations (3.1.12).

3.2. Resolvent approach. Now, we use the objects introduced in Subsection 3.1 to describe
the spectral properties of the operator

Ly =10, + 8 —u(x), T=(2,.2y). (3.2.1)

i.e., a special case of operator (1.1) when the perturbation uo(z) in (1.4) is identically zero. In
other words, here we have a two-dimensional differential operator with a potential depending on
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22 M. BOITI et al

one variable only. For the Jost solutions (cf. (2.2.63)) of the nonstationary Schrédinger equation
and its dual, such an embedding is trivial:

o(z,k) = e~ W7y (1) k) = e~ **228 (17, k), (3.2.2)
¥(z, k) = e00%¢ (2}, k) = 2, (2, k), (3:2.3)

and their properties follow directly from above. In particular, by virtue of (3.1.1), (3.2.2),
and (3.2.3),

Lipk) =0, $(K)L, =0. (3.2.9)
Due to (3.1.6), they obey a conjugation property like (2.2.60); i.e.,

(. K) = ¥(z,K), (3.2.5)

so that for the boundary values on the real axis (defined by analogy with (2.2.52)), we have
wx(z, k) = ¢vF(z, k), k eR. (3.2.6)

We also have scalar products and a completeness relation that follow from (3.1.20)-(3.1.23):
/ doy ¥(z,k + Plp(z, K) = 3 ((i; peR, keC, (3.2.7)
[tz vtz im)ete ) = [ o v emin =0, ol < (3.28)
/dxl'w(a: 165 )p(z, i) = —, (3.2.9)

[ / dk t(K)p(z, K)p(z', k) — zZt,e(x, Ikelw(z,ix)o(a’ i) | =8z, — 2));
j=1 TH=Ty

(3.2.10)

in addition, in view of (3.1.6) and (3.1.12), we have
w(z,156) = bjp(z, —ix;), Pz, i5¢5) = by(z, 15¢5). (3.2.11)

It is necessary to mention that the solutions ®,(z;,i;) are square-integrable functions of z;, so the
values k? = —x2 are eigenvalues of the Sturm-Liouville operator. On the contrary, the functions
o(z,ix;) are not square-integrable in both variables z, and z,, so they belong to the continuous

spectrum of operator (3.2.1).
On the other hand, the construction of the resolvent M;(g) of the extended differential operator

Ly(q) = Ly(q) - U, Ui(z,2'; q) = uy(z,)8(z — 2), (3.2.12)

where Lg(q) is defined in (2.2.2), and of the Green’s functions as well, is more difficult. The
expression obtained for M;(q) in [18] for the case of a pure one-soliton potential can be generalized
to the case of an arbitrary uj(z;) by setting

ﬁ)(z.r':q) 2—-—— / dkg [0(z2 — z5) — 8(2kgkg — qo)] t(k)eo(z, k)y(z' k)

ka=q;

= 3700 = g}, [8(z2 — 75) — B(—g2)] (=, is6; Yl 154,), (3.2.13)
7

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 251 2005



J. 4---| qi 'E‘

- - -
k
- lﬂ |- h
. "..‘n- 12 Bl D e 4
1 8=

o
v
a
of
1

rY -"I--‘ 5=
- PRLIA = - . E— ﬁ:-_--. .
RS- = 4w u 4 “ :
T -

L L A

He g '.“- '
1 e :I‘ S oS E oy B T - > o> i- | 4|l'| 1 I
R S
Noeg 0 et g, DL
R e . # s
S |=:_'=I I:‘ '!T‘g—".!.!:" v :‘m‘-'tj ) "="]I ’ 4
ﬂ_—lll.hEk “'_'u :"!. ' .‘14 ¥ ﬂ;- ¥

r

lﬁ:[.

‘:;H‘ .__-I'.ﬂ J'_ .

- M.'—- o b

= - R ]
ARl an il g AR TP E B
y . r "rt- rr #.-_

e & .

o BE 4 e 'M‘;- ow) rﬂ'—‘fﬁ"ﬂ 15;..’; " :
1 ﬁ- W
%- . -@_ﬂﬁ 'I:' Xy {

.m_orlljﬁm-ﬂ'- .l-#.l'l h ﬂ‘l

. d._
oy Bl :H".E"h E .
. = e e e i e
L T g
L]

R TR W
g B hl—. O ool |
i i - g i - - -
| . ﬁ| : . - l_l:- — y l - rl L 3 A I
\:;‘l _?I -;v. |1I-;n - ,E-.;|-r ‘ib‘.‘- |—‘:'-I“‘|.- lli' 1
1 - . 1 4 ) E | 1 ] -
b -E- das - #I nr-‘" =4 L?‘ E . ":“_ | & e II ’
ST g T ol P JTHE 5 gy S
A-\'l.ﬁ .f. 2-5?; IL—;‘ . & B .-_-‘ :- ]
-I - ‘-. N l ,: - - ' L - & '.I
I '_h o LT I # -f,-"'. = |?" -I'_: = ke 5" -
g -~ 1 °F : '] =% :
' I Bl : . . i b ' N =
N - = - I 1 “-;'i_- 'E r
Al - i r - . e . e ] a
N . v . - . =k, B
- -' - - . - - - ‘; - -
- LIF'- T, M » o I:- 1 = I-.h_ 3 I-|_ -
II — I . . i ;- v o= - ) . - o
- - all T PR e 8§ ke n - . -
- . s =g - -
5 - v
w e = - b <+ A io
' 1y | 1 gt " :‘ | '
- ] ] J : N - - 2 lI -
- - . i & -
o & & 'y I . : o o r .'i’
| ‘ N e " -
I N N - -i 3 . =3 .
. - o
1
o N .
. B 1 - i ‘-_ )
.
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where the hat notation introduced in (2.1.8) is used. Indeed, using (3.2.2) and (3.2.10), one can
verify that such M, satisfies
L\ My(q) = My(9)Z, =1 (3.2.14)

and property (2.2.6). If we multiply (3.2.13) by e9*=%), we get, according to (2.1.8), M(z,z’;q),
and then both terms on the right-hand side are distributions belonging to S’. For the first term, this
follows from the boundedness properties of x; and £, and for the second term, from the fact that
e~N171p(z,i5;) and eN*19)(z’,1i5;) are bounded at the space infinity when |g;| < ;. The second
term in (3.2.13) compensates the discontinuities of the first term at q; = % ¢; that are attributed to
the pole singularities of t(k). As in the decaying case, the resolvent has a discontinuity at q; = 0,
but the second term introduces an additional discontinuity at g» = 0 for all |g1] < max;{s;}.
Subtracting rational terms compensating the pole singularities due to t(k) from the integrand of
the first term, we get

— 1
M reg(:7'50) = 5 / dkg [8(z2 — z}) - 6(2knke — 02)]
ko=q)

215t

x { (e, Kbl k) - 3 ety elz, ix,-)xp(z',ix,-)}, (3.2.15)
3 ]

which is a regular function of the variables q. Thus, we derive by direct calculations that M, 1(q)
can be split into regular and singular parts as follows:

My(q) = M, 1(9) + D _ Tj(q) 0liz;) ® Plisgs), (3.2.16)
J

where we introduced the z-independent functions

_ Lsenai, 9+ 2 (g — %) T2l AN (3.2.17)

Ti(9) 2mi qq + 2ig, (g, + )’

where the logarithm has a cut along the negative part of the real axis of its argument. Thus,
we see that the extended resolvent in the case of a one-dimensional potential acquires logarithmic
singularities at the points ¢ = (+5¢;,0) on the g-plane with cuts along g = 0 for |g,| < >;, because,
by (3.2.17),

T5(q1,+0) — I'5(g1, —0) = —¢,0(¢; — |q1])- (3.2.18)

3.3. Properties of the resolvent and Green’s function. For the discontinuity of the
resolvent at g2 = 0, from (3.2.13) or (3.2.18) we get

My(q1,+0) — My(q1,—0) = — Zt,e(;r,- — lq1]) (i3¢) ® ¥(is;). (3.3.1)
7

For any other value of g, resolvent (3.2.13) has derivatives with respect to g of the form (2.2.20),

OAT 1
632@:% / dkg 6(Lag (k) — a5) tK)(K) B B(K), (33.2)
ka=q)
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which should be considered in the sense of distributions in the vicinity of the point ¢; = 0. Then,
we can introduce the Green's function G)(z,z’, k) by using the same reduction of the resolvent as
that used in (2.2.31). From (3.2.13), we get the bilinear representation

G, (z,z' k) = %ﬁ / dar [8(z; — z5) — B(ke (e — k)] t(c + ike)p(z, @ + ike)P(z', & + ike)

— 3 4,605 — Ikg])[0(z; — z5) — 8(—knko)] (=, i,z iss;), (3.3.3)
3
which generalizes the Green's function used in [18] for the pure one-soliton potential to the case of
a generic one-dimensional potential u;. It is easy to check that this Green’s function satisfies con-
jugation property (2.2.42) and that the function G,(z,z’, k) defined as in (2.2.45) satisfies (2.2.46).
Taking into account that the resolvent satisfies (2.2.23) with U = U), we find that the Green's
function satisfies integral equations of the type (2.2.43); i.e.,

G1(k) = Gy(k) + Go(K)U G1(k),  Gi(k) = Go(k) + G; (k) Go(k); (3.3:4)
it is analytic when kgrkg # 0, and in this region, by analogy with (2.2.47), we have
86, (k) _ sgnkg
T = g e @ U(k). (3.35)
The discontinuity across the imaginary axis is given by
G1(+0 + ikg) — G (=0 + ikg) = —sgnkg Y _ t;0(3¢; — |kg|)p(is;) ® ise;). (3.3.6)
3
Decomposition (3.2.16) gives the following decomposition of G, (k) into regular and singular parts:
G1(k) = Gy reg(K) + Y 1 (K)(ise7) ® P(ise;), (33.7)
j

where
Ty _ tjsgn ko k—ix;
1;(k) = Tj(€g(k)) = ot In T (3.3.8)

This proves that in addition to the standard discontinuity on the real axis, the Green’s function
has a discontinuity on the imaginary axis when |ka| < max; ;. Inside the quadrants kgke # 0,
the Green’s function is continuous up to the boundaries. Note that since acp(izj) = 0, the regular
part G, (k) is also a Green’s function.

Equation (3.3.7) gives a decomposition of the function G)(z,z’,k) defined as in (2.2.45) into a
sum of one regular and N singular parts. Taking (2.2.13) into account, one can check that the jth
singular part of this decomposition grows exponentially with z when |kg| > »; and kg # 0. Since
Gi(z, 7', k) is bounded, the regular part also grows with z when |kg| > max; »; and kg # 0. This
imposes essential limitations on the applicability of (3.3.7). In Subsection 4.3.2, we show how to
overcome this difficulty by introducing N decompositions (4.3.12) that are suitable to describe the
singular behavior of Gy(z, z', k) separately in the vicinity of each point k = Fis;.

The Jost solutions can be given as reductions of the Green’s function by analogy with equa-
tions (2.2.32) and (2.2.33), but in this case a regularization is necessary. Namely, we have

olr.k) = lim / d1’ (G, (K) Lo (a, 2')e= tk)z" ez (3.3.9)
¥(z, k) = Jim / da’ efz" e (£1G (k) (2, ), (3.3.10)
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where kg # 0. Introducing the bilinear representation (3.3.3) into (3.3.9) and (3.3.10), after direct
but rather lengthy computations, we get an identity, thus checking the correctness of the chosen

regularization.
The boundary values of the resolvent at discontinuity (3.3.1) with respect to g when g; # 0 are

expressed in terms of the Green’s function, defined by (2.2.31), as

im (M, (q)lql=k°) = G, (0 + ikg). (3.3.11)

Due to (3.3.3), these boundary values of the Green’s function equal
1 ] .
Gi(z,z', 40 + ikg) = o / dex [6(z5 — z5) — 8(kga)]t(a + ika)p(z, @ + ik )(z', @ + ikg)

= 345605 — ko) [6(z, — 55) — 8(3ka)]o(z, ins (', ix5).  (3312)

7 -

Accordingly, decomposition (3.3.7) gives

G1 (20 + ikg) = Gy reg(ika) + 3 75 (20 + ikq) (i) ® (is;), (3.3.13)
3

where, by (3.3.8),
ol — 2. i0kiey (3.3.14)
|kg| + 5

3.4. Advanced/retarded Green’s functions and solutions. For g; = 0, the kernel M;(q)
is discontinuous at gz = 0. This means that we have to introduce advanced/retarded Green's
functions as in (2.2.35). By (3.2.13), we get the following bilinear representation for these Green'’s
functions in terms of the Jost solutions on the real axis:

) i
¥ (£0 + ikg) = 2—;1 In

Gyu(z,2') = £6(%(z, — z4) (2% / dart®(a)p® (z, )97 (', @) - 3 ty0(s, ixj)rp(z',ixj)),
J

(3.4.1)

where ¢ = +, — and where we used notation similar to (2.2.52) for the boundary values of the Jost
solutions and i(k) on the real k-axis. It is clear that the advanced/retarded Green's functions are
independent of the choice of 0. Below, we will show this explicitly. The singular part of these Green’s
functions is equal to zero, as follows from (3.2.17). These Green’s functions obey the conjugation
property (2.2.50).

The advanced/retarded solutions should also be defined by relations analogous to (2.2.40) in the
regular case; i.e.,

ou(z, k) = / dz' (Gy 4 To)(z, z')e= M (34.2)

Va(o k) = [ do' O (TG, L)@, ). (3.4.3)

Substitutmg (3.4.2) and (3.4.3) into the bilinear representation for G, .. we obtain relations between
Jost and advanced/retarded solutions. After rather lengthy computations, by analogy with (2.2.88),
we obtain

ex(k) = [ doe (9) 7T, ) (3.4.4)
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26 M. BOITI et al.

where
r&(p, k) = 6(k — P) [9(iok) + 0(¥ak)t"(k)] + 0(Fok)d(k + p)ro (k) (3.4.5)

and r°(k) is defined in (3.1.25).
Inverting (3.4.4) and using (3.4.5), we get

e (1) = [ dposeri(ek), (3.4.6)
which modifies (2.2.80). By (3.4.2) and (3.4.3), we also find that

px (k) = ¥x(k), (34.7)

which allows us to write the corresponding relations for dual solutions

£ (k)y® (k) = / dp72? (o, k)b (p), (3.4.8)
Y (k) = / dprS(k, pYU° (7). (34.9)

In particular, we get
t7(k)p? (k) ® ¥° (k) = oz (k) ® Y (K)

+ 06(£ok)b(k)pz(—k) ® Y (k) — o8(Fok)b(—k)pz (k) ® (=),
(3.4.10)

so that the second line cancels out when this expression is substituted into (3.4.1); this gives
1 . )
Gy +(z,z') = 20(£(z, — 13)) (51;; /doz px(z, 0)s(z, @) — Z tyo(z, sz)¢(:z:',sz)), (3.4.11)
j

which proves that (3.4.1) is independent of the sign o = +,— on the right-hand side. Equa-
tion (3.4.11) also demonstrates that, in spite of the regularity of the advanced/retarded Green's
functions, the set of the advanced/retarded solutions is not complete because we have an additional
sum on the right-hand side of (3.4.11). Taking into account (3.1.27) and the fact that (k) is also
a smooth function of k at k = 0, we get

(,Di(O) =0. (3.4.12)

Formulas (3.4.4) and (3.4.6) imply characterization equations that modify (2.2.90)-(2.2.92) for
the one-dimensional case:

[ R, = 80k - ke () (3.4.13)
9 T o (ko) = §(k — K

/t”(p) * (’\«,P) i(k:p) é(k k)a (3.4.14)
/ dprs(p.k)ri(p k') = / dprZ(p. K)r2 (p. k'), (3.4.15)

where ¢ = +. ~ Introducing an operator T2 with the kernel
T (k. k') = 8(k — k")t (k), kK e R, (3.4.16)
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SPECTRAL THEORY OF THE NONSTATIONARY SCHRODINGER EQUATION 27

we can rewrite the above equalities in the operator form:

rgoirg = 77, (3.4.17)
(1) 'zt = 1, (3.4.18)
rifr_‘*’_ =rolre, (3.4.19)
Defining, as in (2.2.96),
77 =rz°trge, (3.4.20)

which is independent of the sign + due to (3.4.15), we have (cf. (2.2.97))
T =™ f77, U°Y° = iY77, (3.4.21)
and f€ satisfies the properties (cf. (2.2.98))
=50, fe=T0(f°)'1". (3.4.22)
Explicitly, taking into account (3.4.5), (3.1.15), (3.1.10), and (3.1.25), we have
FO(k' ) = d(k — K'Y + 6(k + K')r = (k). (3.4.23)

Concluding this section, which is devoted to the reformulation of the spectral theory of the
Sturm-Liouville equation in terms of the spectral theory of the two-dimensional differential op-
erator (3.2.1), let us mention that, as in the case of decaying potentials, the bilinear represen-
tations (3.3.3) and (3.4.1) enable us to derive relations between the Jost and advanced/retarded
solutions. Thus, using notations (2.2.53) for the boundary values of the Green's function (3.3.3),
we get

6 (2,2, k) = = [ da [B(z2 - z5) — B(o (e — k))] £°(a)¢ (2, @) (', )
27

- th [6(z2 — x5) — 6(—0k)]p(z, is;) (', i355), keR, o=+,-. (3.4.24)
7

These functions are finite for all k£ but discontinuous at k = 0. By (3.4.1) and (3.4.24),

G5 (k) = G0 = ¥ [ dcb(akolr — K)E7 ()¢ (0) @9 (@) £ B(Fok) 3 typlios) © b(iogy).

27 7
(3.4.25)
For completeness, let us mention that
1 . .
Gut = G1m = 5z [ dat®(@)6" (@) @ ¥7() = T tioliog) @ wlisg), (3.4.26)
Jj

where, in view of (3.4.10). the first term can be rewritten in terms of advanced/retarded solutions
(cf. (3.4.11)):

1
g]_+ - gl,— = E /da ‘,’Ji(O) @ 'l,’l_;(a) - Z t_,(p(i}{j) ® ‘w(i}{j). (3.4.27)
J
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28 M. BOITI et al.

4. INVERSE SCATTERING TRANSFORM OF A TWO-DIMENSIONAL
PERTURBATION OF A ONE-DIMENSIONAL POTENTIAL

4.1. Resolvent. Now, we start the investigation of the operator £ (1.1) with a potential given
by (1.4). For this purpose, we introduce an extension of this operator, L(g), as in (2.2.1}, and the
inverse of this extension, i.e., its resolvent M(g). The potential u in (1.4) can be considered as a
two-dimensional perturbation of the one-dimensional potential u;. Therefore, it is convenient to
consider the resolvent M(q) as a perturbation of the resolvent M)(g) and to apply, instead of the
integral equations for M(q) in (2.2.23), the integral equations

M(q) = My(q) + My(q)U,M(q),  M(q) = My(g) + M(q)UyMM,(q), (4-1.3)

where Us(z, z';q) = ua(z)d(z — z'). We choose the potential uz(z) to be an arbitrary function of
two variables that is real, smooth, and rapidly decays on the plane. Moreover, we assume it to
be sufficiently “small” to guarantee that solutions of both equations in (4.1.1) exist in &’ (RS), are
unique, and coincide. M (z, z’;q) inherits the properties of M)(z,z’;q) and is a distribution with
respect to the difference variable z — ', a smooth function with respect to the variable < + z/,and a
continuous function of ¢ for ¢ # 0 and g2 # 0. As we saw in Section 2, an efficient tool for studying
the properties of the resolvent is given by the Hilbert identity (2.2.9), which can also be represented

in the form

M'(q') = M(q) = M'(¢')Li(q) (Mi(q") — M (9)) L1 (q) M (q), (4.1.2)
which allows us to exploit the known properties of M;(g). By analogy with (2.2.26), we obtain the
following equations for the derivatives of the hat keérnel M(q) of the resolvent:

3H1 (q)

OM(g) —, = e .
—2 = M(g)L,———LL,M(q), =1,2, 0.
3, (9) £, 2, 1M(q). J gy #

Then, using (3.3.2), we get, for g2 # 0, equalities of the form (2.2.27) and (2.2.28) for the derivatives
of M(q), i.e.,

aﬂa’q(l") = ;k [ | dkp R6(bag (k) — ) (k)2 (K) @ ¥(K), (4.1.3)
31;‘(] i") = -2—;2“ dkg (g (K) — a) t(k) (k) ® ¥ (K), (4.14)
where now the Jost solutions are degn:; as (cf. (2.2.29) and (2.2.30))
®(k) = G(k) L, 0(k), (4.1.5)
¥ (k) = $(k)L,G(k) (4.1.6)

and the Green’s function G(z,z’,k) is defined by the same reduction of the resolvent as (2.2.31) in
the decaying case.

In order to study the discontinuity of the resolvent at go = 0, following the results of Section 3,
we consider separately the cases ¢, = 0 and q; # 0. The boundary values of the resolvent in the first
case, limg, . +0 M(q)|q, =0, define the advanced/retarded Green's functions as in (2.2.35). On the
other hand, in the case gq; # 0. in view of (2.2.31), we have, by analogy with (3.3.11), the following
equation for the boundary values of the resolvent:

qz_lixilakg (M(‘I)lq;:kg) = G(£0 + 7ky). (4.1.7)

Now, we investigate the properties of these Green’s functions in detail
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4.2. Green’s function G(k). By (4.1.1) and definition (2.2.31), the Green’s function G(k)
satisfies the integral equations

G(k) = Gi1(k) + G (K)Ux6(k),  G(k) = G, (k) + G(k)U,G, (k). (4.2.1)

Taking into account that £ = £, — Us, one can easily verify that G(k) satisfies the differential equa-
tions (2.2.41) and conjugation property (2.2.42). It also satisfies the integral equations (2.2.43), as
follows from the substitution of the right-hand side of (3.3.4) for Gy(k) into (4.2.1). The analyticity
properties of the Green’s function G(k) are inherited from Gj(k). This means that this function
is analytic in the region kgkg # 0; i.e., it satisfies (2.2.47) and (2.2.48) in this region and, in
addition to the standard cut at kg = 0, has a cut at kg = O for |kg| < max; 5¢;. Like G)(k), inside
the quadrants krkg # 0, the Green’s function G(k) is continuous up to the boundaries. Using
notation (2.2.52) for the boundary values of the Green’s function on the real axis, we get

. A o T i ke
Jm G(x0+ikg) = lim G(k)=G°(x0), o=+, (4.2.2)

a

As usual, in order to study the resolvent along the discontinuities, we use the Hilbert identity.
Thus, by (4.1.2), we obtain the following expression for the discontinuity along g2 = 0:

iy, F1(0) - tim 77(0) = ( im @, ) (Lt Foe) - 1m, 7,00 (21 tim, ()

In view of (4.1.7), this equation implies that the discontinuity of the Green’s function across the
imaginary axis is given by
G(+0 + ikg) = G(~0 +ikg) = —sgnke ) t;8(; — [ks])
J
x (G(£0 + ikg) Ly0(i,)) ® (i) C1G(F0 + ikg)),  (4.2.3)
where the expressions in parentheses are understood in the sense of the “vector” and “covector”
notations, as in (2.2.29) and (2.2.30), and the direct product is defined in (2.2.22). Applying the

operation L¢(i3m)8(5tm — |kal) to (4.2.3) from the right, we get the following expression for the
lower sign:

8(>m — |ks|)(G(+0 + tkg) T19p(im)) = sgnks Z £;8(5¢; — lks ) (G(~0 + ikg) L12(i5;)) Ajm(ks),

E (4.2.4)

where we introduced the matrix

Aim(kg) = m = 8(min{>0, 5tm} — [kel) (Y(is)L1G(+0 + tkg) £, p(ism)). (4.2.5)

An explicit expression for the “expectation \Elue" in parentheses is given by analogy with (2.2.84)
and (2.2.85). Now, applying the operation Lyp(ir)8(sq — |[kal) to (4.2.3) from the right, for the
upper sign we get
) — X 1 —
004 = leal)(G(-0+ tka) Lrp(ia)) = sgnks D +-6(sm — ko) (G(+0 + ikg) L19(i5m)) Bmi(ke).
(4.2.6)
where

Boni(kg) = 8intrsgn kg + titm8(min{sq, 5, } — kg|)(¢(izm)Z,g(—o + ikg)z,go(i;q)). (4.2.7)
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A comparison of (4.2.4) with (4.2.6) implies that the matrix A(kg) is invertible and that its inverse
matrix is given by

A(kg)™ = B(ks), (4.2.8)

so that, under the assumption of the unique solvability of the integral equation for the Green's

function, we get
det A(kg) # 0. (4.2.9)

By (3.1.17) and (3.2.11), this matrix satisfies the conjugation property
A(kg)! = BA(-kq)B~}, (4.2.10)

where we introduced the diagonal (Hermitian according to (3.1.17)) matrix
B = diag{by,...,bn}. (4.2.11)

The limiting values A7 of the matrix A(ke) at kg = 00 (0 = %) are obtained by (4.2.2)
and (4.2.5):
ad . )
Al = % = () E16° (+0) Lyiplivem)- (4212)
By (4.2.9), both these constant matrices are invertible and, in view of (4.2.10), satisfy the conjuga-
tion property
(A=) = BA°B~. (4.2.13)

Equation (4.2.3) suggests introducing functions ®;(z, kg) and ¥;(z,kg) by means of the rela-

tions

®,(kg) = 8(5; — |ko|)G(+0 + ike) T, 50(is;),
(4.2.14)

¥, (ko) = 805 — [kal)$(is;)L1G(+0 + ikg).

They can be considered as a generalization, depending on kg, of the functions ¢(i>q) and ¥(isq)

to the case up # 0. Notice that the 6-functions appearing in (4.2.14) are necessary to make ®;(ke)

and ¥ ;(ke) well-defined since, due to the exponential decreasing of (i52;) and ¥(ix;), the integrals

on the right-hand side are convergent in the interval |kg| < »; but divergent outside this interval.

In fact, the terms in the sum on the right-hand side of (4.2.3) are present only in these intervals.
Since G(+0 + ikq) is a Green’s function, these functions satisfy the equations

L'®(kg) =0, ¥(kq)L =0; (4.2.15)

in what follows, we call them auxiliary Jost solutions of the nonstationary Schrédinger equation.
Due to the properties of the Green’s function, these solutions are discontinuous at kg =0, and due
t0 (3.2.11), they satisfy the conjugation properties

z, _kg)

———— Y
®;(x,ka) = b;¥,(z, ~ka),  ¥,(z,ke) = J(b. . (4.2.16)
J

Using (4.2.1), we get the following integral equations for these auxiliary Jost solutions:
Pi(kg) = ¢(ixg) + Gy (+0 + tkg)Ua® (kg),
Uy(kg) = ¥(ixg) + ¥)(kg)UaG) (+0 + ikg).

(4.2.17)
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From (4.2.4), we now derive

3 0(5¢m — lkal)®rm(ka) (Alka)™"),,; = (senke)t;6(; — [kal)(G(~0 + ike) Trp(iy)),

which, in view of the structure of (4.2.7), can be rewritten as

. sgn k N

(%, ~ Ikol) (G(=0+ ike) Trp(izg)) = E=20(5; = ko) 3 @m(ko) (Alka) ),y (4:2.18)
J m

This allows us to express the discontinuity of the Green’s function in (4.2.3) (the lower sign) as

follows:

G(+0 + ikg) — (=0 + ikg) = — 3831 — [ke)Bi(ke)(Alke) ")), @ Umlks),  (4.2.29)
Im

which demonstrates that this discontinuity is expressed in terms of the auxiliary Jost solutions
®;(z, ko) and ¥ (z, kg).
 4.3. Jost solutions.

4.3.1. Discontinuity of the Jost solutions on the imaginary azis. The functions ®(z,k) and
¥(z, k) introduced in (4.1.5) and (4.1.6) are Jost solutions of the nonstationary Schrédinger equation
and its dual with potential (1.4). Diflerential equations (2.2.59) for the Jost solutions are obtained
if we apply £ to (4.1.5) and (4.1.6) and use (2.2.41) and (3.2.4). Also, recalling definitions (4.1.5)
and (4.1.6), we derive the following integral equations from (4.2.1):

o(k) = (k) + G, (KU, 0(k),  ¥(k) = $(k) + ¥ (k)U,G, (k), (4.3.1)

which generalize (2.2.61) and (2.2.62) and in which the Green'’s function G (k) of the operator £,
is given in (3.3.3). By (2.2.42), the Jost solutions satisfy the conjugation property (2.2.60). Intro-
ducing functions x(z, k) and £(z, k) by means of (2.2.63), one can prove that they are bounded at
the k-infinity.

In view of the properties of the Green'’s function G(k), the Jost solutions are analytic functions of
k € C when kgkg # 0 and, in general, they have the standard discontinuity on the real axis, kg = 0,
and an additional discontinuity along the segment of the imaginary axis kg = 0, |kg| < max; ;.
Let us consider |kg| # »; for all j. Then ¢(k) and (k) are continuous functions at kg = 0;
therefore, passing to the limit as kg — +0 in (4.1.5) and using (4.2.19), we get the following
relation for the discontinuity of the Jost solution ®(k):

®(z,+0 + ikg) — D(z, -0+ ikg) = D _ 6(4, — |ko|)®)(z, ke)wi(ks), (4.3.2)
{
where

wi(ka) = D 8(sm — [kal) (Ake) ™), (¥m(ke) L1(iks)) (433)

= > 8(sm — Ikal)(A(ka) ™), ($(i2n) £1G(+0 + ike) L1p(ike)) (43.4)

= 3 00 — Ikal) (A(ke) ™), ($(i26m) E1 B(+0 + ikg)) (435)

= 1, sgn ko (¥(174)L16(=0 + ikg) £, o(ikg)) (4.3.6)

= 4 5gn ke (¥(i)L,8(-0 + ikg)). (4.3.7)
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32 M. BOITI et al.

When deriving (4.3.4), we used (4.1.5), (4.1.6), (4.2.14), and (4.2.19). Note that by (4.3.4) and
conjugation properties (2.2.42) and (2.2.60), we have

kg = 5 200 = I ) ($(iko) Z1G(+0 + iko) Lp(isen)) (4(Ko) )
=5 zev = Iiegl)(B(+0 + ikg) Z1p(istn)) (A(ko) ™)y

Ze(” ~ |kg|) (¥(tke) L1 By (k) (Alke) ™), i (4.3.8)

then, using (4.2.6), we obtain
ST 7ERE e\ . -y (] - .
- uwl-kg) == Sgn kg8(> — |kgl) (¢(ke)L,G(—0 + ike) L1p(izx)). (4.3.9)

Thus, by (4.1.6), we obtain the following analog of (4.3.2) for the discontinuity of the Jost solution
U (k) of the dual equation:

¥(z, +0 +ikg) — ¥(z, ~0 + ikg) = > _ 0031 — |kg|) ¥ (z, ke )uw,(kg)- (4.3.10)
{

Equations (4.3.2) and (4.3.10) show that, unlike the discontinuity across the real axis, the
discontinuity of the Jost solutions across the imaginary axis is given not in terms of these solutions
but in terms of the auxiliary Jost solutions $;(z, ke) and ¥;(z, ke) introduced in (4.2.14).

4.3.2. Behavior of Green’s function, Jost solutions, and spectral data at the points £is;. Our
construction is based on the resolvent M)(g) and the Green's function G, (k) of the one-dimensional
potential, as follows from (4.1.1), (4.2.1), (4.3.1), and (4.2.17), in the sense that both these objects
enter as kernels and inhomogeneous terms in the equations that define dressed objects, i.e., objects
related to the perturbed potential (1.4). As shown in (3.2.16) and (3.3.7), both M,(g) and G, (k)
have logarithmic singularities at all points g = (+;,0) or, respectively, at k = +i>, j = 1,...,N.
It is clear that these singularities affect all objects related to the generic potential (1.4), and their
behavior in the vicinity of each of these points must be siudied separately. In this subsection, we first
describe this behavior for the Green's function G(k). Then the behavior of the Jost solutions, auxil-
iary Jost solutions, and spectral data follows from their definitions (4.1.5), (4.1.6), (4.2.14), (4.2.5),
and (4.3.3).

Let us note that decomposition (3.3.7) of the Green’s function G, (k) into a sum of regular
and singular terms at the points k = =is; is not appropriate for using in integral equations of
type (4.2.1), because both these terms, unlike G (k) itself, have bad behavior at the space infinity.
Indeed, from the definition (2.2.31) of the Green’s function and from (2.1.8), we deduce that the
expression

et0==2g, (2, 7' k) = N2V pp, (2, 27 Lo (K)) (4.3.11)

is bounded on the z-plane due to the properties of the resolvent M)(g). However, multiplying the
singular additional term in the decomposition of G (k) by the same exponential function and taking
into account (3.2.2) and (3.2.3), we obtain

S (k) I N2) () et 1)
J
which grows exponentially in some directions at the space infinity and in some regions of k. Con-

sequently. the regular part of the Green’s function G ;g (k) exhibits the same bad behavior
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SPECTRAL THEORY OF THE NONSTATIONARY SCHRODINGER EQUATION 33

Therefore, it is more convenient to introduce the Green's functions

each of which is finite in the vicinity of the corresponding points k = Zis; in view of (3.3.7)
and, being multiplied by e*®)(===") remains bounded on the z-plane by virtue of (4.3.11), (3.2.2),
and (3.2.3) and the boundedness of x;(z1,k) and £1(z1, k). Notice, however, that unlike G1,reg(k),
the functions G ;(k) are discontinuous on the imaginary axis according to (3.3.6). We see that, due
to (4.3.11) and (3.2.2), (3.2.3), this regularization satisfies property (4.3.11) as well. Now, we define
new Green's functions of the nonstationary Schrédinger equation with potential (1.4) by means of
the integral equations

G;(k) = Gy ;(k) + G, ;(k)UsG;(k), (4.3.13)
gJ(k) i gl,](k) + gj(k)U2gl,_1(k) (4314)

The inhomogeneous terms and the kernels of these equations are finite in the vicinity of the points
+i3;; therefore, under the assumption of the unique solvability of these equations, the functions
G,(k) have the same property. Therefore, G;(k) is a regularization of G(k) in the neighborhood of
+ix;. In order to express G(k) in terms of this regularization, we subtract (4.3.13) from (4.2.1)
and, using (3.3.7), obtain

G(k) — G;(k) = 13(k) (k) ® p(k)[I + UG (k)] + Gy, ;(k)Ua[G (k) — G;(k))-

Again, under the assumption of the unique solvability of (4.3.13), using the identities I + U,G(k) =
5 Rl
L£,6(k) and I + G(k)U, = G(k) £,, we derive the following representation from these equalities:

G(k) = G, (k) + 7, (k) B,(k) ® ¥ (k). (4.3.15)

Here and in what follows, we use notations (4.1.5) and (4.1.6) for the Jost solutions and introduce,
by analogy, the notations

(k) = G;() Tap(k),  F;(k) = p(k)L (k). (4.3.16)

The functions E),(k) and (flj(k) are also solutions of the nonstationary Schrédinger equation and
its dual,

—_ ~ —

L o,(k)=0, V,(k)L =0, (4.3.17)

with potential (1.4). These functions are bounded in the vicinity of the points %is;, while their
limits at these points may depend on the sign of kg. The function

g5 (k) = $(k) LG, (k) L, p(K), (4.3.18)
which can also be represented as
95(k) = ¥, (k) Z0(k) = $(k)Z, &; (k) (4.3.19)

in view of (4.3.16), has the same properties. One can check that the regularized Green's function
G,(k) satisfies the conjugation property (22 42). so that

9,(K) = g, (k). (4.3.20)
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34 M. BOITI et al.
Now, using definition (4.3.18) and applying ¢(k)a to (4.3.15) from the left, we get
O

1 — 7;(k)g;(k)

Substituting this relation into (4.3.18), we get an expression for the Green's function in terms of
objects that are finite in the vicinity of the points +i;:

V(k) = (4.3.21)

G(k) = G;(k) + #-J((:{))gﬁc? &,(k) ® ¥, (k). (4.3.22)

Now, applying the operation Zlgo(k) to (4.3.22) from the right, we get an expression symmetric
to (4.3.21), i.e.,

$.(k)
k)= — I (4.3.23)
T - 75(k)g; (k)
and applying the same operation to (4.3.21), we get
-— — k
VOZ,G(K) T (k) = —20) (4.3.24)

1 —;(k)g;(k)”

Thus, we see that the behavior of the Green’s function and of the Jost solutions in the vicinity of
the points +is¢; is determined by the behavior of the function g;(k) at these points. In particular, if

lim g;(k) =0, (4.3.25)
el

k15,

then the same is valid for the conjugate point by virtue of (4.3.20) and, by definition, this decay is
faster than 1/In(k F is;):

g5 (k) = o(1/In(k F i5;)), k ~ —ix;. (4.3.26)

Thus, by (3.3.8), limk— .., v;(k)g;j(k) = 0, and we observe the same behavior as in the pure one-
dimensional case; i.e., the Green's function has logarithmic singularities at the points +is;, the
Jost solutions are bounded at these points, and their limits depend on the sign of k. In this case,
by (4.3.24), we have

H(K)L1G(K) Crp(k) = o(1/In(k Fix;)),  k ~ iz, (4.3.27)

If, on the other hand,
g(k) =0(1),  k~ixj, (4.3.28)

and the limit (which depends on the way of passing to the limit) is different from zero, then,
by (4.3.20), the same is valid for the conjugate point and, by (4.3.22), we have

1 -~ ~
Then (4.3.24) implies
— —— 1 n .
Y(k)L,G(k) L,p(k) = - - + O((In |k F 2555]) %), k ~ i, (4.3.30)
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SPECTRAL THEORY OF THE NONSTATIONARY SCHRODINGER EQUATION 35

and (4.3.23) and (4.3.21) yield
®(k) = o(1), k ~ +isx;, (4.3.31)

U(k) =o(1), k~ ix;, (4.3.32)

where the terms on the right-hand sides are on the order of 1/In(k F is;).

We can consider condition (4.3.28) as a more general condition than (4.3.26); the latter can
be considered as a limiting case of (4.3.28) that includes a particular case of a nonperturbed one-
dimensional potential. Therefore, in what follows, we assume that condition (4.3.28) holds for all
Jj = 1,...,N. Then, for the auxiliary Jost solutions, we get the following relations from their

definitions and (4.3.22):

; ; $;(+0 + ix;)
) (ky) = — 2T 1) 4.3.
ko_]ﬂx,- 7(+0 + tke)®;(ks) 9;(4+0 + i5¢5)’ 559
. : _ (40 + ixgj)
kgh—f?txj 75(4+0 + tkg)¥;(kg) = (0 ) (4.3.34)
In particular,
Dj(255) = ¥j(x55) =0, i=1,...,N, (4.3.35)

so that, when (4.3.28) holds, the behavior of the auxiliary Jost solutions is modified compared with
the case (4.3.26), where such values are different from zero. In the same way, we find that the values
(I?m(iizj) and W, (%) of the auxiliary solutions for m such that s, > »; are finite and different
from zero, while

B(i3) L1 8m(£5) =0,  Wpn(d3e5) Ly(ing) = 0. (4.3.36)
The properties of the matrix elements of A(kq) follow from (4.2.5) and (4.2.7), (4.2.8). Substi-
tuting the limiting values of (4.3.22) as kg — +0 into (4.2.5), we get

Akg)im = ﬁ,—g ~ 8(min{>a, m} - kel) ((tp(ix,)zlgj(w + ike) Ty plirem))

— o~ ~ —
. ($(i54)L 1 ®;(+0 + ike)) (¥,;(+0 + ika) £,0(im)) (4.3.37)
1 — 7;(+0 + tkg)g;(+0 + ikg) ' o
Then, taking into account (4.3.16) and (4.3.36), we get
bym
A(E54)3m = A(L34)mj = z—, (4.3.38)
J

which coincide with the values of A;m(kg) and Amj(ks) for kg > min{s;, 4, }. In the same way,
we derive
(A£2)7") = (AlE555) 7). = £8jmts. (4.3.39)

The other matrix elements of the matrices A(kg) and A(kg)~! have some finite limits at kg = 3.
Finally. we consider uy(kg). Choosing representation (4.3.7). we use the limit of (4.3.23) as
kg — —0. which gives

$(59)C1 &, (=0 + ikg)

- - 4.3.40
1 = %(=0+ ikg)g,(—0 + ikg) ( )

wi(kg) = t;sgnkg
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36 M. BOITI et al.

inside the interval |kg| < 5. Thus, we see that under condition (4.3.28), wi(kg) goes to zero as
1/In]lkga| — ;] at all points kg = £3¢; such that »; < 345 ie.,

wy(£x;) =0  for all j and I such that 3 < 4. (4.3.41)

4.3.3. Auriliary Jost. solutions in terms of the Jost solutions on the imaginary azis. The prop-

erties of the Jost solutions and spectral data derived in the previous subsections enable us to recon-

struct the auxiliary Jost solutions in terms of the boundary values of the Jost solutions. Indeed, the
derivatives of the Green's function (as follows from (4.1.3) and (4.1.4)) are given (cf. (2.2.47)) by

8G(k)  sgnkg 8G(k) _ sgnkg
L - o (RS, | g Tor IR @ ¥(k): (4.3.42)
Passing to the limits as kg — %0 in the second equality, we get
ko

G(0 + tkg) = G°(0) + 5‘-’; / dot(ia)B(+0+ia) ® ¥(+0+ia), o =sguky, (4.343)
0

where we used notation (4.2.2).
Differentiating (4.2.14) with respect to kg and taking into account (4.3.42), we have

o —
3’19;9) = sg;: = t(iko) ®(+0 + tka) (¥ (+0 + ike) L1¢p(ix;))
= sg;l:g t(ikg)®(+0 + ikg) (w(ikg)Zlg(+0 + iks)?-](p(ixj)). (4.3.44)

From (4.3.9), we obtain
S biw(—ka) Atj(ka) = 0(x; — |kal) (¥(+0 + ike) L1p(is;)),
{

which, being substituted into (4.3.44), gives

a9, (k sgnkg . . — T
0(s; — Ikal) é’égg) = g;ﬂ Zt(ika)®(0 + ike) Z biw(—ke)Ai;j(ke); (4.3.45)
{
consequently,
ko
sgn kg . . —_—
6(s4; — Ikal)®;(ke) = =5 dat(ia)P(+0 +ia) ) bui(—a)Ai(a). (4.3.46)
»y sgnkg l

Now, we apply ¢(ix,,.)Z’1 to (4.3.46) from the left:

kg
¢(izm)a¢’j(kg)=5g;ﬂk9 / dat(ia)(¢(ixm)E1¢(+0+ia));blwl(—a)Ab(a),

>, sgnkg

which, being substituted into (4.2.5), gives

O . sgn kg
Ami(kg) = = S M S ras) —
;(kg) £ 521 Ko g(mm{”m;/J} tkg]) o
kg
X / da t(m)(-d;(ix,,,)a d(+0 + ia)) Z biwi(—a)A;(a). (4.3.47)
]

min{,,%m } sgn kg
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Taking into account (4.3.5), we also obtain

> wr(ka)Aju(ks) = 8(sm — |ko|)9(ix;) 1 8(+0 + iks),
T

which, being substituted into (4.3.47), yields the following relation in view of (4.3.38):

‘Sm' . sgn kg
Amjlka)i= T =i~ 6 (min{sm, 26} — fke|) =3

kg
: / dart(in) S biwr(—a) Ary(@)wr (@) Amp (o).
min{sm,s,} sgnkg L

Alternatively, we can start directly from the expression for the derivative of A,;(ka):

aAm, (ka) . sgnky . B —
= e P G Wy { — ' k k A k .
ke 8(min{stm, »;} — |ka|) o= t(ikg) lzl':bl wp(—keg)Ar;(ke)wi(ke)Ami(ke)

Multiplying this equation by A~! from both sides, we get

3(A(ks)" )jm

: ke, . —_—
. = 0(min{s6m, 7} — |ka|) Bt (ike )bmw; (ke Jwm(—Ka)

2w

and, consequently,

2 sgnk
(A(kg)’l)jm = tm 5gN kabjm + 0(min{sem, 3} — Ikal) g2ﬂ_ b,
kg
X / da t(io)w;(@)wm(—a). (4.3.48)

min{>em,s;} sgnkg

One can easily verify that the properties of Jost solutions and spectral data described in Subsec-
tion 4.3.2 are compatible with representations (4.3.46) and (4.3.48).

Summarizing this study, it is worth emphasizing one of the main features of the resolvent
approach, which consists in the existence of different representations for the spectral data, like (4.3.4)
and (4.3.5), in terms of different solutions of the equation defined by operator (1.1) and its dual.
This enables us to get relations between different spectral data. For instance, equation (4.3.48),
which relates the spectral data Ajm(ke) to wi(kg), cannot be derived if one deals with equations
for the Jost solutions only (cf. [19]).

4.3.4. Bilinear representation for the resolvent and Green’s functions. 'We have proved that for
g2 # 0, the derivative of the hat kernel (see notation (2.1.8)) of the resolvent with respect to gs
satisfies (4.1.4). Taking into account the asymptotic behavior (2.2.8) and notations (4.1.7) for the
limiting values at g, = 0, we obtain (again for the hat kernel)

kY3 ' 1 ' . . '
Mea's) = o [ dk[0(z; ~ 25) = 0(Crq (k + igy) = 4a)]t(k + i)} B(a, k + i ) U (&', k + 10,)
2

+sgnq [9(12 —I5) - 9(“92)] [g(:c, 7', +0 +4igy) - G(z,z’; 0 + iq,)].
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Substituting here (4.2.19), we derive the following generalization of the bilinear representation
(3.2.13) for the resolvent of the perturbed potential:

M(z,2';q) = 5% / dks, [8(z; — z}) — O(2kgke — 42)]6(k) @ (z, k) ¥(z', k)
ko=q
—Sgng [9(-'”2 —z5)— 9(‘@2)] Z O(min{x,, Hm}— |Q1|) (A(Q1)-l),mq’l($, 31)¥m(z', q)-
i (4.3.49)
If we multiply If.{\(:r,z';q) by e9*=%) we get, according to (2.1.8), the kernel M(z,z';q) of the
resolvent; then, both terms on the right-hand side become distributions belonging to S’. For the
first term, this follows from the properties of the functions x and £ pointed out in (2.2.63), and for
the second term, this results from the fact that e” 9% ®(z, ;) and e#*1 ¥ (z, ¢;) are bounded at the
space infinity when |g,| < s¢. Equations (4.1.3) and (4.1.4) for q; # 0 follow from the analyticity
of the Jost solutions and the derivatives of (4.3.46) and analogous equations for ¥;(q;). As in the
derivation of (2.2.76), the absence of discontinuity at gy = 0 in the case of g # 0 is equivalent to
the condition

o [ W9 0 0 1) - DAe 0w
Im
= 2_7177 / dkt™ (k)2 (k) ® U™ (k) + ) (A7)l df @ ¥, (4.3.50)
Im

where we used notation (2.2.75) for the limiting values of the Jost solutions on the real axis.
Similarly, we denoted

¥} (z) = iklifgw‘l’:(z,ka), Ui (z) = ikljl_{lw ¥y(z, kg). (4.3.51)

By virtue of (2.2.60) and (4.2.16), these limiting values satisfy the following conjugation properties:
d*(z, k) = V¥ (r, k), @,;(:r) = b¥f(z), keR, !=1,...,N. (4.3.52)

By virtue of (2.2.34), the bilinear representation (4.3.49) for the resolvent leads to the following
bilinear representation for the Green’s function:

Gz, 7', k) = 2%1 / dk’ [6(z; — ) — B(kak)]t(K + K)d(z, K + k)T (', K + k)

— sgnko [6(zo—25) ~0(=kgkg)] D _ 8(min{s4, 72m} - lko|) (A(ks) ™), 8i(z, ke)¥m(z’, ke),

Im

which generalizes (3.3.3). Below, we will use this bilinear representation to derive relations between
the Jost and advanced/retarded solutions.

4.4. Discontinuity of the resolvent at the point ¢ = 0.

4.4.1. Advanced/retarded Green’s functions and solutions. Above, we investigated the behavior
of the resolvent when at least one of the variables ¢; or ¢ is different from zero. As in the case of
the decaying potential, the investigation of the behavior of the resolvent at ¢ = 0 leads to relations
between Jost solutions on the real axis and spectral data for the case of perturbed generic one-
dimensional potential (1.4). From a technical point of view, this study is quite close to that carried
out in Section 2, so we omit here analogous details and mainly present modifications relevant to
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SPECTRAL THEORY OF THE NONSTATIONARY SCHRODINGER EQUATION 39

the case under consideration. First, we introduce advanced/retarded Green’s functions as specific
limits of the resolvent in the same way as in (2.2.35). It is straightforward to prove that they
satisfy equations (2.2.49) and (2.2.50) and integral equations (2.2.51). In order to determine the
difference between these Green’s functions, we use the Hilbert identity in the form (4.1.2), where
we set ¢; = g, = 0 and consider the limits g5 — +0 and g, — F0:

G,-G.= 9:1:2_1 (g1,+ - 91._)72'19;-

By (3.4.27), this yields the following representation for the difference:
1
Gy =G =g~ [ k@, (k)@ U(k) =D t; 2., ® Vg, (44.1)
j

where the standard and auxiliary advanced/retarded solutions are defined (cf. (2.2.40)) as

Bu(k) =G Lypa(k),  ®uy=GuLypling), (44.2)
Vo(k) = Yo(b)C1Gs,  Yuj = Y(i)L1Gx (4.4.3)

One can check that the functions ®1(z,k), Yi(z,k), P+ ;(z), and ¥4 j(z) satisfy the differential
equations (2.2.69) and conjugation properties (2.2.72) and that

T = bW, (4.4.4)

By virtue of (2.2.35), the bilinear representation (4.3.49) for the resolvent gives the following
representation for the advanced/retarded Green’s functions in terms of the Jost solutions on the
real axis:

Ga(x, ) = £0(a(z; - 73)) (Ej,— [asewe @ neeEn - aZ(A“);,}@;'(zmw)),

Im
(4.4.5)
where we used notations (2.2.75) for the limiting values of the Jost solutions on the real axis and
where there is no dependence on the sign o = +, — due to condition (4.3.50).

4.4.2. Relations between Green’s functions. Another limiting procedure for the resolvent M(q)
at the point g = 0 is given by the limiting values of the Green’s function G(k) on the real axis, as
follows from (2.2.34). For these boundary values, we use notation (2.2.52). The difference between
them and the advanced/retarded Green’s functions, as in the case of the decaying potential, can be
represented in two forms. The first one follows from passing to the limits as k — k % 10 in (4.3.53)
and (4.4.5):

Go(k) - G,y = q:ﬁ / dk' 6(xa (k' — k)17 (k)" (K') ® ¥° (K') + 00(Fok) 3 (A°);) & ® V7,
im

(4.4.6)

The second set of relations can be derived from the Hilbert identity (4.1.2). like relations (2.2.57)
and (2.2.58). Taking into account definitions (2.2.53) and (2.2.35), we get

ga(k) - gi = gifl (gf(k) - gl_i)Z'lg“(k), ke R:
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40 M. BOITI et al.
so that we can use (3.4.25), (3.4.6), and (3.4.7) to derive

6 ()~ Gs = F 5. [ dablola ~ K (@)0. Tiv” (@) 8 9 ()T16° )

+ 6(F0k) Y ;G Lyp(ixs) ® $(ix)L1G° (k),
J

6°(k) - Gx = ¥ [ dab(zo(a - K (@G () Typ° (@) @ ¥° ()T Gu

+0(Fok) 34,07 (k) Tyoo(i) @ Wlisg;) L1,
3

where, as always, 0 = +,—. Now, in view of (3.4.6) and (4.4.2), the first equality can be rewritten as
1 -
6"(k) - Gu = F5: [ dob(o(a— 1) [ dpBu(oiri(p.0) ¥ (@)T,0°(H)

+0(F0k) D tida s @ Y(ises)L,G7 (k); (44.7)
k)

similarly, by (3.4.8) and (4.4.3), from the second equality we get
1 - S
G°(k) - Gu = F3 [ dablo(a - 1)G"(NT1"(2) ® [ dpT3 (7 ) ¥u(r)

+ 8(Fok) > ;67 (k) T p(is) ® T ;. (4.4.8)
j

Note that (4.4.8) can also be derived from (4.4.7) by conjugation.

Relations (4.4.6) and (4.4.7), (4.4.8) can be used for obtaining relations between the Jost and
the advanced/retarded solutions, for the introduction of spectral data, and for the derivation of
characterization equations for them, which, in particular, guarantee condition (4.3.50).

4.5. Spectral data.

4.5.1. Relation between the Jost and the advanced/retarded solutions. We apply the operation
Z]w”(k) to (4.4.7) from the right and the operation 1/:"(1:)1?1 to (4.4.8) from the left. Then,
by (4.1.5) and (4.1.6) in the limiting cases and equalities (3.4.6), (4.4.2) and (3.4.8), (4.4.3), we get

(097 () = [ dp (P (o)
1 — —
% 57 [ dablzota =) [ o2 )t (p @)t (R (87 (@T,6° (R o (K)

+ 0(Fok) Y 1;84 ;67 (k) (i) C16° (k) L7 (K)), (4.5.1)
2

V(1) = [ o7z (o k) ¥a(p)

7 5 [ dadlola - )EW(W 0IEG° (4 Tre° (@) [ dpTF(pa) V(o)

+0(Fok) D t,t7 (k) (W7 (k)67 (k) Lyp(isg)) V. (4.5.2)

7
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Next, we pass to the limit as k — +0 in (4.4.7) and (4.4.8), apply fl¢(ixm) and ¢(ix,,,)E’1, and
use (4.2.14), (4.4.2), and (4.4.3). In this way, we get the relations

¥, = 0., % 5 [ dad(oo) [ dp®.(Ird(p,e) (87 (@)E, 6 (+0) o)

+0(F0) 3 1,825 (W(i3,)L16°(+0) L1 ¢° (i54m)), (45.3)
j

Vo= Uy F e / da 0(£0a) (Y(irm) L3167 (+0) 14 (o) / dpr3(p, @) Vs(p)

+ 0(F0) 3 t;($(i56m) £167 (+0) Lyp(i345)) U 5. (4.5.4)
j

Thus, we can write (0 = +,—) o

12 (k)®° (k) = / dpd, (DRL(p, k) + 3 &4 RE i (k), (45.5)
b

85, = [ dpOuOIRE () + O Os i FOF) T i0s AT (456)
J

where we used (4.2.12) in the last line and the spectral data R} are given by
2 (p, k) = / dk' r%.(p, K' )R (K, k) (4.5.7)

or, in the operator form, by
$ =7iRL, (4.5.8)

where R is a triangular operator,
R%(p, k) = (p - k) F O(20(p — K))R? (p, k) (4.5.9)
with (cf. (2.2.82) and (2.2.83))

° (p)£,G° (k) £,¢° (k)
! o 1 . (4.5.10)

R?(p, k) = t°(k)

Passing to the limit as kg — 00 in (4.1.5) and using (4.3.1), we obtain

R (p.k) = £°(K) Wp)ff(k) A LA O (45.11)
%.;(k) = £8(Fak)RI(k), (4.5.12)

RE(k) = 13t (k) ($(i5)E16° (K) Ty0° (K)) (4.5.13)
= 1,17 (k) (W(i55) £, 9° (k) = 152 (k) ($(i ) U7 (K)). (4.5.14)

RE =T3RS s (4.5.15)

Re (k) = FO(xok)R,(k), (4.5.16)
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_ Yo (K)L, 83, _ Y7 (k)U, 82,
et o2 (4.5.18)

These relations generalize (2.2.80) and (3.4.6). By virtue of the conjugation properties, us-
ing (3.1.14), (3.2.6), and (3.2.11), we obtain

o) = (k) 1/)"’(‘3)519’2;(:71319’)‘”(1’) (4.5.19)
= t—-a(k) ‘Il—a(k)z‘fr::‘p_d(p) = _t—a(k) \Il_a(k);?]:i‘p—”(p)’ (4520)
RE(k) = —;)l =0 (k) (%= (k)£1,6~° (k) T p(i ;) (4.5.21)
J

= —;)i =7 (k) (U7 (k) L p(i357)) = -%’} (k) (V0 (k) Upp(ing)),  (4.5.22)

2 7

and — —
Re (k) = —bmw(i””)ﬁlg—;frjo) £re77 (k) (4.5.23)

_ B Tiemok) _ , YalUye o (k)
Note that in view of (4.2.19), we have
Go(+0) = G°(=0) = = > &7 (A%); @ V7, (4.5.25)
im

so that R?(p, k)/t? (k) and R (k)/t° (k) are discontinuous at k = 0. On the other hand, due to the
first equality in (3.1.27), the functions R?(p, k) and Rj (k) behave as |k| at k = 0. This is valid for
a general one-dimensional potential, in contrast, say, to a pure solitonic one.

Equations (4.5.5) and (4.5.6) give the boundary values of the Jost solutions in terms of the
advanced/retarded ones. In order to get the inverse relations, we apply the same procedures as
above to (4.4.6). Namely, applying f@"(k) to (4.4.6) from the right and using (3.4.6), we get (in
terms of the notations introduced)

w [ P OOrEe. = 0 £ s [ K B(o(K = B ()87 () (¥ (k) Ty (1)
F 06(Fk) Y 87 (A);2 (92, 2,47 (K)).
lom

Similarly, applying E,tp(ix,) to the limit of (4.4.6) as k — +0 from the right and using (4.4.2), we
derive

by, =97 = 2—;—1 /dk' B(iak')t“'(lz')d)"(k')(lll"(k')zlp(in))

F00(F0) Y Bf (A%)h (Vi £,2(i5%,)).-

lm

[~
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Finally, taking into account (3.4.14), (4.5.20), and (4.5.24), we get

B, (k) = / dk'D° (k') R (k, k) — 2mic 3 &5 (A%)7:) bl—ﬁgf’m(k), (4.5.26)
Im C

b 130 (LN =0 [ LY o 0(:;:0) o/ 40y—1
Py = -2,,§tj / dk'®° (K')RL5(K') + 8(£0)®5 F —Tj—zljcb, (4°)y;'. (s

4.5.2. Relations between the Jost solutions on the real azis and the characterization eguations
for the spectral data. In order to derive the discontinuity of the Jost solutions on the real axis, it is
convenient to rewrite the relations between the Jost solutions and the retarded/advanced solutions
in a more compact form. To this end, we introduce (N + 1) x (N + 1) matrices

Sap(k, k'), ,=0,1,2,...,N. (4.5.28)

with elements that depend on %k and k' as follows:

S(k,k')=<s?s‘:§f;:,’;') S‘gl(j’“)), Li=1,2... N (4.5.20)

Define a composition of such matrices as follows:

N
Rop(k,K') =3 (Sax * Tag)(k, k), (4.5.30)
A=0
where
(Sa0 * Tog)(k, ') = / dk” So(k, k") Tos (K", k'), a,B=0,1,2,..., N, (4.5.31)
(Som * Tmo)(k, k') = Som(k)Timo(k'), m=12...,N, (4.5.32)
(Slm b mO)(ky k’) = SlmeO(k’), l, m=12,..., N, (4533)
(Som * Trmj)(k, k') = Som(k)Tomj, jm=12,...,N, (4.5.34)
(Sim * Tinj)(k, k') = SimTomj, l,jym=1,2,...,N. (4.5.35)
The unity matrix in the set of such matrices is given by
ot
I(k k) = (5(’“ ; k) ?) (4.5.36)

where the zeroes stand for the null N-vector and the null N-covector and [ is the N x N unity
matrix. The adjoint matrix is defined by

S} 5k, k) = Spa (K, k). (4.5.37)
Similarly, we introduce (N + 1)-covectors of the form
va(k), a=01,2...,N, (4.5.38)
with components that depend on k as follows:
vo(k) = vo(k), (4.5.39)
v, (k) = vj;. (4.5.40)
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Define by
N
(v + S)o(k) = / dk! v (K Soo (', k) + 3 Som(E)oms (4.5.41)
m=]
N
(v*S); = / Ak’ vo(K)So3 (K') + 3 VmSimg (4.5.42)
ms=]

a covector obtained by applying the matrix S to v.
Now, let us introduce covectors whose components are the Jost and auxiliary Jost solutions and

analogous covectors for the advanced/retarded solutions,

&7 (k) = (9°(k), 27, 23,...,0%), (4.5.43)
P, = (P2(k), sy, P22, - ,PaN), (4.5.44)
a transmission matrix . e
t7(k)o(k— k') O
Tel= ( (k) E) ) I) , (4.5.45)
and a matrix of the spectral data,
% (k, k) = (R%(k’ & () ) : (4.5.46)
2a(K) &05
where
&1 = 0(x0)d; F O(Fo )t Al (4.5.47)
Then equations (4.5.5) and (4.5.6) can be rewritten in a compact form as
BT =®, »RL. (4.5.48)
Let us introduce constant (N + 1) x (N + 1) matrices
We = (1 0 ) (4.5.49)
0 —a5:biAf;
1 0 }
K= (0 ‘—2_;;6“%). (4.5.50)
Taking into account that
Rz%; = 0(F0)b; + 0(x0)uAL° = 8(F0)dy; + 0(:!:a)t1%:; f (4.5.51)

in view of (4.2.13), we find that by (4.5.49) and (4.5.50), equations (4.5.26) and (4.5.27) can be
rewritten in a compact form as

o =9+ (W) Y (RI)IK. (4.5.52)
Substituting (4.5.52) into (4.5.48), we derive a characterization equation
(RI°VK «+ RS = WT°, (4.5.53)
and substituting (4.5.48) into (4.5.52), we obtain
RE « (WT°) '« (RIOVK =1 (4.5.54)
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Substituting (4.5.52) into (4.5.48) with the opposite sign of o, we derive the following equation for
the discontinuity of the Jost solutions on the real axis:

P +T° =@ (W) lF-e, (4.5.55)

where
T = (R)IK+R:°. (4.5.56)

Since the right-hand side is independent of the sign +, we get an additional characterization equation
(ROVK+RI° = (RIOMK R (4.5.57)

Characterization equations for the spectral data F° look simpler. In fact, noticing that K t=K,
we have

]_-af =¥, (W—aT—a)-—l * F~°% & (W"’T")"l «» F°=1. ) (4.5.58)'

To write out formula (4.5.55) in a more explicit form, by analogy with the notation used for the
spectral data RZ., we denote

Fo(k,k') Fo(k
Fo(k, k)= (k, k) 77 (k) . (4.5.59)
FE (k) 17
Then, from (4.5.55) we have
t7 (k)®° (k) = / dp &~ (p)F~(p, k) + 2mic ) &7 (A™);m bl—]-',;"(k), (4.5.60)
l,m =
o7 = / dpd””(p)f;“(p)+21riaZd>l_”(A-”)l f,;;, (4.5.61)
Im
where
Fo(k, k') = / dk” RE(k", FYRL(K" k') — Z . t RL A (F)RE (k) (4.5.62)
- e(ﬂ:d)b[ g -0 Xl n "o
F (k)=__27_;t_l- T)Zb,A m(k)+/dk 2 (KMRL(K",K'), (4.5.63)

m=]

Frogh) = - "(*")bJR;J(L)i Z i 0(*") R + / dk' R, K) R, (K), (4.5.64)

_ (o) 0(?30) .
Fi=- ey dy; + Z bl AL tm AS, / dk' RY, (k)RS ,(K). (4.5.65)

Relations (4.5.53) and (4.5.54) modify equations (2.2.90) and (2.2.91) for the decaying case
and (3.4.13) and (3.4.14) for the purely one-dimensional case. respectively. The third set of char-
acterization equations (4.5.57) for R generalizes equations (2.2.92) and (3.4.15). In fact, these
equations are the most essential since they impose conditions on the spectral data with the same g,
in contrast to equations (4.5.53) and (4.5.54), which relate spectral data with different signs of o.
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Now, we want to have a deeper insight into the structure of the characterization matrix equa-
tions (4.5.53), (4.5.54), and (4.5.57). To this end, we write out explicit expressions for all the
clements of the matrix and check, in particular, the role played by the characterization equations
for the one-dimensional spectral data. The cha.racterlzatxon equation (4.5.53) contains terms of the

form (R°Y'RE, (R3°)RY,, (R35)!RE, and (R35)'RL ;. Recalling the definition of R and
‘R,; ; in (4.5.8) and (4.5.15) and using the characterization equatlons (3.4.17), we get

(Rz%)'RE = (R°)'TRYE,
(RE")'RL,; = (RE)TORL,,
(R )tRa = (R;H)TTUR
(R3%)'Re; = (R35)'T°Ry;.
Notice that due to the 6-function in the definition (4.5.16) of R;t iy
(Rzg)'T°Rg; =o. (4.5.66)

Then, using (4.5.66), we derive from the characterization equation (4.5.53) an identity and the
following characterization equations that do not contain the continuous part of the one-dimensional

spectral data:

1 b
(RIN!T°RL =T + 57-5 "‘72 R (4.5.67)
m=1
= 1~ b
m=1 ™
1 1 & b=
(Rz9)'T°R% = = > R RE m (4.5.69)

where {,7 =1,2,..., N, the symbol ® in the first equation is used in the sense of & direct product of
a function depending only on & and a function depending only on &, and the product of operators
is now meant in the usual sense. Note that the third equation is just the adjoint of the second one
(with ¢ — —0).

Let us consider the second characterization equation (4.5.54). In this case, the one-dimensional
continuous spectral data r and (rz°)! factorize. Applying (r3°) from the left and rZ from the
right to the respective data and using the characterization equations (3.4.17) again, we eliminate r
and (r3°)!. Then, from (4.5.54), we obtain an identity and the following characterization equations
(,j=1,2,...,N):

RL(T°)"Y(Rz%) = (T°)! + 2nio Z —(A" Ri,,®R4m, (4.5.70)
m'n—l
N -
RE(T) Rzt = 2mic H [—e (F0)(4°);) £ (o) "‘6,,,.] % o (4.5.71)
m=]
| t
RL,(T°) M (R:°) = 2ma [lrne(ioxA”);i ¥ "(*”’ﬁ""v] R% (4.5.72)

n=]

where, again, the third equation is the adjoint of the previous one (with ¢ — —0o).
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As far as the spectral data ™7 are concerned, we have (j,l =1,...,N)

1 - by

-0 __ tg—opo _ _° § :___
}- o _ (Rg:) f R:t 21"1 2 tl Ri,l ® R;,l)
~ - 1 N b
]—-J_-U = (R;)ff‘”R;,j - "——27” ‘=E 1 f.—lR;'le:‘lj’

N
Sl e | 1 by
F = (BRI TORE - = T
=1

N
N = -5 1 by 1 -
]_-ljo = (Ri'l)ff "Rg:,j — q—ﬁe(:ta’)-t-l-&] + % Z B(q:a)b,th,,:A;",,j,
ma=1}
which imply that the spectral data > ™ can be obtained by “dressing” the spectral data f~7 of the
one-dimensional potential u;. The requirement that the right-hand sides of these equations are inde-
pendent of the sign & provides explicit expressions for the third characterization equation (4.5.57).

5. CONCLUSION

In many examples in [9-16], it was already shown that the main object of our approach, the
extended resolvent, can generate by successive reductions all the tools of the IST method, i.e.,
Green’s functions, Jost solutions, spectral data, and their characterization equations. In the present
paper (see also {17, 18]), we have shown that, at the moment, the extended resolvent is the only
available tool for describing the embedding of one-dimensional objects in a two-dimensional theory
within the framework of integrable equations.

For the specific case considered here, i.e., for the nonstationary Schrédinger equation with a
potential that is a two-dimensional perturbation of a one-dimensional potential, one can find, as
was done in [19], specific analytic properties of the Jost solutions, which, in addition to the cut
along the real axis of the spectral parameter, also have a cut along the imaginary axis. However,
only the application of the extended resolvent approach made it possible to relate different spectral
data, in particular, those that appear in Subsections 4.3.1 and 4.3.3, and to derive characterization
equations for the spectral data.

The inverse problem can be formulated as a problem of constructing a function ®(z,k) that is
analytic in the complex domain of the spectral parameter k except the real and imaginary axes and
satisfies the asymptotic condition (2.2.66), which follows from (2.2.63). The discontinuity on the
real axis is given in (4.5.60) and in (4.5.61) for the auxiliary Jost solutions, while the formulation of
the inverse problem is completed by equations (4.3.2) and (4.3.46). In a forthcoming publication,
we will consider the inverse problem in detail and consider the time evolution of initial data of
kind (1.4) that is generated by the KPI equation. The results of this study will be applied, in
particular, to the description of the interaction of (1+ 1)-dimensional objects, like solitons, that are
inherited by the KPI equation from the underlying KdV theory.

ACKNOWLEDGMENTS

A.K. Pogrebkov thanks his colleagues in the Department of Physics of Lecce University (Italy)
for kind hospitality.

This work was supported in part by PRIN 2002 “Sintesi,” by the Russian Foundation for Basic
Research (project no. 02-01-00484). by the grant of the President of the Russian Federation for the
support of leading scientific schools (project no. NSh-2052.2003.1), and by the program “Mathemat-
ical Methods in Nonlinear Dynamics” of the Presidium of the Russian Academy of Sciences.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol 251 2005



-
T

5 T

=1 Lll_t- -.1

[

IR e T

: L S -r.|.|.
-.'ﬁ ﬁr_:r e 3&-

J

" £ "o A5l D
uk :?I:ll' 1 :i bl n.gh_ - 1 = 2- . - i‘ R
- - 'J-I - ] -1 n = ) » - -k ‘g-' -‘- o mf = |* .
"l ! R = ZPV PR N R L em
B e d  Bes LA S
| S TE N I iy 5, 1 d.l'J _u..l-‘ S . "b rl J'_ﬂf :‘ t"‘
o - N -~y YA = ' d s =
B e . LT S R -
"‘ : 1 1 ' _?‘1 1 7
Lo =" = ] = e 1 By oo, miu - - 4
¥ gl e - o = o mgft ,
. N w ol n ™ - RO f = B e v
- - 1=
N b . PR B 1 - ‘_: L ooTom
5o ||||..l|4‘|- Thy L . N 174 j . '“'._‘ ' )
e N ¥ - ‘- = 1 | Fel r o #1 |
i J I - - - 1 =" r
1 . F N =
o ) T 1 e I - J.-". -
h [T ._3:-" I . T
= a B
- 1
’ - . . . I
.
T
N [
= - . 2
. = ~ B SR x
Ll I -ll e .



48

10.

11,

12.

13.

14.

15.

16.

17.

18.

19

20

21

M. BOITI et al.

REFERENCES

B. B. Kadomtsev and V. 1. Petviashvili, “On the Stability of Solitary Waves in Weakly Dispersing Media,” Dokl.
Akad. Nauk SSSR 192 (4), 753-756 (1970) [Sov. Phys., Dokl. 15, 539-541 (1970)).

. V. E. Zakharov and A. B. Shabat, “A Scheme for Integrating the Nonlinear Equations of Mathematical Physics

by the Method of the Inverse Scattering Problem. 1,” Funkts. Anal. Prilozh. 8 (3), 43-53 (1974) [Funct. Anal.
Appl. 8, 226-235 (1974)].

. V. S. Dryuma, “Analytic Solution of the Two-Dimensional Korteweg-de Vries Equation,” Pis'ma Zh. Eksp. Teor.

Fiz. 19 (2), 753-755 (1974) [J. Exp. Theor. Phys. Lett. 19, 387-388 (1974)).
V. E. Zakharov and S. V. Manakov, “Soliton Theory,” Sov. Sci. Rev. A: Phys. Rev. 1, 133-190 (1979).

- 8. V. Manakov, “The Inverse Scattering Transform for the Time-Dependent Schriddinger Equation and

Kadomtsev-Petviashvili Equation,” Physica D 3, 420-427 (1981).

- A.S. Fokas and M. J. Ablowitz, “On the Inverse Scattering of the Time-Dependent Schrddinger Equation and

the Associated Kadomtsev~Petviashvili (I) Equation,” Stud. Appl. Math. 69, 211-228 (1983).

. Xin Zhou, “Inverse Scattering Transform for the Time Dependent Schrodinger Equation with Applications to

the KPI Equation,” Commun. Math. Phys. 128, 551-564 (1990).

. A.S. Fokas and L. Y. Sung, “The Cauchy Problem for the Kadomtsev-Petviashvili-I Eyuation without the Zero

Mass Constraint,” Math. Proc..Cambridge Philos. Soc. 125, 113-138 (1999).

. M. Boiti, F. Pempinelli, A. K. Pogrebkov, and M. C. Polivanov, “Resolvent Approach for Two-Dimensional

Scattering Problems. Application to the Nonstationary Schrédinger Problem and KPI Equation,” Teor. Mat.
Fiz. 93 (2), 181210 (1992) [Theor. Math. Phys. 93, 12001224 (1992)].

M. Boiti, F. Pempinelli, A. K. Pogrebkov, and M. C. Polivanov, “Resolvent Approach for the Non-stationary
Schrodinger Equation,” Inverse Probl. 8, 331-364 (1992)

M. Boiti, F. Pempinelli, and A. K. Pogrebkov, “Solutions of the KP1 Equation with Smooth Initial Data,” Inverse
Probl. 10, 505-519 (1994).

M. Boiti, F. Pempinelli, and A. K. Pogrebkov, “Properties of Solutions of the Kadomtsev-Petviashvili I Equa-
tion,” J. Math. Phys. 35, 4683-4718 (1994).

M. Boiti, F. Pempinelli, and A. K. Pogrebkov, “Some New Methods and Results in the Theory of (2 + 1)-
Dimensional Integrable Equations,” Teor. Mat. Fiz. 99 (2), 185-200 (1994) {Theor. Math. Phys. 99, 511-522
(1994)}.

M. Boiti, F. Pempinelli, and A. K. Pogrebkov, “Spectral Theory of Solitons on a Generic Background for the
KP1 Equation,” in Nonlinear Physics. Theory and Ezperiment, Ed. by E. Alfinito, M. Boiti, L. Martina, and
F. Pempinelli (World Sci., Singapore, 1996), pp. 37-52.

M. Boiti, F. Pempinelli, and A. K. Pogrebkov, “Solving the Kadomtsev—Petviashvili Equation with Initial Data
Not Vanishing at Large Distances,” Inverse Probl. 13, L7-L10 (1997).

M. Boiti, F. Pempinelli, A. K. Pogrebkov, and B. Prinari, “Towards an Inverse Scattering Theory for Two-
Dimensional Nondecaying Potentials,” Tear. Mat. Fiz. 116 (1), 3-53 (1998) {Theor. Muth. Phys. 116, 741-781
(1998))

M. Boiti, F. Pempinelli, A. K. Pogrebkov, and B. Prinari, “Inverse Scattering Theory of the Heat Equation for
the Perturbed 1-Soliton Potential," J. Math. Phys. 43, 1044—1062 (2002).

M. Boiti, F. Pempinelli, A. K. Pogrebkov, and B. Prinari, “Extended Resolvent and Inverse Scattering with an
Application to KP1,” J. Math. Phys. 44, 3309-3340 (2003).

A. 5. Fokas and A. K. Pogrebkov, “Inverse Scattering Transform for the KPI Equation on the Background of
One-Line Soliton,” Nonlinearity 16, 771-783 (2003).

M. Boiti, J. Léon, and F. Pempinelli, “Spectral Transform and Orthogonality Relations for the Kadomtsev-
Petviashvili Equation,” Phys. Lett. A 141, 96-100 (1989).

V. E. Zakharov, §. V. Manakov, S. P. Novikov, and L. P. Pitaevskii, Theory of Solitons. The Method of Inverse
Scattering (Nauka, Moscow, 1980; Plenum, New York, 1984).

F. Calogero and A. Degasperis, Spectral Transform and Solitons: Tools to Solve and Investigate Nonlinear Evo-
dution Equations (North-Holland, Amsterdam, 1982; Mir, Moscow, 1985), Vol. 1.

Translaied by the authors

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 251 2005



‘r:-i;e L -,"

..J'

-_-' =

i “ 3 "lg" . ME‘:;“ - :
B u N - m wr <1 BT -
W?F’j:. ’\B—-r.:_’i::;_.‘n = S

. T
] _, -

S SO LR il

] -
1 ‘ . - . ) 1
I T - »1‘1| 1 '-1"1. . =g L i Ay e - - 1= 1
: e = AT < PR S ._l N "3_!"- °Y T & ] ___- \ ] g J‘
§ . 1 = Ga 4 * pu 1 1 4
- =i L I - - =r
! 1 ;| ¢’. - * 4 . = Py & e 1 ‘_d: 1‘% B . I
- - e |
*a e .i.i.: d'; o aney ; d= v IaE B 1: % e
= 1 B % ) I\ = S n - ™ 1= | . N
by - -"'hi‘ B ‘.‘; J?., ﬁn!'_ = M S B - !
= 5 P - ol " ﬁ' o - - -
(i R TR e T - -
- | [ N - .
- el ¥ - - = P R -~ 4o -
i e 13 q:l n 1 ‘: 1o (W0 X |’ B ' -
: = I ":.-hl I S ¥e- L ora '¢ . 1
: ] :'- - .- B - I.l "L - " -l i . o
o W wolk o e T "L .
E m = | B i — & P
. Ea -.* N L I n_ - 1 X
" =23 o ':: . 1 S ..'- - ) .
L] . Lt - _l . B . I . . ) L . B
a = i ¢ o
Ll N B — - - = b = =" 1 N
1 ) -4 ) - . el
- ._'- - :
- T 1 - |"_ - .
i [ -
1 . .
' L]
. | .
v s § = N
' ]
. - ‘ )
] - "



