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T O W A R D S  A N  I N V E R S E  S C A T T E R I N G  T H E O R Y  F O R  

T W O - D I M E N S I O N A L  N O N D E C A Y I N G  P O T E N T I A L S  

M. Boi t i ,  1 F. P e m p i n e l l i , l A .  K. Pogrebkov ,  2 and B.  Pr inarP  

The inverse scattering method is considered for the nonstationary Schr6dinger equation with the potential 
U(Xl, x2) nondecaying in a finite number of directions in the x plane. The general resolvent approach, which 
is particularly convenient for this problem, is tested using a potential that is the B~cklund transformation 
of an arbitrary decaying potential and that describes a soliton superimposed on an arbitrary background. 
In this example, the resolvent, Jost solutions, and spectral data are explicitly constructed, and their 
properties are analyzed. The characterization equations satisfied by the spectral data are derived, and the 
unique solution of the inverse problem is obtained. The asymptotic potential behavior at large distances is 
also studied in detail. The obtained resolvent is used in a dressing procedure to show that with more general 
nondecaying potentials, the Jost solutions may have an additional cut in the spectral-parameter complex 
domain. The necessary and sufficient condition for the absence of this additional cut is formulated. 
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1. I n t r o d u c t i o n  

Since the early 1970s [1, 2], the nonsta t ionary  Schr6dinger equat ion 

(iOz2 + 0 2 , - u )~  = 0 (1.1) 

is known to be a linear spectral  problem associated with the Kadomtsev-Pe tv iashv i l i  equat ion  [3] in the 
form (KPI) 

(ut - 6uu~, + u~,z,z,)~,  = 3ux2z2, (1.2) 

where the function u = U(Xl, x2, t) is real. Being a na tura l  generalization of the Kor teweg-de  Vries equation,  
Eq. (1.2) is considered the pro to type  of (2 + 1)-dimensional integrable equations.  In fact, the KPI  equat ion 
( together  with KPII)  was used by several authors  as a laboratory for exper iment ing  with new theoretical  
tools for handling the specific problems of mul t id imensional  integrable models.  (For a general overview of 
the subject  and a rich bibliography, see [4, 5]). 

The  construct ion of a complete  theory for the spectral  t ransform of the potent ia l  U(Xl,X2) proved 
rather  difficult. The  real b reak through  was the discovery tha t  the problem can be reduced to a nonlocal 
R iemann-Hi lbe r t  problem [6, 7]. The  addi t ional  difficulties tha t  arise in resolving the Cauchy problem for 
the KPI  equation,  because it is not str ict ly evolutional,  were s tudied successively in [8-10]. 

The  characterizat ion equat ions for the spectral  da ta  of a potent ia l  u(xl, x2) vanishing at infinity were 
formulated in [11]. The  extension of the spectral  t ransform to a potent ia l  approaching  zero at large distances 
in every direction except a finite number  was faced in [12]. However, only a potent ia l  asymptot ica l ly  
symmetr ic  with respect to the origin was considered, excluding, in part icular ,  the presence of solitons. As 
regards solitons, the pure N-sol i ton solut ion was given in [13, 14], where it was shown tha t  the solitons of 
the KP equations are not localized in the plane but  have a wavelike profile at  large distances.  The  problem 
of the spectral  t ransform of N solitons on an arbi t rary decaying background was left unsolved. Up to now, 
only the problem of comput ing  the spectral  t ransform of an N-sol i ton solut ion with parameters  "per turbed" 
by a dressing procedure has been solved [15]. 

Our aim is to investigate the spectral  characteristics of Eq. (1.1) for potent ia ls  u having the nontrivial  
limits 

un,+(xl,x2) = lim U(X,+2#n(X2--X~),X~2), n = l , 2 , . . . , N ,  (1.3) 

for N real constants  #n and otherwise vanishing at large distances. In the general case, these asymptot ic  
one-dimensional potentials  mus t  be free in the sense tha t  their spectral  t ransforms (related to the s ta t ionary 
SchrSdinger equation) can have bo th  a discrete and a continuous part .  

The  possibility of managing  this class of solutions of the KPI  equat ion using the inverse scat tering 
method  is very relevant mathemat ica l ly  since up to now, the usual me thods  of functionhl  analysis (see, 
e.g., [16]) have not been able to handle this case. On the other  hand,  such an extension of the admissible 
potentials in (1.1) is crucial in applications since solitons in two dimensions are, in general, not localized in 
the space. In the case of tile Davey-Stewar tson  equation,  for which localized soli tons were discovered, the 
inverse scat tering theory of the KPI equat ion [17, 18] with a potent ia l  of type (1.3) governs the evolution 
of the boundaries.  

The construct ion of the spectral  theory for problem (1.1) for potent ials  satisfying tile general prop- 
erty (1.3) is very involved. To overcome the difficulties, a new mathemat ica l  object ,  depending  on two 
complex spectral parameters ,  called the extended resolvent (or resolvent for short)  was in t roduced in [19 
22]. This extended resolvent, via a reduct ion procedure,  can be used to generate  all relevant quanti t ies  in 
the inverse scat tering theory, i.e., the Green's functions, Jost  solutions, and spectral  data ,  and the relations 
between them. It can be considered a generalization of the usual resolvent of the nons ta t ionary  SchrSdinger 
operat, or. We arc c, mvin('cd tha t  the extended resolvent is the effective foundat ion for the proper  extension 
,if the invmse scat ta:ring ~wt.lmd. In [22, 23], general results t})r potent ials  of type (1.3) were (~bt.ained by 
inaking s()ln(' (l>arlially impli(:i(.) assmnpt.ions a})()ul, l.h(, l)Ot.(,ntial. Here, the general res()lvent, approa(:h is 
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presented in Sec. 2, where after reviewing the case of rapidly decaying potentials, we show how to modify 
the integral equations defining the Jost solution, the spectral data,  and their characterization equations for 
nondecaying potentials. 

Currently, we cannot  precisely define the subclass of potentials of type (1.3) that  satisfy the assumptions 
in Sec. 2; moreover, there is evidence that  the structural  properties of the spectral da ta  can be even more 
complicated in the general case. 

The aim of this paper is correspondingly twofold. On the one hand, we want to show that  this subclass 
is neither void nor trivial, and on the other hand, we want to develop the necessary tools for exploring the 
spectral properties of the most general potentials of type (1.3). 

Potentials belonging to this special subclass can be obtained via Bgcklund transformations of rapidly 
decaying potentials. We have a ra ther  simple, t ransparent  method  for performing these transformations 
in [24], but we also need to control the analytic properties of the Jost solutions and the transformation and 
properties of the spectral data. Therefore, we need a significant reformulation of the method.  This was done 
in [25] for Bs t ransformations involving only the continuous spectrum. In Sec. 3, following the same 
lines, we consider a potential  z~ obtained g la Bgcklund by superimposing a soliton on a decaying smooth 
potential  u. Using the so-called binary Bgcklund transformations and their Darboux version, we obtain 
the extended resolvent, Jost solutions, and spectral da ta  for the potential ~ and thoroughly s tudy their 
properties. We show that  these objects completely satisfy the scheme formulated in Sec. 2. In particular, 
we prove that  the Jost solutions satisfy the modified integral equations and are piecewise analytic in the 
spectral parameter  with a discontinuity at the real axis. We express the spectral da ta  of ~ in terms of 
the spectral da ta  of the background u and the soliton parameters,  and show that  they satisfy the modified 
characterization equations of Sec. 2. In the spectral-parameter  complex domain, the extended resolvent 
for ~ has an additional cut in comparison with the case of a decaying potential. 

At the end of Sec. 3, we present the asymptot ic  behavior of the potential ~ at large distances in 
the x plane. We show that  this potential  indeed satisfies condition (1.3) with N = 1 and ul,+(xl,x2) =- 
u l _ ( x l , x 2 )  =- u l (x l  + 2#x2), where ul(xl)  is the s tandard one-dimensional soliton potential of the sta- 
t ionary Schr6dinger equation and # = AN with A being the discrete spect rum value corresponding to the 
soliton. We also prove tha t  the difference ~(x l ,x2)  - u l ( x l  + 2#x2) in the limit (1.3) with #n = # decays 
as 1/x2. This corresponds to the bending effect on the wave solutions described in [3]. Moreover, the 
asymptot ic  behavior at large distances of the difference 72 - u is asymmetr ic  with respect to the direction 
xl + 2#x2 = const. More precisely, in the directions of the half plane to the left of xl  + 2/~x2 = const, this 
difference decays exponentially, and in the other half-plane, it behaves as ( l /x2)  3 (or vice versa according 
to the sign of )~9). We give conditions that  improve these asymptot ic  behaviors. 

The potential ~2 constructed in Sec. 3 is, of course, far from being a general potential that  satisfies 
condition (1.3), even in the case N = 1. A more general example can be obtained by perturbing ~, i.e., 
by considering the potential  f~ + u2, where u2 is a rapidly decaying two-dimensional potential. In Sec. 4, 
we sketch this approach using a special version of dressing adapted to the extended resolvent scheme [26]. 
First, we show that  for a general u2, the additional cut of the extended resolvent (and of the corresponding 
Green's function), derived in Sec. 3 and specific to the two-dimensional case, leads to a cut of the Jost 
solution connecting points A and A in the spectral-parameter  plane. Such an additional cut was discovered 
in the special case of a two-dimensional per turbat ion of a pure one-dimensional soliton in [27]. Here, we 
prove the existence of this cut  in a more general case. We also formulate the necessary and sufficient 
restriction on the perturbing function u2 for the absence of such a cut. 

These results suggest that  for a general potential satisfying (1.3), additional spectral data  must be 
defined to describe the additional singularity of the ,Jost solution, and their characterization equations nmst 
be found. In Sec. 4. we discuss how the properties of these new quantities can be studied in two steps. 
First, one builds the resolvent of a special potential as a multisoliton potential or as an arbitrary decaying 
one-dimensional potential embedded in two dimensions. Then, one studies the potential dressc~l with a 
i'apidly decaying two-dimensional potential. It is clear that  the generalization from N = l la) N = 2 ill (1.3) 
can be significantly inw~lwed. The solution of these t)roblmns is deferred to a fllture work. 
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2. The general resolvent approach 

In developing the two-dimensional inverse scattering theory, new problems appear which are intrinsi- 
cally related to the multidimensionality of the theory. A new approach for solving them was proposed and 
developed in [12, 19-22]. It was called the resolvent approach because the principal tool used is a sort of 
extension to complex values of the resolvent of the principal Lax operator defining the scattering problem. 
We present the main features of this approach in the following. 

2.1. M a i n  def in i t ions  

The main mathematical objects of the theory are defined in the Schwartz space of distributions de- 
pending on two real and two complex variables, p = (Pl,P2) and q = (ql, q2) respectively. For brevity, this 
space is denoted by $r The complex variable q plays the role of the spectral variable in the theory; the 
boldface font denotes that it is complex. 

For any A E Sr i.e., for any distribution A(p; q), we define its Hermitian conjugate A t in this space 
by 

a t (p ;q )  = A ( - p ; p +  ~) (2.1) 

and the distribution A (~) shifted in q by 

A(~)(p; q) = A(p; q + s). (2.2) 

For any two elements A and B, we define their composition AB by the "shifted" convolution 

(AB)(p; q) = f dp' A(p - p'; q + p')B(p'; q), (2.3) 

if the integral exists in the sense of distributions. This operation has the standard transitivity and associa- 
tivity (when the composition is defined, of course) and also satisfies 

(AB)t _- B t A  ~, (AB)(~) = A(S)B(~). (2.4) 

We embed the "image" of a differential operator in the space S;,q by the following rule: if .A(x; 0~) is 
a differential operator 

A(x;0~) = ~ a, , , ,~(x)02~02,  x = (x~,x~), (2.5) 

with the kernel A(z; y) = A(z; O~)a(z - y), then its image A(p; q) is 

f dy ei(P+q)~.A(x, y)e -iqu, (2.6) A(p; q) - (27r)2 f dx 

where px and qx denote scalar products (for instance, px = plxt  + p2x2). Explicitly, we have 

A(p;q) = Z a'u,n'-(P)(-iql)'~'(-iq2)"~" 
T~ I ~T}. 2 

(2.7) 

where 1/ 
a , ,  ,,~., (p) - (2~r)2. d z e  ~ a , ~ , , ~ ( z )  (2.8) 

are the Fourier t ransfornls  of t;hc coefficients in (2.5). 
It. is ~'asy t.o v~,rify tha t  this embedding  is cmlsist,ent wit, h tJw usual opera t ions  r r differential 

ol)~u'ators. In [act.. tim imaK~, of the l)I'odur o1" law) difl'cr~,nt.ial r ors is the  comlmsit,ion (as defined 
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in (2.3)) of their images, and the Hermit ian conjugate of an image (as defined in (2.1)) is the image of the 
s tandard Hermit ian conjugation of the differential operator,  i.e., of the differential operator 

1"~ I n 2 

I'l I ~rt 2 

If the images of ion:,, j = 1,2, are denoted by 

Qj (p ,q )  = q i 5 ( p ) ,  j = 1,2, (2.9) 

then the image of the spectral  operator  in (1.1) is given by 

L = Lo - v, (2.10) 

where 
L0 = Q2 - Q~ (2.11) 

is the image of the differential operator  (1.1) with potential  u = 0 and v is the image of the potential u, 
i.e., the Fourier t ransform of u, 

(2.12) 

The main object in our approach is the extended resolvent M(p; q) that  is the inverse of the differential 
operator  L with respect to the composition defined in (2.3), i.e., 

ML = LM = I, (2.13) 

where 
I(p; q) = 5(p) (2.14) 

is the image of unity. 
To clarify the meaning of the introduced objects, we perform the inverse Fourier transform of rela- 

tion (2.6) with respect to variables p and q~, 

1 / /  
A(x, y; qa)  - (27r)2 dp dq~ e-i(p+q~)XA(p; q)e *Q~y, (2.15) 

and obtain 
A(x,y; q~) = A(x; O,: + q~)5(z  - y). (2.16) 

Therefore, the image A(p; q) of the differential operator A(x; 0~) can be considered tile Fourier transform 
of the kernel of the differential operator  obtained from A(x; 0~) by adding q~ to the partial derivative 0~. 

Then M(p; q) is the Fourier t ransform of the fundamental  solution of the operator  obtained from L by 
the shift oq~ --+ 0x + q~. In the literature, such a shift is widely used as an intermediate  step for obtaining 
a regularized fundamental  solution in the limit q~ ~ 0. In contrast,  it is essential in our approach to treat 
arbi trary values of qe  and then of q, and to study, for instance, the analytic properties of M(p; q) with 
respect to q. 

We show in the following that  this additional freedom in the complex plane can be used to derive 
all relevant quantities, including tlle .Jost solutions and the spectral data,  from the extended resolvent 
M(p: q) by using specific reduction procedures. Just  this fact makes the s tudy of their properties and their 
interrelations easier ~ l l l d  l l l O r ( ?  l , r a l l S t i ~ t l ' O l l t .  

For the inversion of L ill (2.13) to be well defined and unique, we require that  the resolwult M(p: q) for 
;~ .e:em'ra] q'a is a t.empered dist.ritmtJon in the variables p and a locally integrable function with respect to 

745 



the variables q~. Under these conditions, the inverse of a nondegenerate  operator  with constant  coefficients 
exists and is unique. In particular, the inverse of L0 (see (2.11)) exists and is equal to 

J~r -- q2 - q~" (2.17) 

This inverse is unique because the condition of local integrability excludes the possibility of additional terms 
proportional to (~(p)6(q2 - q12). 

The two equations in (2.13), which define M as right and left inverses of L, are then equivalent to the 
two integral equations 

M = Me + MovM,  M = Me + M v M o .  (2.18) 

We expect that  the existence and uniqueness of their solution can be studied with the s tandard methods of 
functional analysis. The main advantage over the s tandard integral equations defining the Jest  solution is 
that  the integrals in the right-hand sides of (2.18) are also well defined for potentials u of form (1.3), and 
we therefore have a well-defined quantity, as we show in the following, that  can be used to define the Jest  
solutions for nondecaying potentials. 

In this paper, we consider the special operator  in (2.10), but the above scheme remains unchanged for 
any Lax operator L. The reality condition for the potential u(x) in (1.1) is equivalent to the condition that  
both L and M are Hermitian in the sense of (2.1), 

L t = L, M t = M. (2.19) 

The main technical tool in the s tudy of the resolvent, as in the s tandard spectral  theory of operators, 
is the Hilbert identity. If M and M'  are the corresponding inverses of L and L', then 

M ' -  M = - M ' ( L '  - L )M.  (2.20) 

This identity and its reduced versions in different forms are crucial in the theory. For instance, the analytic 
properties of the Jest  solutions and the characterization equations for the spectral da ta  can be derived from 
this Hilbert identity. 

2.2. Jest  and a d v a n c e d / r e t a r d e d  solut ions  for decaying  potent ia l s  

We first consider v(p) that  are Fourier transforms of smooth potentials u(x) decaying sufficiently rapidly 
at large distances. For brevity, we call these potentials regular. 

Because of (2.5) and (2.7), the image of a differential operator  is a polynomial  in q, and images are 
therefore analytic functions of q. This means that  the extended resolvent M(p; q) defined by (2.13) is 
almost analytic in a sense: the departure from analytici ty of M is given by the oS-derivatives 

(Oji~/l)(p; q) - OM(p; q) 
O(tj ' j = 1, 2. (2.21) 

We can use the Hilbert identity (2.20) to calculate these derivatives, where we choose the shifted opera- 
tor L (s) (see (2.2)) as L'. Then M'  = M (s) and we have M (s) - M = - M ( S ) ( L  (~) - L ) M  instead of (2.20). 
From (2.2), (2.10), and (2.11), it follows that  

L (~) - L = L~ s) - Lo, (2.22) 

which goes to zero when s --~ 0. In contrast, we call see from (2.18) that  M has nmltipliers /~I0 fronl the 
/ left and the right and from (2.17) that  the product M(o~)]~r has no limit in r whell s ---} 0, To avoid this 

indeterminacy, we rewrite (2.20) (with (2.22) taken into account) in t, erms of the less singular (t, rlllw;tt,e(t) 
~luantit, ies ML~ and L # l l  as 

/tl I~'l - /~1 = (M Lo)(~")(M{~j ~-') - Mo)(LoM).  (2.23) 
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Then, for the 0-derivative with respect to q2 when ql~  :/: 0, it follows from (2.17) that  

(92M = 7rlu)a(L0)(co{, (2.24) 

where 6(Lo)(p; q) = 6(P)(~(q2 - q2) and we introduce Iv), (col E 8p,q as 

{u)(p; q) = (MLo)(p; ql,  q~), (2.25) 

(col(p; q) -- (LoM)(p; q~, -p2 + (p~ + q~)2). (2.26) 

Thus, we can see that  the nonanalytic part  of M(p; q) is completely determined by lu) and (col, special 
reductions of MLo and LoM depending on only the spectral variable ql .  Their Fourier transforms in p are 
related to the s tandard Jost solutions. To show this, we introduce 

ql)  = f dpe-iP~lu)(p; ql) ,  X(x, 

and let g(k) be the special two-dimensional vector 

Then the functions 

~(x, ql)  =fdpe-'V~(co{(p;q~-p~) (2.27) 

g(k) = (k, k2). 

~(x,  k) = e-ie(k)*x(x, k), �9 (x, k) = eit(k)~(x, k) 

(2.2s) 

(2.29) 

are the s tandard Jost solutions of the spectral problem (1.1) and of its dual respectively. The spectral 
parameter  ql  has been renamed k in (2.29) to conform with the more traditional notation. That  (I) and tI, 
are the Jost solutions can be verified directly or by deriving the integral equations satisfied by lu) and (co[. 
By means of reductions (2.25) and (2.26) of integral equations (2.18), we obtain 

{u)(p;q) = J ( p ) +  (vlv))(p;q) (2.30) 
7~(p;ql) ' 

(w[(P;q) =~(P)  ((w[v)(p;q) (2.31) 
7~(p;ql) ' 

where 
7~(P; ql)  = P2 - P l ( P l  + 2qx). 

Then, performing transformation (2.27), we derive the integral equations in the x space 

X(x, k) = 1 + [ dx' Go(x - x', k)u(x')X(x', k), 

<(x, k) = 1 + f dx' Go(x' - x, k)u(x')~(x', k), 
d 

(2~)2 alp. dl/e -''~+'* Mo(p-p;p +e(k)) .  
where 

They are the s tandard integral equations (of. [6, 7]) defining the .lost, solution and its dual. In fact.. 

, 

Go(x,k)  - sgn:r,2 dt q O(_])lk.].l.))e_,l,,.r,_Ll,,(t,,+2k)x2 
27vi , " - 

(2.32) 

(2.33) 

(2.34) 

(2.35) 

(~.3o) 
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is the Green's  function of the nons ta t ionary  Schr6dinger opera tor  with  u = 0, i.e., it satisfies the differential 
equat ion 

(iO,~ + 02 - 2ikO~., )Go(x - x'; k) = ~(x - x') (2.37) 

and is analytic in k when k~ r 0. 
We stress that  this result is general and tha t  the Green's  function G(x,x ' ,k)  of the opera tor  L, 

Eq. (2.10), with an arbi t rary  potent ia l  v is given in terms of M(p; q) by 

1 / / ,  . . . .  
G ( z , z ' , k )  - (27r)= dp dp e -'p'~+'p ~ G ( p , p ' , k ) ,  (2.38) 

a(p,p', k) = M ( p -  p';p' + t(k)). (2.39) 

Finally, we note that  for k.q r 0, Eq. (2.39) can be used to reconstruct  the resolvent from the Green's 
function. In fact, we have 

M(p; q) = G(p + q~ - Ng(k), q~ - ~Rg(k), k) ,  (2.40) 

where 
k = q 2 _ ~  q_ iq l~.  (2.41) 

2 q l e  

However, this property is specific to the spectral  problem considered, Eq. (1.1). It is not t rue for the heat 
equation,  for instance. 

A two-dimensional inverse scat ter ing theory could be built  using only the Green's  functions, follow- 
ing [28], for instance. However, the previous remark  suggests tha t  the Green's  function,  in general, contains 
less information than  the resolvent and tha t  the Hilbert  identit ies wri t ten for the Green 's  functions are 
model dependent .  In contrast ,  the Hilbert identi ty for the resolvent M in form (2.20) does not depend  on 
the special L being considered. Moreover, a direct compu ta t i on  shows tha t  the nonanalyt ic  par t  of the 
Green's function cannot  be directly expressed in te rms of the Jost  solutions as is done in (2.24). 

From the integral equat ions for the Jost solutions, the following asympto t ic  behaviors at large qt ,  
which allow the potent ial  to be reconstructed from the Jost  solutions,  can be easily deduced:  

Ir,)(p, q) = ~(p) + O ( 1 / q t ) ,  (col( p, q) = 5(p) + O(1/q~) ,  (2.42) 

and 
1 1 

p l lu ) (p ,q )  - 2q~V(p) + O(1/q~),  p~(col(p,q) = ~qtV(p) + O(1/q~) .  (2.43) 

The  resolvent can also be used to natural ly obtain the so-called advanced / re t a rded  solutions of the 
nonsta t ionary Schr6dinger equation,  which are relevant in the theory (see [6, 19-22, 29]). Above, we 
considered the nonanalytic  part  of the resolvent M(p; q) with respect to q2 in the case q t~  7 ~ 0. We now 
take q ~  = 0 and compute  the o52-derivative of M.  It depends on two other reduct ions of the resolvent, 

lira 2 lu~/~)(P; q) = ~._++o(MLo)(P; ql~,  q l~  t: ie), (2.44) 

(coa/rl(P; q) = lira (LoM)(p:ql~,-P2 + (Pl + ql~)  2 :t: ie'). (2.45) 
e--+ + 0  

These solut, ions {h't}end on only the real param{~.ter q l~  and have no analytic continuat, ion in t, he complex 
(tonlain. Their  int{'g~ral equat ions follow directly froin proper reduct ions of (2.18) and have t, lm f{}rms 

]",,/,-)(P: q) = ~$(p) + 

(~;,/,.l(l}: q) = d(p) - 

(olu~/,.)) (P; q) 

/}'2 - P] (I)1 + 2q1~) 4-iO' 

q) 
P2 - t} l{Pl  + 2q1!~)  3: i{}" 

(2.4G) 

(2.47) 
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In the x space, int roducing X~/~ and {a/~ (for real k) by analogy with (2.27), we obtain the integral equations 

X.~/~(x, k) = 1 + / dz' Go,a/~(x - z',  k)u(x')X~/,.(x',  k), (2.48) 

~a/r(X, k) ---- 1 + / dx' Go,a/r(X' - x, k)u(x')~a/r(X', k), (2.49) 

where the Green's  functions are given by 

- l f f e-ipz+iP'z' (27r)2 dp dp' Go,a/,-(P, P,  k), (2.50) 

Goa/~(P,P', k) = Mo(p - P';P~I + k,p~ + k 2 :k iO) (2.51) 

(cf. (2.38), (2.39), and (2.28)). In explicit form, we have 

( Go,a/~(z,k) O(:l:x=) exp i x l k  + iz2k 2 + i  z2 + z-4 . 
2x/trim2[ 4x2 

(2.52) 

We can thus see tha t  the advanced / re t a rded  Green's functions are also given as specific values of the 
resolvent. Of course, because these functions are de te rmined  only on the real axis, the resolvent cannot  be 
reconst ructed from them.  In addit ion,  (2.40) and (2.51) cannot  be used to express t hem in terms of the 
Green's  function of the Jost  solutions because the variables in the r ight-hand side of (2.40) tend to infinity 
for the special reduct ion considered in (2.51). 

Finally, we note tha t  in the resolvent approach,  all types of solutions natura l ly  appear  in dual pairs, 
like lu) and (w I above, tha t  are related to the SchrSdinger spectral  operator  (1.1) and its dual. This duali ty 
is relevant in the following, and the bra and ket nota t ion we have in t roduced helps in using it correctly. 
However, the reader mus t  be advised tha t  it has nothing to do with dual i ty in the theory of vector spaces. 
Indeed, the solutions in our context  are not vectors but  elements of the space $~,q. 

We can easily show, using their definitions and (2.19), tha t  these dual  pairs of the aost and advanced/re-  
tarded solutions are related by the conjugat ion propert ies 

t : @ 1 ,  t = (2.53) 

The  Jost  solutions satisfy the differential equat ions (in the p-space version) 

LI ) = lu)Lo, <wlL = Lo@l.  (2.54) 

The advanced / re t a rded  solutions satisfy the same equations,  but  only on the real axis q~ = 0. Using 
relations (2.27) and (2.29), we can verify tha t  (I) indeed satisfies (1.1). 

Using a special reduced version of Hilbert identi ty (2.20), we can also derive the scalar products  

= I, (w~/~]Vr/a) = I. (2.55) 

Finally, we note tha t  equat ion (2.24) for the 02-derivative of M can be integrated using the Cauchy 
Green fornmla. Taking into account  tha t  

lira q 2 M ( p : q )  = 5(p) ,  (2 .56)  
q 2  ---~ ~ 

I)e(:ause. of (2.10) (2.13), we obtain a bilinear repl'esentat.ion of the rcsolvent in t.ernis of the Jost s, flut.ions. 

: (2.57) 
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From it, again using (2.56), we can prove the completeness relation 

I >< ol = I. (2.58) 

Analogously, we can also obtain a bilinear representation of the resolvent at ql~ = 0 in terms of the 
advanced/retarded solutions, 

M = [Ualr)Mo(wr/a[. (2.59) 

Although this representation is valid only on the real ql axis, we derive the completeness relation for the 
advanced/retarded solutions from it: 

I~'a/r)(~or/ol-- I. (2.60) 

Using (2.54) and (2.58), we derive a bilinear representation for the SchrSdinger operator itself, 

L = Lv>L0<wl. (2.61) 

Bilinear representations (2.57) and (2.61) can be considered the operator realization of the well-known 
dressing procedure [2]. They are significant in studying the analytic properties of the resolvent M(p; q) 
with respect to the other complex variable ql. As we see in the following, we thus naturally consider special 
reductions of the second level of the resolvent that supply the spectral data of our problem (1.1). But we 
first consider how to modify the above construction for potentials of type (1.3). 

2.3. Jo s t  a n d  a d v a n c e d / r e t a r d e d  so lu t ions  for n o n d e c a y i n g  p o t e n t i a l s  

In the following, the main mathematical objects (potential, resolvent, solutions, and spectral data) are 
marked by a tilde, to distinguish them from the corresponding objects in the decaying-potential case. 

If the potential ~(x), as in (1.3), is not decaying in some directions, i.e., if ~ is a singular distribution, 
it is known (see also below) that the standard integral equations (2.33) and (2.34) become meaningless, 
even in the simplest case ~2(x) = u(xl). On the other hand, integral equations (2.18) defining the resolvent 
are still well defined, as was shown in detail in [22]. For instance, for the one-dimensional potential u(xl), 
we obtain 

M(p; q) = 5(p2)Mq2 (Pl; ql) ,  (2.62) 

where Mz(pl; ql) is the resolvent of the one-dimensional Sturm-Liouville operator 02  - u(xl) + z. 
The resolvent properties, however, significantly change in the nondecaying-potential case. For instance, 

the reductions in (2.25) and (2.26) do not exist because (MLo)(p; q) and (LoM)(p; q) are discontinuous 
just at the points of reduction in this case. An accurate study (see [22]) shows that a specific path for 
approaching these limiting values must be chosen and that the Jost solutions in the nondecaying-potential 
case must be defined using the limiting procedures 

I~>(p; q) = lim (MLo)(p; ql, q2 + e), ~-++0 (2.63) 

(~l(P;q) = lim (LoM)(p;ql,-p2 + (Pl + ql) 2 + e) 
r 

(2.64) 

where e is real and positive. Using the reduction procedure indicated in these formulas, we derive the 
integral equations 

1 (pl (vii)>) (p; q) ) 
q) = + (2.65) 

Pl + i0ql~ 7~(P; ql) ' 

1 (p l  ((~,v)(p; q ) )  (2.66) 
(~[(P:q) -- 5(P) Pl - iOqv.~ 7~(p;ql) 
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from (2.18). Here, the quant i ty  

P~ _ P~ 
P(P;Q1) - P2 - Pz(Pl + 2ql)  

(cf. (2.32)) must  be considered as a whole object.  This  object  admi t s  well-defined reduct ions to the straight 
lines P2 -- 2#~p~. Therefore,  this ratio can safely be mult ipl ied by ~1~} and (~t~ tha t  have the union of such 
lines as a singular suppor t .  Thus,  if the dis t r ibut ions are mult ipl ied in the indicated order, the r ight-hand 
sides of these integral equat ions  are well defined. For regular 7), the brackets in the second term in the 
r ight-hand side can be opened,  the dis t r ibut ion in front of t h e m  is cancelled by Pl in the numerator ,  and 
integral equat ions (2.30) and (2.31) are recovered, as expected.  We ment ion,  however, t ha t  the construct ion 
based on the dressing procedure  (see Sec. 4) demons t ra tes  tha t  the analytic propert ies  of I~) and (~1 in the 
complex ql  plane could be more involved than  in the decaying-potent ia l  case and tha t  in addit ion to the 
t radi t ional  cut  on the real axis, there could be other  cuts related to the presence of solitons. 

To make explicit the novelty of integral equat ions (2.65) and (2.66) in compar ison with those for the 
usual potent ials  u (x )  vanishing at  large distances, we rewrite t h e m  in the x space in terms of )~(x, k) and 
~(z, k) defined in (2.27). Taking the Fourier t ransform of (2.65) and (2.66), we obta in  

i f '  / ' ' k)g(x') ;~(x ' ,  k), 2 ( x , k )  = 1 + dyl  d x ' O ~ G o ( y z  - x l , x 2  - x 2, 
k ~z o o  

/? / I ~ I - I ~(:c, k) = 1 + dyt  dx '  Om Go(x '  t - y l , x  2 - x2, k ) u ( x  )~(x ,k) ,  
~ o o  

(2.67) 

(2.68) 

where Go(x ,  k) is defined in (2.36). Because of (2.36), it is easy to show tha t  

Go (x, k) - sgn k~ 
47rkx---~ + :~2 --+ oo, (2.69) 

and these integral equations,  for potent ia ls  with  nontrivial  l imits (1.3), therefore have well-defined kernels, 
because the integrat ion over x~ is performed after the differentiation with respect  to Yl. In the one- 
dimensional  case, i.e., where g(x) = u ( x l ) ,  both  )~(x,k) and ~(x, k) are independent  of x2. We can then 
integrate 0 ~  Go over x~ explicitly and obtain 

! / ' r 

d x ;  0~, Go(x  - x ,k )  = sgn k g 0 ( k ~ ( x l  - Xl))e 2'k(:~'-*') (2.70) 

This  reduces (2.67) to the s t andard  integral equat ion for the Jost  solution of the s ta t ionary  one-dimensional 
S turm-Liouvi l le  equat ion with the potent ia l  u ( x l ) .  

In contrast ,  limits (2.44) and (2.45) defining the advanced / re ta rded  solutions are also well defined for 
nondecaying potentials,  and integral equat ions (2.46)-(2.49) do not need any regularization because the 
Green's  functions Go,~/~ are integrable with respect to z2. In fact, from (2.52) we obtain 

dx2GO.a/ , . (x ,k )  = e *(k~:' +Ik~'l), (2.71) 

whi<:h is a well-defined dis t r ibut ion ill -~:l for all k =/: 0. In the general case, the advanced / re ta rded  solutions 
ti>r a l)Otential of tyt)e (1.3) have a zero at k = 0. 

I1 can be verified that. conjugat ion t)ropertie.s (2.53) as well as differeutial equat ions (2.54) are satisfied 
fin both t.ypes o1' solut.ions. The asympt, otic behavior of the .lost, solutions given in (2.,12) and (2.,13) 
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also remains valid. The scalar products for the advanced/retarded solutions are preserved in form (2.55), 
whereas the scalar product of the Jost solutions is modified, 

(~[~> = T - ' ,  (2.72) 

where 

T-l(p;q):6(P)-2irrsgnql'~(Pl)(pl(ga[f'))(p;ql) ) 7 ~ ( P ;  q l )  " (2.73) 

Here again, the distributions must be multiplied in the indicated order. If the potential  ,3 is regular, the 
bracket in the second term in the right-hand side of (2.73) can be opened, and then :F = I. In the singular 
case, as was shown in [22], the term in brackets is proportional to 6(P2); therefore, we can write 

T(p; q) = t(ql)a(p),  (2.74) 

where {(ql) can be called the transmission coefficient. It is analytic in the upper and lower half-planes 
of ql  and has a discontinuity on the real axis. It is one of the spectral data  that  we describe in Sec. 2.5 
and generalizes the traditional one-dimensional transmission coefficient to two dimensions. 

Instead of considering the limit of (MLo)(p;qx,q~ + e) and (LoM)(p;q~,-P2 + (Pt + qx)2 + e) for 
e -+ +0 in (2.63) and (2.64), we could consider the opposite limit e --+ -0 .  It easily follows that  

lim (.~rL0)(p; q l ,  q~ + e) = (tzS)T)(p; q), 
E'--+ - - 0  

(zrs) 

lim ( L o M ) ( p ; q l , - p 2  + (Pl + ql)  2 + e) = (T(wl) (P; q)- 
e--* - 0  

(2.76) 

The integral equations satisfied by Iz)):F and T(wl differ from (2.65) and (2.66) only in the sign of the i0 
terms in the denominators; in the z space, they differ from (2.67) and (2.68) only in the sign of the infinite 
limits of the integration with respect to Yl. Since T commutes with L0 in the sense of composition (2.3), 
these reductions, as I~) and (~], satisfy (2.54) and are respective solutions of spectral problem (1.1) and its 
dual. 

We stress that  in the nondecaying-potential case, the problem of obtaining a bilinear representation 
of type (2.57) for the resolvent as well as a completeness relation for the Jost solutions is essentially more 
complicated. In this paper, we treat this problem in the special case of a sol• on an arbitrary decaying 
background. The special superimposition obtained using a Bgcklund transformation and a more general 
superimposition obtained using a dressing are considered. 

2.4. S p e c t r a l  d a t a  for d e c a y i n g  p o t e n t i a l s  

We first consider a regular potential v. The Jost solutions are analytic functions of q~ with a cut along 
the real axis, and their values on the two sides of the real axis are denoted by lu+>, (co+l E S~,,q, where 

l u •  lim lu)(p;q), (2.77) 
q ~  --~+0 

(w•  lim (wl(p;q). (2.78) 
ql,a---+ + 0  

Spectral data traditionally relate these values. It is, however, nlore convenient to define the spectral 
data as operators in the space $~,.q that transform ,lost solutions into advanced/retarded solutions. These 
operators Call })(' computed using (2.57). the bilinear representat.ion of the resolvent. Multiplying (2.57) 
[W go ['roul the rig;hi and usillg (2.5-1) and (2.58), we obtain 

= t + 
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Compu t ing  special reduct ions  (2.25) and (2.44) of this equat ion tha t  respectively define the Jost and the 
advanced / re ta rded  solutions,  we obtain 

f dp' Iv'O (P - p'; q + p') ((JIv)(p'; q) 
Iv~)(p; q) 3(1)) + J ~(P' ;  q l~)  - icrp'lO 

f dp' Iv~)(P - p'; q + p') ((~'1~)(p'; q) q) 3(p) + J 7)(P'; qtR) 4:i0 

(2.79) 

(2.80) 

where a = + , -  and T'(p; ql~R) is given in (2.32). In fact, from the original integral equations defining the 
resolvent, Eq. (2.18), it follows tha t  M(p; q) for q2a # 0 is a continuous function of q l~  in a neighborhood 
of zero. Therefore, we can approach the real axis indifferently from above or below in evaluating (2.57) 
at qxa = 0, and we can thus choose either cr = + or a = - in the r ight-hand side of (2.80). Analogous 
equat ions can be obta ined for (co'~l and (oaa/~l. 

Considering the differences Iv ~) - [Vale) and (co~  (%,1,.1, we obtain 

G I.~/~) = Iv~)(-Rg~) t, (~ /~1  = R ~ : ( J I ,  cr = + , - ,  (2.81) 

where 

with 

R~:(p; q) = a ( p ) +  r~:(p; q) 

r~: (p; q) = +2iTrO(:kapl)5 (7~(p; qln))(vlu~))(p; q). 

Thus,  the spectral  da ta  R~ are obta ined as a special reduct ion of the second level of the resolvent. 
ing (2.12) and (2.27), we obta in  

(2.82) 

(2.83) 

Us- 

TI 0 f T2 (P; q) = 2-77 (+crPl)6(P(P; ql~))  I dxeiP*u(x)X~(x,q 1~) 
J 

(2.84) 

in terms of quanti t ies  in the z space; Eq. (2.84) is the familiar definition of spectral  da ta  [9-111 in the 
decaying-potent ia l  case. 

The  characterizat ion equat ions  satisfied by spectral  da ta  (2.82) can be obta ined  by comput ing  special 
reductions of the Hilbert  identi ty satisfied by the resolvent or from the bilinear representat ion of the 
resolvent. They can be wr i t ten  in a part icularly t ransparent  form using the composi t ion law introduced 
in (2.3): 

(RU)tRI  = z, (2.85) 

R2(RU)t  = / ,  (2.86) 
(R~_)IR~_ = (RI) t  RI ,  (2.87) 

where again cr = +, - .  Tile first relation enables us to invert (2.81), 

I / )  = I</~)R2, ( J I  = (R~=~)*(~/~I- (2.88) 

Consequently,  we can introduce the al ternative spectral  da ta  

(2.89) 

and relate the ,h}st sc)lut i{)us {'{)nq)uted on the two sides of the real axis l)y 

i , '~) = l u -~ )  F - " .  ( J I  = ~'~(-~'-~1- - = + . - .  (2.90) 
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These spectral da ta  satisfy the characterization equations 

(F+)  t = F +, F -  = (F+)  -1, (2.91) 

to which we must add the requirement that  F :k must be decomposable into the product  (2.89) of two 
triangular operators (2.82) (see [6, 11, 12]). 

Finally, we note that  the quanti ty  vtv ~ entering the definition of the spectral  da ta  via use of the 
"differential" equation (2.54) satisfied by the Jost solution can be rewri t ten in the form 

(v}u~))(p; q) = T'(p; ql~) lu~ q), (2.92) 

explicitly showing that  the spectral da ta  are given as the "residuum" of the Jost  solution on the surface 
7~(P; ql~)  = 0. Of course, because of (2.53), the spectral da ta  can also be wri t ten in terms of the dual Jost 
solution (w I. Because of integral equation (2.30) for the Jost solution, we also have 

(T'(p; ql~)lug)(p;  q)) 
R~(p; q) = lu~ q) - 7)(p; q l ~ ) + i 0  ' (2.93) 

where the distributions must be multiplied in the indicated order. 
In conclusion, we note that  in the decaying-potential  ease, where the t ime is fixed, the resolvent 

approach discussed above adds nothing substantially new to the tradit ional  approach. When the time 
evolution is turned on, however, the usefulness of the resolvent approach becomes evident. In fact, only in 
this framework (see [10] for details) was it possible to study, in the ease of unconstra ined rapidly decreasing 
initial data, the singular behavior of the KPI  solution u and the Jost solutions and, at the initial t ime t = 0, 
the appearance of "constraints" on u for t # 0 and a tail slowly decreasing for xl  ~ too. 

2.5. Spec tra l  data  for n o n d e c a y i n g  potent ia l s  
In the previous section, we described the case with decaying potentials u in detail to emphasize the 

necessary modifications for generalizing the definition of the spectral  da ta  to the case with nondecaying 
potentials g. The main problem is that  a bilinear representation of type (2.57) for the resolvent is not yet 
known in the general case. In [23], by analogy with the alternative definition of spectral  da ta  in (2.93), it 
was argued that  the spectral da ta  can be defined as 

h~:(p; q) = ([P~)T'~)(p; q) - (p(p; ql~)(It)~)Ta)(P; q)) 
7)(P; q l~)  =E i0 

(2.94) 

where T+ are the limiting values of T (cf. (2.73)) on the two sides of the real axis in the complex ql 
plane. These limiting values are introduced to compensate possible singularities at q l~  = #n due to the 
singularities of ~)(p) along the lines P2 - 2p~pl = O. Using (2.92), we can rewrite (2.94) as 

R~:(P; q) = It)~ q){~'(ql) - q)t-'*(ql) 
P(P;q l~)  + i0 

(2.95) 

To obtain the characterization equations for tile spectral da ta  using the Hilbert identity, we nmst now 

use reductions (2.63) and (2.64) of the resolvent M instead of (2.25) and (2.26). This derivation requires 
precise knowledge of the singular behavior of the ,lost aud advanced/ re ta rded  solutions for potentials of 
type (1.3) and is not yet (:olnpleted. In this paper, we first consider a potential  5(x) obtained by super- 
inq)osing, via B/icklund transforlnations, a soliton on a potential u(z) rapidly decaying at infinitv. In this 
case. we Call colnpute the resolvent, the ,lost solutions, and the spectral da ta  of '5(x).  The transformed Jost, 
solutions arc still t)ie(:ewise analytic in the spectral ('Oml)h,.x plan(; with a cut along the real axis. Thel'eforc. 
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the spectral  da ta  R~: of t~(z) can indeed be defined using (2.94), and we prove tha t  they satisfy the modified 
character izat ion equat ions 

(.~7~)t.~ : ~ 

( / ~ ) t / ) ~  = ( /~ ) t /~_ .  

(2.96) 

(2.97) 

(2.98) 

Under definit ion (2.94), Eqs.(2.81) are preserved, but  relations (2.88) become 

(2.99) 

As in the decaying-potent ia l  case, we can introduce the al ternat ive spectral  da ta  

~o = (/~o)t/~_o. (2.1oo) 

Relations (2.90) and (2.91) are modified and become 

I ~ ) T  ~ = I~-~)F -~, T~<~I  = (F') t<a-~l ,  

F~ = T , , ( F - O ) - ' T  -, , ,  

(2.1Ol) 

(2.102) 

while the self-adjointness proper ty  of F~ is preserved. 
Moreover, we can express the new spectral  da ta  in terms of the different elements composing the final 

potent ia l  ~ by 
R+~ -- w+n+T +, R~ = w+R; ,  (2.103) 

where 
2i~ ) (2.104) w+ (p; q) = (~(p) 1 - 0 ( + ( q l ~ - # ) ) q l ~ - - - ~ + i ~  

and R~ are the spectral  da t a  of u(x) tha t  satisfy characterizat ion equations (2.85)-(2,87). The  parameter  
is chosen to be greater than  zero, and this explains the a symmet ry  in the formulas (2.103). An addit ional 
real constant  must  also be in t roduced for the soliton, by analogy with the normal izat ion constants  in the 
one-dimensional  case. 

3. S u p e r i m p o s i t i o n  o f  a s o l i t o n  o n  a d e c a y i n g  b a c k g r o u n d  

We already ment ioned  tha t  analyzing the propert ies of the solutions of integral equations (2.18) 
and (2.65), (2.66) defining the resolvent and the Jost  solutions for potent ia ls  of type (1.3) is particu- 
larly difficult. For experience in a sufficiently general case, we consider the potent ia l  describing a soliton 
on a background obta ined by comput ing  the Bgcklund t ransformat ion of an arbi t rary  potential  vanishing 
at large distances in the x plane. 

Because we are interested in the corresponding Jost  solution, it is natural  to use the Darboux procedure 
tha t  s imultaneously furnishes the BS, cklund t ransformat ion of the potent ia l  and the t ransformat ion of the 
solution of Eq. (1.1). However, the Darboux t ransformat ion of the Jost  solut ion is not the .lost solution of 
tile t ransformed potent ia l  in general, uor does it necessarily have a good behavior  at large z. Therefore, 
t, he formal algebraic scheme of [24] involving the combined use (called binary) of solutions of tile spectral 
t)roblem and its dual must  be used with an accurate analysis enabling us to verify at each step that  we 
are working with proper  mat, hematical  objects. We find it convenient to follow an approach closer to the 
i)lle ill  [25], where t, lw lDarboux t ransformat ions  of t, he cont, inuous spec t rum of a decaying potential  were 
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studied. Thus,  we also obtain the explicit formula for the resolvent. The  s tudy  of its analyt ic  propert ies is 
essential in the a t t e m p t  to generalize the result to per tu rbed  one-soliton solutions. 

3.1. Binary Biicklund transformations 

We work in the space @,q, where products  and commuta to r s  are defined by composi t ion  law (2.3). In 
particular,  A-t(p; q) means the inversion of A(p; q) according to this composition law, not  1/A(p; q). If 
A(x) is a dis t r ibut ion for which log A(x) is a well-defined distr ibution,  we also in t roduce the LOG function 
of its image A(p; q) = A(p) in the space S;,,q ( that  is, of its Fourier t ransform):  

1/ 
(LOG A)(p) - (27r)2 dxe ip~ log.A(x). (3.1) 

The  nota t ion  LOG is admissible because it has the characterist ic proper ty  LOG A1 + LOG A2 = 
LOG(A1A2). Fur thermore,  if A has an inverse, then 

[ Q , , L O G A ]  = [Q~ ,A]A- '  (3 .2)  

Let the potent ial  v(p) in the nons ta t ionary  SchrSdinger opera tor  L in t roduced in Eqs. (2.10) and (2.11) 
be regular, tha t  is, the Fourier t ransform of a potent ia l  u(x) rapidly decaying at  large distances in the x 
plane. A new potent ia l  v~(p) and the corresponding nons ta t ionary  SchrSdinger opera tor  L' can be generated 
using a gauge t ransformat ion B, 

LIB = BL. (3.3) 

Part icularly simple gauges of the form 

B = Qt + a,  a(p;  q) - a(p) ,  (3.4) 

are usually called e lementary B/icklund gauges [30]. Any other such can be obta ined  by repeatedly com- 
posing such gauges and their inverses. Wi thou t  loss of generality (for details, see [25]), we can rewrite a 
aN 

a = -[Q~,  LOG/3] - AI, (3.5) 

where/3(p; q) - / 3 ( p )  and the spectral  parameter  A is chosen in the upper  half-plane 

= # + in, ~ > O. (3.6) 

Inserting (3.4) into (3.3), we obtain the new potent ial  

! 
v = v + 2 [ Q I , [ Q 1 , L O G / 3 ] ]  (3.7)  

and the equation satisfied by/3  
g/3 + 2[Qx,/3](Q1 - h i )  = 13L0. (3.8) 

Compar ing  this equation with differential equat ion (2.54), we can see tha t  /3 can be chosen equal to the 
value of the Jost solution of the original potent ial  at qt  = A, 

/ 5(Q1 - A[ )  --  1 )5(Q  - A I ) ,  (3.9) 

where we defiue 

such that 

(di(Q1 - h I ) ) ( p : q )  = 6(p)5(ql - A) (3.10) 

= I, ' )(p: A). (3.11) 
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Then,  Bgcklund gauge (3.4) is 
B = / 3 ( 0 1  - AI)/3 -1 (3.12) 

As was shown in [24], the condi t ion tha t  both  the potentials  u and u'  are real (or, equivalently, that  
both  v and v' are self-adjoint) drastically reduces the class of potentials  to which the elementary Bgcklund 
t ransformat ion can be applied,  in fact, to only one-dimensional  potent ials  (see [25]). To obtain a truly 
two-dimensional  self-adjoint potential ,  we mus t  (as suggested in [24]) consider an elementary Bgcklund 
t ransformat ion and its inverse with different parameters  and compose them.  The  result ing B/icklund trans- 
formation is called binary. 

Thus,  let L be another  L-opera tor  with potent ia l  ,3, and by analogy with (3.3), let 

L @  = / 3 L ,  (3.13) 

where L' is the same as above and /3 is of type (3.12), i.e., 

/3 = Q1 - [Q1, LOG/31 - ~ I  

with another  value ~ of the spectral  parameter .  Then/~ ,  by analogy with (3.8), satisfies 

L/3 + 2[Q~, r - ~I)  = DLo, 

(3.14) 

(3.15) 

and 
v' = +a + 2[QI ,[Q1,LOG /3]]. (3.16) 

We show in the following tha t  /3 neither is a value of the Jost  solution at  ql  = ~ (in contrast  to the 
solut ion/3  of (3.8)) nor has an inverse in the space 8~,q. This  means,  in part icular ,  tha t  formula (3.2) for 

[Q1, LOG/3] cannot  be used. 
We can el iminate the in termedia te  potent ia l  v' using (3.7) and directly write 

= 2[Q,,  [Q,, 

We now impose the condi t ion t ha t  both  the potent ia ls  v and ~ are self-adjoint, 

(3.17) 

v t = v, ~t = ~. (3.18) 

As in [25], it is easy to show tha t  because of (3.17), this requirement  is equivalent, wi thout  loss of generality, 
to 

(/3/3-1) t :/3/3 -1, (3.19) 
= ~ = ~ - i~. (3.20) 

As we show in what  follows, this choice guarantees  tha t  the resulting binary Bgcklund t ransformat iou adds 
a soliton to v. 

Let U denote the Dar})oux t ransformat ion tha t  generates this binary Bgcklund t ransformat ion from v 
to .b, i.e., 

u L  = LU. (3.21) 

Then,  by (3.3) and (3.13). 
u = B-lz?, (3.22) 

(3.2:3) 

and because of (3.12) and (:3.1.1). Ill(, gauge U is given by 

i T = I - ,3(Ql - AI)-1.4/4 -1, 

757 



where 
A = [Q1, LOG(/)/~-I)] - 2i~I,  A t = - A .  (3.24) 

We now must find a differential equation (in the space Sp,q) for /~fl-1 in terms of/~. For this, we 
insert ~) from (3.17) into (3.15) and then use (3.8) to eliminate v in the resulting equation. We obtain 

[Q2 - 2#Qx, LOG(/~/3-1)] + [Q1, A] = A 2 + 2i~A + 2A[Q1, LOG/~]. (3.25) 

Adding this equation to its Hermitian conjugate, we obtain 

[(~1, (/~]~-)-IA] = 0. (3.26) 

Therefore, there exists a c commuting with Q1 such that  

A = i c ~  t. 

Because of self-adjointness condition (3.19), this c must be Hermitian. Because of (3.17) and (3.24), both 
7) and A are independent of the choice of c, and we choose c = - I ,  i.e., 

A = -i/3/3 t. (3.27) 

Using this equality to replace A in (3.24), we obtain a Riccati equation for ~r 

[Q1, DJ3 -1] = 2 i ~ f 1 - 1  - i(r (3.28) 

The solution of this equation can be wri t ten in the form 

= 135(I + s f )  -~, (3.29) 

ieiP'~~ - 2ppt) ~ f dx e ivz 
s(p; q) = s(p) = 2 sinh ~(Pt +i0) = 27r 2 1 + e-2~( z, +2,~2-~o)' (3.30) 

2~ 

where 

Xo is a constant of integration, and 

f (p;  q) = i (flt/~)(p) _ 5(p) 
pt + 2in (3.31) 

We note that  s and consequently 1) have no inverse in the space 8;,,q. From the definition of s and f ,  
it directly follows that  

Therefore. because of (3.29). 

[Q1, s] = - i s ( s  - 2~ I ) ,  

[Q~, f] = i(/3t~ - I - 2n f ) ,  

,s t = s, f t  = f .  

(3.32) 

(3.33) 

(3.34) 

[:3 t : [3ts(I + s f )  -1 (3.35) 

and self-adjointuess requirenwnt (3.19) is satisfied. 

We must. now verify that  the solution /) found in (3.29) satisfies (3.25). as only the real t}art of (3.25) 
]ms I}Pm~ lls{~{t so far. Inserting (3.26) into (3.25). we {)l}tain 

- : 1 . I X ) C , ( / / ~  1) ]  
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and then, using (3.27), 

[Q2 - 2#Q1, LOG(r = -if)/3 -1 ([Q1,/31/3 t - [Q~,/3t]/~) �9 (3.36) 

This equation is easily verified if we notice that  because of definitions (3.30) and (3.31), 

[Q2 - 2#Q1, s] = 0, 

[Q2 - 2#Q1, f] = i([Q1,/~1/3t - [Q1, ~t]/3) - 

(3.37) 

(3.38) 

From (3.17), using (3.29), (3.32), and (3.33), we finally obtain 

= v - 2[Q1, [ Q 1 , L O G ( s ( I  + s f ) - l ) ] ]  = v + 2 i [ Q l , s l ~ t ~ ( I  + s f )  -1]  (3.39) 

for the new potential,  which can also be writ ten as 

= v + 2i[Q1,/3t/3] (3.40) 

because of (3.29). It follows from (3.29) and (3.35) that  f~tr =/~t/3 in accordance with the self-adjointness 
property of 9. It is also easy to verify that  the potential 

f 
~( ) / dp - - (  ) X = e tPXv p 

a 
(3.41) 

(the inversion of (2.12)) has no singularities, because in the x space, the Fourier transform of s ( I  + s f )  -1  

is strictly positive. 
On the other hand, because of (3.30), s ( p )  is proportional to 5(p2 - 2/~pt), and 5(p) is the leading 

singularity of ( I  + s f ) - l ( p ) .  Consequently, 9(p) has a term proportional to a(P2 - 2#pt). Therefore, the 
potential ~(x) is indeed a special case of (1.3). The behavior of this potential at large distances is given in 
detail in Sec. 3.7. 

Because of the self-adjointness of v and ~, it follows by analogy with the first equality in (2.19) that L 
is also self-adjoint; consequently, from (3.21), we have 

L U  t = U t L .  (3.42) 

3.2. R e s o l v e n t  

3.2.1.  O r t h o g o n a l  d e c o m p o s i t i o n  of  L a n d  

Our aim is to explicitly construct the extended resolvent M of the potential ~? considered in the previous 
section. In this case, we can avoid solving integral equations (2.18) and can directly use definition (2.13) 
of A~ as the inverse of L, 

L M  = I ,  = I .  (3.43) 

Using the properties of the gauge.._.operator U that performs the binary Darboux transformation, we 
first show that  the operators L and M are naturally decomposed into the sum of two orthogonal terms. 
Using (3.20), (3.24), (3.27), and (3.19), we obtain the following explicit formulas for the operator U and its 
Hermitian conjugate froin (3.23): 

U = I + i /3(Q1 - AI)-I/~ t : I + i f l (Q1  - A l ) - l s ( I  + s f ) - 1 f l  t ,  

U t = I - i[3(Q1 - i i ) - t / 3  t = I - i f l . s ( I  + s f ) - t ( Q t  - .~I)-13t.  

(3.44) 
(3.45) 
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Using (3.33) and (3.19). it is easy to verify that  the operator  U is partially isometric but  not unitary. More 
precisely, [I t is the right inverse of U, 

U U  t = I .  (3.46) 

Furthermore,  
H = u t u  (3.47) 

is a nontrivial orthogonal projection operator,  

FI t = FI, 1-I 2 = H, (3.48) 

which plays a crucial role in the following. Using (3.33), we obtain 

fl - I = r + sf)-l(1-I1 - I ) ( I  + s f ) - l ~  t, (3.49) 

where 
i 

H1 = I + ~-~ [ s ( Q ,  - A I ) - t ( s  - 2~I) - ( s -  2~I ) (Q,  - A I ) - l s ] .  (3.50) 

Multiplying (3.21) by U t from the left and (3.42) by U from the right, we find tha t  because of (3.47), this 
projection commutes  with L and 

FIL = L H  = U t L U .  (3.51) 

Thus, we obtain the decomposition 

Since 

L = U t L U  + L ( I  - n ) .  (3.52) 

U ( I  - H) = ( I -  H)U t = 0 (3.53) 

because of (3.46) and (3.47), the product of the two terms in the right-hand side of (3.52) is equal to zero, 
and the decomposition is orthogonal. 

It now follows from (3.43) that  ri commutes  with M, and because of (2.13), we can also write the 
orthogonal decomposition for M 

= U t M U  + M ( I  - H), (3.54) 

where M and U in the first term together with the arbi t rary background v are considered given data. The 
second term in (3.54), 

M = M ( I  - ri), (3.55) 

is uniquely fixed by the requirements that  it be orthogonal to H, i.e., 

A A 

MH = r iM = 0, (3.56) 

and that  it satisfy 

M L ( I  - H) = L ( I  - H ) M  = (I - H). (3.57) 

Therefore, we use these two equations to compute  M below. We star t  construction of M with the special 
case where the original potential is equal to zero, i.e., v = 0, and b is therefore a pure one-soliton potential. 

3 . 2 . 2 .  O n e - s o l i t o n  case  

The quantities ol~taiued in the special case t, _-- {} are dist.inguished by the subscript, 1. 
we change the not.;ttion 

/5 > I' 1 

Fr i l l s t a l l c e ,  
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and 
L = L0 - ~) > L1 = L0 - vl. (3.58) 

We obtain the quant i t ies  in the pure one-soliton case by s imply se t t ing /3  = I and f = 0 in the previous 
formulas. We thus obta in  

U1 = I + i ( Q ,  - A I ) - l s ,  U~ = I -  is(Q1 - AI)  -1,  (3.59) 

U1U~ = I,  U~U, = I-Is, (3.60) 

= 11,, = (3.61) 

where the or thogonal  project ion opera tor  111 is given by (3.50). 
Or thogonal  decomposi t ion  (3.52) is now 

L1 = UttLoU1 + L I ( I -  II1). (3.62) 

According to the general discussion in Sec. 3.2.1, we must  find an expression for L I ( I - 1 1 1 )  for which (3.57) 
can be easily solved. We consider the difference L1 - U~LoU1. Taking into account  tha t  vl = 2i[Q1, s] 
follows from (3.40), we obta in  

L ,  - U~LoU1 = - 2i[Ql,S] + is(Q1 - A I ) - I L o  - iLo(Qz  - A I ) - l s  - 

- s ( Q 1  - A I ) - ~ L o ( Q 1  - A I ) - l s .  

Inserting L0 rewri t ten in the form 

Lo = (Q2 - 2#Q1 + A[2I) - (Q1 - AI)(Qx - AI) 

(3.63) 

(3.64) 

in the r ight-hand side of (3.63), using (3.37) and (3.32), and recalling the definit ion of 1-I1 in (3.50), we 
obtain an explicit o r thogonal  decomposi t ion  for the pure one-soliton operator:  

L1 = UtLoU1 + ( I -  111)(Q2 - 2#QI  + ]AI2I). (3.65) 

Because of (3.37) and (3.50), 

[1-I1, Q2 - 2#QI] = O, (3.66) 

and it is therefore easy to obtain the or thogonal  decomposi t ion  for the resolvent of the pure one-soliton 
potential  

M1 = U~MoU1 + (I  - II1)(Q2 - 2uQ1 + IAI2I) -1. (3.67) 

For s tudying  the analyt ic  propert ies  of M1 (p; q) with respect to q, it is convenient  to explicitly compute  
both terms in the r ight-hand side of (3.67). Insert ing s from (3.30) into definition (3.50) of 111, we obtain 

(I  - II 1 ) (P; q) = 6 (P2 - 2#p l )  eip, xo x 
8ig 

f d;', [ (p~ - i~ + ql  - #) cosh ~(m-(pl-i(~-o)))  cosh '~(P~-i(~-~ 
2 ~  2~: 

(P'I + i~ + ql  - # ) c o s h  7r(p,-(p]+i(~-O)))cosh ,~(v'~+i(~-o)) 
2~ 2~: 

761 



which is s imply the Cauchy formula applied to the contour  of the str ip tq~o[ _< ~c in the complex q~ plane. 
We thus obtain 

( I  - I-[~)(p; q) = 0(+r - I q ~ l )  zrZ(p2 - 2/zp~)e iv'~~ 
4g cosh ~(PL-{-ql--P') cosh "tr(ql-p,) (3.68) 

2~ 2~ 

and conclude tha t  ( I -  II~)(p; q) is independent  of q2, is analytic with  respect to qt  in the str ip ]qle] _< g, 
and is zero outside it. In addit ion,  it is a p roduct  of two analytic functions t ha t  respectively depend on 
p~ + q~ and on q~. 

For explicitly comput ing  the first term of the or thogonal  decomposi t ion  of M1 in (3.67), UIMoU~, we 
need the integral 

s ( p  - p ' )Z (p ' )  
dp' w + p~ 

= 2 ~ s ( p )  + is(p) [r ( w + pl w + 

irceim ~o O(-w~ )(f(p2 - 2#pl  ) 
+ , (3.69) 

2s inh ~(m+,,,) sinh ,~__~w 2~ 2~ 

(where r  is the logari thmic derivative of the F-function).  Paying special a t t en t ion  to the fact tha t  it is a 
distr ibution,  we can obtain s(p) from a recursion relation derived by considering the limit as R --+ oo of the 

integral for dp~ ~(p-p')~(F) ~+p~ along the rectangle CR in the complex Pl plane wi th  the  width 2R and height 

2n and with the lower border centered on the real axis. Because of (3.30), this integral  depends  on P2 only 
via the multiplier (f(p 2 - 2#pl) .  

The  correctness of the result can be verified by compar ing  the analyt ic  proper t ies  of the left- and right- 
hand sides of (3.69). In part icular ,  the simple poles of r  at z = 0 , - 1 , . . . , - n , . . .  are exactly cancelled 
by the poles of the last term. 

Because UI(p; q) and Ut(p; q) contain the factor 5(p2 - 2#pl) ,  the first t e rm in (3.67) can be rewrit ten 
aN 

U~ MoU~ = M~ + Mb + Mc + Md, (3.70) 

where 

M~ ..... d(P; q) = Mla ..... ld(Pl; q)~(P2 -- 2#pl)  (3.71) 

and 

Ma = Mo + i ( Q 2 - 2 # Q 1  + IAI2:) -~ [s, (Q1 - .~I)Mo], (3.72) 

Mlb(p; q) = 
is(p) [ ( q t + P l - # + ( )  

2((q2 - 2/zql + IAI 2) ~b 2-/~ - 
_ ~ (ql  + P l -  # - ( ) _ , ~ ,  ( q l -  # +  ( ) ( q l - # - ( ) ]  ~i~ ~ + r ~ ' (3.73) 

Mlc(p; q) = 

Mtd(p: q) = 

iTrczpl Xo 
x 

4(~(q2 - 2#qt  + IAI 2) 

x [ O ( - q r 3  - ~'~.~) _ 
sinh '~(q~ +P'-~+()  sinh rr(ql-#+(:) 

2~c 2pr 
I , 

s i n h  7 r ( q l + p , - / ~ - ( )  s i n h  w ( q , - / z - ( )  

- lh:(q2-2pql  + IAI 2) sinh ~(q'+P'2. -~) sinh ~tq,2~ -x) ' 

(3.74) 

(:~.75) 
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with 
( = v / q 2 - 2 # q l  + I* 2. (3.76) 

We note that  (3.72)-(3.75) do not dependent  on of the sign of this square root. 
We now know all terms in the r ight-hand side of (3.67). Moreover, we can see tha t  because of (3.68), 

the last term is exactly canceled by the te rm Ma of UI1MoU1 in (3.70), and we obta in  the explicit formula 
for the one-soliton resolvent 

m~ = m~ + Mb + Me. (3.77) 

Because the above-ment ioned terms canceled out,  the resolvent has no discontinuity on the lines q t a  = •  
We also note tha t  the poles of the ,b's in Mb are exactly canceled by the poles of M~. 

Because of (3.71), M l ( p ;  q) is propor t ional  to 6(p2 - 2#p~). This  factor shows (cf. (2.62)) the one- 
dimensional  character  of the one-soli ton resolvent, and M~(p;  q) can be considered the embedding  of a 
one-dimensional  resolvent in two dimensions.  Indeed, the image of the s ta t ionary  Schr6dinger operator  
L = 02~ - u(x t )  + z, where u (z t )  is a one-dimensional  potent ia l  and z is a (complex) spectral  parameter ,  
is the element  of Sp,q with the form 

L~(p,; q , )  = a ( p , ) ( z  - q~) - v(pl) ,  (3.78) 

where v ( p t )  is the Fourier t ransform of u ( x l ) .  The one-dimensional  resolvent M~(pa ;q l )  is defined (by 
analogy with (2.13)) by the equat ion  ( L , M ~ ) ( p l ;  ql )  = a(Pl). In the case considered here, i.e., where u ( x l )  

is a pure one-soliton potential ,  it is easy to verify tha t  the corresponding resolvent is given by 

M~(p1;  ql)  = (MI~, + M l b  + Mlc)(Pl;  ql  + #, z + 2#ql  + #2), (3.79) 

which can be explicitly expressed using (3.72)-(3.74). In Secs. 3.4 and 4, we describe the propert ies of M1 
and M~ in detail. 

3 . 2 . 3 .  O n e  s o l i t o n  o n  a b a c k g r o u n d  

We now consider a potent ia l  7? obta ined by super imposing a soliton on an arbi t rary  regular potent ial  v 
using a binary Bgcklund t ransformat ion.  

To obtain the resolvent, we follow a procedure analogous to tha t  used in the previous section. We first 
compute  an explicit formula for the second term in (3.52), the or thogonal  decomposi t ion  of L. Because 
of (3.40), (3.44), and (3.45), we have 

L - U t L U  : - 2i[Q~,/~t~] + i ~ ( Q 1  - A I ) - ~ / 3 t L  - iLI3(Q~ - k I ) - ~  t -  

- ~ (Q~  - ~ I ) - * / 3 t L l 3 ( Q ~  - AI)-~/}t. 

Subs t i tu t ing  L~ and ~ tL  from (3.8) and its Hermit ian conjugate,  we obtain 

L - U * L U  = - 2 i9 ' [Q1,  al  + 2iDr[O~, #1 + ia (Q1 - ~Z) -~L09  * - ~#Lo(O~ - :~Z)-*a t -  

- / 3 ( O l  - ~ I ) - ~ / 3 ' / 3 L o ( 0 ~  - ~ I ) - ~  * + 2 ~ ( O ~  - ~ I ) - ~ # * [ 0 , ,  #]~  * (3.80) 

Multiplying this equat ion by ( I+ , s f ) f3  -1 from tile left and by ( I + s f ) ( 3 t )  -1 from the right and using (3.33) 
and (338), we obtain 

( I  + .s'f)/] ~(L - ~ ; * L U ) ( I  + s f ) ( / t )  -~ = - 2i[Q1,.~'] + i.~(Q1 - A I ) - I L ( ~  - 

-- J L o ( ( r  - A / )  -1,~4 - , % ' ( ( ) 1  - , ~ / ) - l L o ( ( 2 1  - Ai r )  - l'~'" 
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Because of (3.63), the right-hand side is exactly L 1 -  U~LoU1. Using (3.65), we finally derive the orthogonal 
decomposition for L in the form 

L = U I L U  + f l ( I  + s f ) - ' ( I  - H )(Q2 - 2#Q1 + [AI2I)flt(I + s f )  -1.  

It is now easy to prove that  the orthogonal decomposition of the resolvent is given by 

= UtMU + M, (3.82) 

where 

= f l ( I  + s f ) - ~ ( I  - - 2#Q1 + IAI2/)-'flt(I + s f )  (3.83) 

In accordance with the requirements at the end of Sec. 3.2.1, we must verify that  M satisfies (3.56) 
and (3.57). First, using (3.49) and (3.66), we write 

= f l ( I  + s f ) - ~ ( Q 2  - 2#Q1 + IAl2I)-~fl-~(I + sf)(I - rI) ( 3 . 8 4 )  

and 

L,(I - I-l) = ( I  - I-I)(flt)-~(I + s f ) ( Q 2  - 2#Q~ + [Al2I)flt(I + s f )  -~.  

Then, using (3.48), (3.49), and (3.66), we obtain MII  = 0 and M L ( I  - lI) = (I  - H). We can verify 
analogously that  FIM = 0 and L ( I  - I I ) /~  = (I  - I-I). 

3.3. Jost  solut ions  

The potential ~ of the previous sections was in fact obtained via a binary Darboux transformation, 
i.e., using the gauge transformation U of L. Therefore, we expect that  the corresponding Jost solutions I~) 
and (~[ are related to U~lu) and (w[U respectively. Indeed, because of (3.42), 

LUtlu) = UtLlv) = Utlu)Lo. (a.85) 

That  is, Ut[u) satisfies the differential equation for the Jost solution, and (wlU similarly satisfies the dual 
equation. 

To find the exact relation, we must compute the integral equation satisfied by Utlu) and compare it 
with (2.65). Because of (3.85), we obtain �9 = (L0 - ]-)Utlv) = [L0, u t tu)]  and, after inserting (3.45), 

Because [L0, A](p; q) = (P2 - p~(px + 2ql))A(p; q) for any A, the last term of integral equation (2.65) with 
]~) replaced by u t l u )  can be rewritten in the form 

_ 1 (pl(5Utlu>)_(_p_;q) '~ : (vlu)) (p; q) 

P, + i0qt~ \P2  - P l ( P l  q- 2ql)  ] P2 --P-ll~7 +2-ql) 

�9 - XI)- fltlu))(p; q)) 
- - Z  

p~ + i O q ~  

As we kuow, the Jost solution corresponding to tile regular potential v satisfies integral equation (2.30), and 
we can therefor(, substitut{, (Iv) - I) (p: q) for the first term. To compute the second term, we must analyze 

the leading singularity of the distribution (.~(Q1 - A I ) -  ~/3 tlu)) (p; q) al I'1 = 0. The leading singularity of 13 

;tlld Ill} iS 1. ;llld })eCall.S(, (}[" (3 .2 . ( ) ) .  t.h,' leading singularity of .;-:t is t.he same as the singularity ()[" .s'. i.e.. of 
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the form (Pl + i0) -1. Therefore,  because the product  of two distr ibutions of the form (Pl + i0) -1 is well 
defined, we can write 

(Pl (/) (Q1 -- "~I) -1 /~t [//))(p; q)) 
p~ + i O q ~  

=(/3(Q, - Ai)-lfltlu))(p; q)+  

+ 27riO(-q~)5(pl)(pl (~(Q, - .~I)- ' /3 t I->)(p; q)) = 

= ( / ~ ( Q , -  AI)-'~t]u))(p;q) + 2niO(-qa)a(p,) (p,s(p;?) ) . \ ql-- A ] 

Thus,  because of (3.30) and (3.45), we obtain 

Utlu)(p;  q) 
1 (pl(_VU',u))(p;q) ~ ( q l -_A '~  

p l + i 0 q l a  P2-Pl(Pl+2ql)] = 5 ( P )  0 ( q l ~ ) + 0 ( - q l a ) q l _ A ] ,  

which gives the inhomogeneous  te rm of the integral equat ion for u t l u ) .  Therefore,  to construct  the Jost 
solution obeying (2.65), the q -dependen t  mult iplier  must  be compensated,  and we conclude that  

I~> = utlu> e(O,a) + 8 ( -Q ,a )  ~ , 
Q1 

(3.86) 

where 
O(Ol.~)(p; q) = #(ql~)6(p) .  (3.87) 

This construct ion also proves the existence of the Jost  solution. 
We obtain 

( Q1-AI)(w[U (3.88) <~1 = O(-Q,~) + e(Q~) Q1 - 

similarly. Taking into account  the explicit formulas for U and U t in (3.44) and (3.45) and the analytic 
propert ies of [u) and (ca[, we can verify tha t  [~) and (hi are piecewise analytic in the complex ql  plane with 
a cut on the real axis, in spite of the involved propert ies of the resolvent described in Sec. 3.4. 

Compar ing  
(calUdtl -)  = I,  (3.89) 

which is a direct consequence of (3.46) and (2.58), wi th (2.72) we deduce that 

/ - )  

Q1 AI 

Q1 - AI 
+ 0(-Q1,~) Q, _ A~I (3.90) 

explicitly proving (2.74), where now 

[(q) = ql  - # + i n s g n q l ~ .  

ql  - # - in sgn ql9 
(3.91) 

It is easy to see tha t  the t ransmission coefficient T is self-adjoint, 

~ , = 7  ~ (3.92) 

For simplicity, h,t 
A• = p :k  i~:. (3..~3) 
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such that )% = A (cf. (3.6)) and A_ = ~. Then the values of the transmission coefficient on the two sides 
q ~  + i0 of the real axis in the complex ql plane are equal to 

and satisfy 

~•  _ Q l n  - A~:I 

QI~ - A+I (3.94) 

We use 

and we therefore obtain 

I~x,:e)(p) = I~)(p; A• 

For brevity, we call them the discrete Jost solutions. 
From (3.86), (3.45), and (3.11), we obtain 

It~l'+)(P) = (utlu>)(P; q)lq,:~,+ = 

and, inserting (3.33) and using (3.29), 

= - + s f )  - 1  

From (3.88) and (3.44), we obtain 

(Q1 - M ) q,=~+ 
<~,+I(P) = ~ Ai<wl[I+i$(Q~ - A I ) - l s ( I + s f ) - l ~  t] (p;q) 

Recalling from (3.11) tha t /3  is a Jost solution, we can see that  

(w[/3 = I + less singular terms, 

(Wl,+l = l s (  I + s f ) - l / 3  t. 

= 

t,o obtain the values of the Jost solutions at, A_. Ill particular. 

IFh._) = 9~s(I + .sf)-lfl.  
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= - p l ) .  

( /3 - i ~ ( Q l  - ~ i ) - l f l t f l ) ( p ;  )%) 

(3.97) 

(3.98) 

(3.99) 

--Pl 

( : 3 . 1 o o )  

(3.101) 

T + T -  = I ,  (~+ ) t  = ~ - .  (3.95) 

Because of (3.91), /(q) has poles at ql  : A+, and the residua of [ at these points are 

[+ = +2i~. (3.96) 

It is clear that  ]b)T and 5~(~1 also satisfy differential equation (3.85) and its dual, because T and L0 
commute. These are the solutions that  were defined in (2.75) and (2.76). From (2.74), 

(I~)T) (p; q) = {(q)l~)(p; q) and (T(&l)(p;q)={(q+p){&l(p;q) .  

The first function therefore has poles at ql  = A+, and the second one at ql  = A+ - P l .  The corresponding 
residua (up to multiples of +2ia)  are 



By analogy with (2.27) and (2.29), we determine the Jost solutions in the x space as 

~(x,  k) = f dp e -i(p+t(k))~ 15)(p; k), (3. 102) 

k) = k - p l ) ,  (3.103) 

where g is defined in (2.38). These functions solve (1.1) (and, correspondingly, its dual) for the transformed 
potential g (see (3.41), where ~(p) is given in (3.39)). Letting ~l ,•  and ~l , •  denote the values of 
~(x, k) and ff2(x, k) at k = # + i~, we obtain 

= f 

ffJl,• = j dpe-i(P-e(x•177 

from (3.97). Then, considering (3.99) and (3.101) and taking (3.30) into account, we obtain 

(3.104 

(3.105) 

~l,+(x) = e2~:~~ ~L+(x) = e -2~~  (3.106 

where the second equality is obtained analogously. 
Finally, we consider the asymptotic behavior of the Jost solutions at ql --+ oo. Because of (3.45), 

g 

Ut(p; q) = ~(P) - s (D/3t)(p) + o(q1-I), ql -+ 0% 

and taking (2.42) and (2.43) into account and expanding (3.86), we obtain the asymptotic conditions 

ID)(p, q) = 5(p) + 0 (1 /q l ) ,  

Pl I t)) (P, q) -- 

where (3.40) is also taken into account for (3.108). 

2ql 
- - O ( p )  + O(1/q2), 

(3.107) 

(3.108) 

3.4. B i l i nea r  r e p r e s e n t a t i o n  of t he  reso lven t  and  its p r o p e r t i e s  

Orthogonal decomposition (3.82) enables us to derive a bilinear representation of the resolvent M for 
a nondecaying potential g of type (1.3) obtained by means of the B/icklund transformation (see (3.39)). 
The form of this bilinear representation is modified in comparison with bilinear representation (2.57) in the 
decaying-potential (regular) case. Indeed, inserting (2.57) into the first term of decomposition (3.82) and 
using (3.86), (3.88), (3.90), and the commutativity of T with M0, we obtain 

(3.109) 

A 

Then, inserting (3.50) into formula (3.83) for ]tl and using (3.90), (3.99), and (3.101), we also obtain the 
bilinear representation of M: 

+2i~ 
A.I = - ~ li,, +) (Qt - A• - 2#Q, + IA[2I) (31,• (:3.110) 

• 
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These formulas are coherent  with the general formulas obtained in [22] for the bilinear representat ion 
of the resolvent for a nondecaying potential  ~i(x) under  some addit ional  assumpt ions .  They  prove tha t  the 
general approach developed in [22] is not void, because we explicitly found a sufficiently general example 
with all the required propertie~, at least for N = 1. 

From the expression for M in (3.110), we deduce tha t  M(p; q~, q2 + 2#q~) is analyt ic  in q~ inside the 
strip lql~[ -< ~:, zero outside it (see (3.68) and (3.84)), and  analyt ic  in q~ with a cut  a t  q2.~ = 0. 

The  condit ion tha t  M vanishes outside the str ip Iql~l -< n is equivalent to the condi t ion for the 
proport ional i ty  of the discrete Jost  solutions in (3.106). To prove this, we note tha t  because of (3.110), 

M(p; q~, q2 + 2#q~) decays for q2 ~ oo. Therefore, because of its analytic p roper ty  with respect  to q2, it 

is zero outside the strip iff the discontinuity of M(p; qt ,  q2 + 2#q t )  at q2a = 0 is zero outside the strip. 

By (3.109), this discontinuity of M is equal to the discontinuity of M itself. In summary ,  M(p; q) is zero 
outside the str ip ] q ~ l  -< ~: iff the discontinuity 

AM(p;  q) = M(p; q~, q2~ + 2 i # q ~  + i0) - M(p; q~, q2~ + 2 i # q ~  - i0) 

is zero outside this strip. 
On the other hand, from (3.110), we have 

(3.111) 

AM. = -47r  5(Q2  - 2#Q1~ + [A[2I) 
:~ Q1 - A• (~1,• 

(3.112) 

Taking its Fourier t ransform and recalling (3.104) and (3.105), we obta in  

(2~-) 21 f dp / dq~ e - i (p+q~)x+iq~yAM(p; q) = 

= 2 ine-qm(~' -m+2uz2-2uu2)  E :t_O((zl - Yl + 2 # x 2  - 2 # y 2 ) ( q l ~  zF t~)) sgn(q l~  ZF m ) ~ l , • 1 7 7  
• 

which is zero outside the strip iff 

= _ ( y ) ,  (3.113) 

that  is, iff 

~ l , . ( x )  = b~l  _(x),  ~ l ,+ (x )  = b-l~l,_(x), (3.114) 

where b is a real (by (3.100)) nonzero constant .  These equalities coincide with (3.106), and the exact value 
of b given there follows from the subs t i tu t ion  of (3.99) and (3.101) in (3.104). 

Because of this relation, the Fourier t ransform of AM(p ;  q) can be wri t ten as a direct p roduc t  of two 
functions, i.e., 

(27r) 2 1  _ / "  dp f dq~ e - i (p+q~"  )~+iqu'~AM(p; q) = 

(3.x15) 

In the right.-hand side of (3.109). t, he discontinuity of ~-I at  q l~  = +~, 

A A 

M[Q .~:•  - Al[(). . ,=• = - 4 z r ~ [ b l . •  



(which can be directly obtained from (3.110)), is compensated by the discontinuity of the first term orig- 

inating from the poles of T. In fact, taking into account (2.17), (2.74), (3.91), (3.97), and (3.93), we 
obtain 

a(Q:  - 

Therefore, for any q2, the resolvent M(p;q) has no discontinuities at the borders of the strip, as was 
explicitly demonst ra ted  for the pure one-soliton ease in (3.77). 

A 

On the other hand, the discontinuity of M at Q=a = 2#Q~a is not compensated by the first term 
in (3.109), and its presence in the resolvent M is a characteristic manifestation of the soliton content of the 
potential  ~(x). 

The behavior of M(p; q) at the end points qx~ = + n  of this cut needs special study. In the limit 

q :9  ---> +~;, q29 --~ q-2#g, (3.116) 

M(p; q) has logarithmic singularities. 
To show this, we consider the first t e rm in Eq. (3.109). Although the factors I~) and (&t are regular in 

this limit, as was mentioned in See. 3.3, because of (2.74), (3.91), and (2.17), T and M0 behave as 

q l  - -  # + i a sgn  q l ~  

q l  - -  # - -  insgn  q : a  

q l R  - -  # =k 2 i n  
--+ , (3.I17) 

q:~ - # +  i O ( I q l ~ l -  ~) 

1 1 
q2 i --+ , (3.118) - q2~ - q ~  + a2 q= 2ie;(q:~ - /~ )  q2 

and product  of the limiting values is not defined. To separate the singularity, we note that  

1 q : ~  + ~c 2) --+ q~ 7 + irr sgn(q2a - 2 q l m q l e ) 5 ( q 2 ~  - 2 
q 2  

1 9 
T i r s g n ( q : ~  - #)5(q2~ - q :~  + ~2) (3.119) 

q2~ - q2 + n2 1~ T 2i~(q:~ - #) 

in the limit (3.116). This distr ibution can be multiplied by the distribution in the r ight-hand side of (3.117), 
because for q :~  -~ #, the r ight-hand side of (3.119) is equal to (q2~-q21R+~;2) -1 in the sense of the principal 
value. 

We now write the product  we are interested in as 

q: - p + i n s g n q : ~  1 

q:  - # - i n s g n q : ~  q2 - q2 

q : - p + i ~ : s g n q l ~  ( 1 ) 
= . . . .  + iTr sgn(q2~ 2qtRql~)a(q2~ -- q:~2 q._ n 2 )  _ 

q: # in sgn ql~  q2 q~ 

_ . i r r q :  - l z + i n s g n q t ~  s g n ( q 2 ~ - 2 q : ~ q : ~ ) 5 ( q 2 ~ - q 2  +~c2) ,  (3.120) 
q: - I* - in sgn qr.~ 

such that  only the last term is singular in the limit. Using the spectral parameter  k introduced in (2.41) 
and recalling that  the sign of ql~ is equal to :t: in the limit (3.116), this term can be rewritten as 

•  s g u ( q l ~ t  -- k~) fi(q>~ _ q~,~ + h .2 ) (q l , l~  _ I t • 2i~). 
ql?~t - k.,~? + k -  A •  

(3.121) 
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We must  s tudy  it in the limit 

k - -+A•  (3.122) 

which is the equivalent formulat ion of l imit (3.116) in terms of k because of (2.41) and (3.93). It is easy to 
prove that, in the sense of the Schwartz dis t r ibut ions in p, 

1 
sgnp  _ 6(p)( logz + log ( - z ) )  + [~  + o(1), z -~ 0, (3.123) 
p + z  

for complex z, z~ r 0, where logz is the principal branch of the logar i thmic function and 1/]p] is the 
s tandard  dis t r ibut ion (see [31]) defined by 

dp 
( ~ , r  : / - ~ I  [r - O ( 1 -  IP])(/)(O)] (3.124) 

with r being an arbi t rary test function. 
Now, from (3.120) in the limit (3.122), taking (3.117), (3.121), and (3.123) into account,  we obtain 

ql  - # + i ~ s g n q i 9  1 

qt  - # - i n s g n q l 9  q2 - q~ 

q l~  - # + 2i~ --+ • 
q ~  - p 

X 
1 

q 2 ~  _ q ~  + 82 q= 2 i ~ ( q l ~  - #) 

\ 
q: irr sgn (q l~  --  / - z )6 (q2~  --  q1~2 + /~2)}  :k 

/ 

q , ~  2 _ ~ _ ~  2 i ~ 5  - q l ~  + ~ 2 ) +  + i r  ] q ~  _ #]  - ( q 2 ~  2 

+ 27rna(q~  - # ) 6 ( q 2 ~ - q ~  + ~z) (log(k - k + ) +  log(,~+ - k ) ) +  

27rmsgn(lql~] - m) 
+ - u= + - # )  + o ( 1 ) ,  ( 3 . 1 2 5 )  

where (ql~ - #) -1  and (q2~ - #2 + ~2)-~ are principal values, ]ql~? 
denotes distr ibutions vanishing in the limit. 

Subst i tu t ing (3 .125) in  [b}TM0(bl, we obtain 

- #[-~ is defined in (3.124), and o(1) 

l i ) T M o @ l  + 2 r r n ( l o g ( k -  k+) + log(A+ - k)) Iz)a,• - >I)(~(Q2~ - ( A 2 ) ~ I ) ( ~ , •  

- 
+ 2 r r h : s g n ( l k o l -  ~c)]z)k+" Q-7~-- ~2-~--~I (~1,+1 + 0 (1 ) ,  (3.126) 

where all the terms that  are finite in limit (3.122) and do not depend  on the sign of [ k o [ -  t,'. are included 

in O(1). Terms depending on this sign, as was shown above, umst  be compensa ted  by A'4. 
Indeed. by (3.110), we haw~ 

i I 
M 

2i~,;Ib~.:~) Q ~  _ ill + il)(Q~.~ :g ,,:I) Q=,_~ - 21LQ>~ + IA[~I • iO(k~ - #)I ( ~ t 1 •  T 

1 1 • 2il~]l) l. T ) (3.127) (Ql'e - I , I  ! 2 i ~ : I )  (Q'27~ - 21'(21~,~ 4 - [ k ] 2 1  rk iO(k~ - p ) I )  
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A 

in limit (3.122). On the other hand, the requirement that M vanish outside the strip ]ql~l <_- ~ gives 

1 

:V 2 i ~ l i l , •  _ # I  + iO)(Q2~ - 2#Q1~ + la l : t  + i0(k~ - #)I)  (~ , •  

-1- 2i~1~,:~) 1 
(Q~R - l~I + 2ie;I)(Q2~ - 2#Qx~ + IAI~I + i0(k~ - #)I)  (w~'~=[ = 0. 

Subtracting this equality from (3.127), we obtain 

5(Q1 r - uI )  + o(1) M = 4~re~0(~ :F k~) l i~ , •  - (A2)~I -t- i0(ks - (3.128) 

in limit (3.122). 
Summing (3.126) and (3.128), we finally obtain the behavior of M in limit (3.122) from (3.109), 

M = 4 ~ l o g ( q x i ( k  - A+)) I i ,  I , + ) ~ ( Q l s - # I ) 5 ( Q 2 ~ - ( A ~ ) n I ) ( 5 ~ , + [ + O ( 1 ) ,  ( 3 . 1 2 9 )  

where O(1) denotes distributions that have well-defined limiting values under (3.122). 

Therefore, M(p;  q) has logarithmic singularities at the end points of the cut k s  = #, Ikgl < ~ (because 
of (2.41) at q2a = 2#qm,  Iql~l = ~). We note that the first term in the rightchand side of (3.109) gives 
logarithmic singularities with two infinite cuts at ql~ = -t-~;. The second term, M, cancels these two cuts 
and replaces them with a finite cut in the complex k plane connecting the two points k = A+. 

By analogy with (3.115), the asymptotic behavior in (3.129) has a simple form in the x space because 
of condition (3.113). We have 

' / f  (27r)2 dp dq~  e-i(P+q~)z+iq~YM. (p; q) = 

= ~- log(:Fi(k - A+))e:~'~(*~-m+2u*2-2u~2)~;L+(x)~L+(y ) + O(1). (3.130) 
71" 

Discontinuity (3.115) in the neighborhoods of the end points follows immediately from this asymptotic 
expansion. 

Finally, we note that because of the special structure of M, the reduction procedure described in 
Sec. 2.3 for obtaining the Jost solutions [u--) and (51 cancels these additional singularities, as is explicitly 
shown in See. 3.3. The relevance of these singularities to any extension of the theory to more general 
potentials of form (1.3) is examined in See. 4. 

3.5. S p e c t r a l  d a t a  

In this section, we derive the spectral data corresponding to the potential ~3 (see (3.39)). We represent 
these spectral data in terms of the spectral data of the original potential v and the Biicklund transforma- 
tion parameter A. A study of their properties demonstrates that the spectral data satisfy the conditions 
formulated in See. 2.5. 

We start with the spectral data F•  introduced in (2.101). Applying limiting procedure (2.77) to (3.86) 
and taking (3.90) and (3.93) into account, we obtain 

I S ) ~  '~ = U f l , " ) ( ~ 0 ( o  -) § 0(-o-)), Q,~ - -  O, o- = d=, (3.131) 

where O(+) = 1, 0 ( - )  = 0. and the continuity ()f U at t.tm real axis following fron~ (3.44) is used. Now, we 
obtain 

I S ) T  ~ = Utlu-~ (T"O(cr) + 0(-o-)) 
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from (2.90). Changing the sign of a in (3.131) and substituting Utlu-~ we obtain the first equality 
in (2.101) with 

F+ = F +, /~- = :F-F- :F  +. (3.132) 

Characterization property (2.102) and the self-adjointness of .P• follow from the corresponding properties 
of the spectral data F :~ (see (2.91)). The second equality in (2.101) follows via the Hermitian conjugation 
of the first one. 

It is well known, as was mentioned following (2.91), that for a solvable inverse problem, even in 
the decaying-potential case, the spectral data U '  must be decomposable into the product of triangular 
operators R~ with a trivial (unity) "diagonal" part. The construction of the triangular operators R_~ that 

gives decomposition (2.100) of F~ is more involved than construction of #~ themselves. Moreover, the 
operators have a nontrivial "diagonal" part and an additional singularity in the "off-diagonal" part. 

We must return to definition (2.94). Using the integral equation for the Jost solution It9> in (2.65) and 
the formula for Ib) derived in (3.86), we obtain 

[ 1  ((p17~(p;ql~)(Utlu"))(p;q))) ( / ~ ( ~ , ~ ) - t )  (p; q) = 6(p) + 
Pt + i0~r P(P; ql~) - iOapl 

_ (7~(p; qz~)(U~lu~>)(p; q))]  (0(cr) + 0 ( - a ) i - " ( q ) )  
7~(p; q ~ )  =k i0 j 

(3.133) 

where 7 ~ is defined in (2.32). We can express ut[u ~ as a sum of some distributions singular at Pt : 0 and 
at 7~(p; ql~) = 0 and a regular term (denoted by Reg): 

Utlu~ = [u~ - is (Q,m - A I ) - '  - is(Qlm - A l ) - 1 ( l u ~  > - I) + Reg.  (3.134) 

The regular term does not contribute to (3.133). Therefore, because the f i r s t te rm (once multiplied by 
"P(p; q~)) and the third term are regular at pt = 0, we insert (3.134) into (3.133) and obtain 

where 

R ~ ( T ~ ) - '  = I + (A~ + B~ + C ~ ) ( O ( c ) I  + O ( - a ) T - ~  

A+ = [ p ( p ; q l ~ ) _ i 0 a p l  
_ (7~(P; qtn)lu~ q)) ] 

P(P; ql~) + i0 ] ' 

BE = [ lp l  -~ iOo ( (plT~(p;q1~)(-is(Ql~-~I)-l)(p;q)))-~(~ ~- ~o'-~1 - 

(7~(p; ql~)(-is(Ql~ - ~i) - I ) (p ;  q)) 

7~(P; ql~) =t: i0 

(7~(P: q1~)(-is(Q~ - Al)-1(lu ~) - I))(p: q)) 
~(P; q1?}~) - iOcTpl 

(7'(i,: ql~) (-i.~'(QI,~ - A1) -~ (]u '~) - [))(1,; q ) ) ]  
-- ~P(] ): qI '}~) ~ i{] J " 
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These expressions can be essentially simplified. Because of (2.82) and (2.92), we have 

A ;  (p; q) = r~= (p; q). 

Because it follows from (3.30) that  

we obtain 

( - i s ( Q ~  - iI)-~)(p; q) = - 
~r p~ + iO q ~  - A_ 

B~(p; q) = - 2 i a a  0'-t-a'qt~( ( - #)) 5(p) 
q l ~  - -  A _  

The computation of C~_ is more involved. We first write 

+ Reg,  

C~ (p; q) = • +apt)5(P(p; q l~) ) (P (p ;  q l ~ ) ( - i s ( Q , ~  - AI) -1 (lu ~ ) - I))(p;  q)). 

We must therefore evaluate the singular part of -is(Q1 - -AI ) - l ( lu  ~) - I )  at P ( P ; q l n )  = O. 
of (3.135), we obtain 

f t 1 dPl - - - -_ -7  - . =  - - - - - -  _-7- x ( - i s ( Q 1 - A I ) - I ( I M ' ) - I ) ) ( P ; q ) = 7  ( p l - p l  +,O)(qt~+pl  A_) 

x p(p;  qt~)  + (p~ _ Pl + iO)(pl + Pl + 2 q ~  - 2~, - i0) + 

+ 2rriO(~pi(pl + q ~  - U)) sgn(p i + q ~  - # )x  

x 5(7)(p; q l~)  + (Pl - P'~)(Pt + P'~ + 2 q ~  - 2 , ) ) ]  + Reg.  

Because the first term is regular at T'(p; ql~)  = 0, we obtain 

C:~(p; q) = -2i~ O(~ + ql~ - #)) r~_(p; q). 
q l ~  + P t  - A _  

2ia 0 ( T a ( q l ~ _ # ) ) ]  /~_~(p;q)=5(p) 1 +  ~ _ - - ~  + 

+ [ 1-2inO(4-(p'+ql~-#))]ql~+pl-k- r~_(p; q) (O( -a )  + O(c)/~ 

Therefore. 

(3.135) 

Because 

where the triangular character of r~:(p; q) is taken into account. Using (2.82), (3.94), and tile first equality 
in (3.95), we can rewrite the spectral data in a more compact form as 

(3.136) 

(3.137) 

W } l l , r o  

L qt~ A_ J 
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We note that by (2.1), 

and by (3.94), 

w~w+ = I (3.138) 

= (wTu,• t, = wTw• (3.139) 

It is easy to verify that any R~_ of form (3.136) with spectral data R_~ satisfying characterization equa- 
tions (2.85)-(2.87) and w+ satisfying (3.138) satisfies characterization equations (2.96)-(2.98). Moreover, it 
is easy to verify via (2.89) and (3.138) that (2.100) is satisfied for F~  obtained in (3.132). To demonstrate 
the triangularity of the operators R~, we substitute (2.82) in (3.136) and obtain 

R~ = a~: + ,=~, (3.140) 

where d~ and r~_ are structurally independent distributions, 

d+~ = w+:F +, dT+ = w+, (3.141) 

and 
~+~ : w+r+iF +, 7:~ : w+r.7. (3.142) 

Because of (3.9O) and (3.137), d~:(p; q), a = + , - ,  is proportional to 6(p). Because of (2.83), (3.90), 
and (3.137), q) is proportional to O(+ap~)a('P(p; q ~ ) )  and is singular at p~ + q ~  = >. Therefore, the 
spectral data of the continuous spectrum under the Bgcklund transformation have a nontrivial "diagonal" 
term d~(p; q) and an additional discontinuity in the "off-diagonal" term ~=~ (p; q). 

3.6. Inverse  p r o b l e m  

We proved that the Jost solution I~) constructed using the Darboux transformation is analytic in the 
upper and lower half-planes of the spectral parameter ql,  that it obeys asymptotic condition (3.107) and 
that its limiting values I~ +) on the two sides of the real axis are related by the first equality of (2.101), for 
example, for a = - ,  

= I +)F +, (3.143) 

where (see (3.94) and (3.132)) T -  and _~+ are given in terms of the soliton parameter k and the spectral 
data F + of the original (decaying) potential. In addition, we showed that the values of the Jost solution 
at ql = A+, Eqs. (3.97), are not independent because their gauged Fourier transforms (3.104) are related 
by (3.106). 

Now, we prove that I/))(P; q) in (3.86) is the unique solution of the nonlocal Riemann-Hilbert  prob- 
lem (3.143) under conditions (3.107) and (3.106). The proof is based on the assumption that F ~ in (3.132) 
are spectral data that, via the first equality of (2.90) and the asymptotic condition (2.42), define a uniquely 
solvable nonlocal Riemann-Hilbert problem for a decaying potential. 

First, we note that under limiting procedure (2.77), the scalar product of Jost solutions (2.55) and 
completeness relation (2.58) become 

: :, = ,r. (3.144) 

Therefore. because of (2.90), we have F + = (w+lu-), and because of (3.132), we can rewrite (3.143) as 
]1)- )'7 ~ -  = ]/)+>(CO+l l / - - )  O1", using ( : o n l t ) l e t e i , e s s  , a s  

= (a.145) 

The left-hand side of (3.145) can be considered the limiting value oil the upper side of the real axis of 
~he function (l#}(wl)(p: q)). which is anatvtic in the upper half plane, and the right-hand side is the. limiting 
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value on the lower side of the real axis of the function ([b)T(w[)(p; q), which is analytic in the lower half 

plane with a cut at q m  = - n  because of the special analytic properties of T (see (3.90)). Taking into 
account the definition of 3(P) in (3.9) (more exactly, of its Hermit ian conjugate) and the definition of [~,_)  
m (3.97) and using (3.90), we find that  the above discontinuity of [~)T(w{ coincides with the discontinuity 
of -2 i ,q~  _)(Q~ - Al)- t l3  t. Therefore, rewriting (3.145) as 

I'>+)(~o+1 + I~,,-) 2i~ i i / 3 t ,  (3.146) Qt~2i~- ~/:/3t = I~-)T-(~-I  + I~,,-) Qt~ _ 

we obtain an equality between the boundary values of two functions analytic in the corresponding half- 
planes, which, because of (2.42), (3.90), and condition (3.107), tend to I as ql  ~ oo. Therefore, we 
have 

2i~ t I~)[o(Q~a) + T0(-Q~)](wl + I~,,_) Q~ _--~i~ = I, 

where notation (3.87) is used. Because of (2.55) and (3.90), we finally obtain 

2i~ t ] [O(Q~)+O(_Qt~)_~-~I ] I~) = [ ' - l i , , - ) ~ 3  ] I~,) (3.147) 

In the right-hand side of (3.147), all terms except 1St,_) are given in terms of the known objects [u) 
and A. Therefore, to solve the inverse problem, we must also determine [bl,_) in terms of these objects. If 
we use definition (3.97) with the minus sign and evaluate (3.147) at ql  = A_, we obtain an identity. We 
therefore need the first condition in (3.106) to build 15~ _). Using (3.97) with the plus sign and (3.11), we 
obtain 

Ibl,+)(p) = [3(p) - 2i~ f dp' Ib l_)(p  - p') 
(j3tj3) (p') 

p] + 2i~ 

from (3.147). Taking definition (3.31) into account, we obtain 

IP~,+) : 3 - IDt,-)(I + 2~f) .  (3.148) 

We now introduce 

2/~ 
S(x)  = 1 + e-2~( ~+2u~2-~o)'  (3.149) 

s (~t~ I)(p) 
F(x )  = i [ dpe -w~ (3.150) 

Pl + 2i~ ' J 

i.e., the Fourier transforms o r s  and f (see (3.30) and (3.31)). Using (3.104), we rewrite (3.148) in the form 

Using (3.106) to replace (I)l,+(x). we obtain 

@1.-0") = t:-2"(~'+2w~)q~(x.A+) S(:r) (;3.151) 
2,, 1 + S( , r )Ff : r )  
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Inverting gauged Fourier t ransform (3.104) and using (3.149) and (3.150), we can verify that  (3.151) 
is the Fourier transform of (3.101). In turn,  (3.147) is exactly (3.86) with U * replaced with (3.45). This 
proves the uniqueness of the solution of the nonlocal Riemann-Hi lber t  problem formulated in this section. 

3.7. Behavior of the potential  at large distances 

To consider the behavior of the potential fi(x) at large distances, we use (3.1) and (3.39) to rewrite (3.41) 
a s  

= + F ( x )  , 

where S(x )  and F ( x )  are defined in (3.149) and (3.150). We choose a direction on the x plane, 

(3.152) 

~ '  = X l  + 2 / - t ' x 2  = const, (3.153) 

where #' is a real parameter.  The special direction with #' = # is denoted by ~. Because of (3.149), we 
have 

s = u(x)  - 20~, log(1 + e -2 '~((-~~ + 2~F(~'  - 2#'x2, x2)) (3.154) 

instead of (3.152). The asymptot ic  behavior at large distances along the direction ~' = const is then 
obtained by evaluating F(~'  - 2/z'x~_, x2) at large x2. We obtain the equality (2r02fl(p) = f dx  eip'~X(x , A) 
from definitions (2.27) and (3.11). Inserting it into (3.150), we obtain 

f~ c~t F ( { '  - 2# ' x2 , x2 )  = dyl  e2 '~(m-( )[ iX(Yl  - 2//x2,x2,  A)[ 2 - 1], 
o o  

(3.155) 

and its asymptote  can therefore be obtained from that  of X(Yl - 2# 'x2,  x2, A). To obtain the leading term, 
we must know the asymptot ic  behavior of X(Yl - 2 / - t ' x 2 ,  x 2 ,  )~) at large x2 up to and including the order x23 
Using integral equation (2.33) and taking (2.36) into account, we obtain 

X(Yl - 2/*'x2, x2, )~) = 1 + 
dlo d2o + d21Yl dao + daly l  + da2y21 + + + O(x 4), (3.156) 

where 

with 

), _ #, , d2~ - 2 ( A -  #,)2, da2 - 4(A - #,)a (3.157) 

1 (3.158) 
(2 )2 

The evaluation of the other constant  coefficients did is rather involved, but, in fact, we only need d~o and d32. 
We can now formulate the asymptot ic  behavior of ~(x) with its dependence on the direction. In the 

direction ~ = const, that  is. for p' = It in (3.153), we have a pure one-soliton behavior as expected, corrected, 
however, by a term ()(x72 l). Precisely, we obtain 

' f i (~ - 2 i t s '  2, x 2 )  - tt(,~ - '21*:v. 2, a t2)  = - 

w h o r e  c - . r  I + .)_i~:r. 2 ( ' ~ } l i s l . . r . ,  - +  _'x_. 

2 N 2  [l dtO + (]lO t, anh t<,(~ _ a:o)l + O(x22), (3.159 ) 
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In a direction ~' = const  wi th/~ '  r #, for (# - #')x2 -4 - c ~ ,  the behavior  of ~i(x) with respect to tha t  
of the background potent ia l  u(x) is corrected by an addi t ional  t e rm which is exponential ly decreasing, 

- - - 2 # % ,  = ( I  + (3.160) 

whereas for (/~ - /~ ' )x2  --~ +oo,  the correction decreases algebraically, 

u(~' --  2 # ' x 2 ,  X2)  - u ( ~ '  - 2 # ' z 2 ,  x 2 )  = --  4 d32 + (J32 + 0 ( x 2 4 ) .  (3.161) 

We conclude tha t  the direction ( = const  of the wave soliton emerging from the background at large 
distances divides the x plane into two regions wi th  different asympto t ic  behavior.  In the first region (to the 
left of the soliton), the original potent ia l  u(x) is modified at large distances by an exponential ly decreasing 
term, and in the second region (to the right),  by a t e rm decreasing as x2 a. If we consider the case ~ < 0, 
the behavior in the two regions is interchanged.  

We stress tha t  this asympto t ic  behavior  does not depend  in any way on the smoothness  or the decay 
propert ies of the background potent ia l  u(x). This  background potent ia l  can be as small in any norm as 
we want,  but  nevertheless the asympto t i c  behavior  is modified as shown above. Moreover, because the 
coefficients dij depend  on the direct ion ( '  = const  via (3.157), the only way to cancel the leading te rm in 
the above a sympto te  is to impose the condi t ion 

'7(0; A) = O. (3.162) 

It is easy to show tha t  we are then left with terms of the next  orders; to cancel all rat ional  terms, it is 
necessary to impose an infinite set of constraints  on the background potent ia l  u(x). On the other hand, 
to cancel the x21 correct ion to the pure one-soli ton a sympto te  at  large distances, i.e., the leading term 
in (3.159) due to (3.157), it is necessary and sufficient to impose the condi t ion 

7e(O; A) = O. (3.163) 

The  funct ion "y(0; A) is known to be the generator  of the integrals of mot ion  for the KPI  evolution (1.2) and 
can be expressed in te rms of the spectral  da ta  using the dispersion relation (see formula (224) in [10]) 

1 / dA' ~_,+f dp,2, ((R~+_R~_)(R+O_R_o~t~(O .~,,. 7 ( 0 ; A ) = v ( 0 ) -  ~ A ' - A  = - ' j '  ' ~ 2 ' A ' )  (3.164) 

The constraints  on the spectral  da ta  obta ined by inserting (3.164) into either (3.162) or (3.163) are conse- 
quent ly compat ible  with the KPI  t ime evolution. 

4 .  D r e s s i n g  t h e  o n e - s o l i t o n  p o t e n t i a l  

In the preceding sections, we s tudied the spectral  propert ies of the nons ta t ionary  SchrSdinger equa- 
tion (1.1) with a special potent ia l  describing a soliton on an arbi t rary background.  This  potent ial  was 
obtained using a Bgcklund t ransformat ion  tha t  gives a nonlinear super impos i t ion  of a pure one-soliton po- 
tential on an arbi t rary decaying potential .  In this case, we explicitly proved tha t  in spite of the presence of 
logari thmic singularit ies of the resolvent, the Jost  solutions are still piecewise analyt ic  with a cut along the 
real axis of the spectral  parameter ,  tha t  the spectral  da ta  satisfy character izat ion equat ions (2.96)-(2.98), 
and, fur thermore,  tha t  the geueral scheme in See. 2 is indeed applicable to nondecaying potentials.  

Tile potent ia l  obta ined by means of such a Bgcklund t ransformat ion,  however, is not the most  general 
per turba t ion  of a soliton i)()tential. The general case can be s tudied using a special modification of the 
dressing procedure.  Su(:h a m~)dification was suggested in [26], where the KPII  equat ion was considered. 
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Its main advantage is tha t  it is developed in the framework of the resolvent approach  and is therefore 
independent  of the special choice of the Lax opera tor  L under  considerat ion.  Of  course, we cannot  write 
explicit formulas using this me thod  as when using B/icktund t ransformat ions ,  but  we can get specific 
information about  the analytic propert ies of the Jost  solutions and then about  the s t ruc tura l  propert ies  of 
the spectral  data.  

Let the resolvent M '  and consequently the Jost  solution I#)  and the spectral  da t a  of a potent ia l  u'  be 
known, and let a potent ial  u be given by 

u = u'  + u2, (4.1) 

where u2(xt, x2) is a decaying smoo th  real function of two variables considered as a pe r tu rba t ion  of u'. We 
can then consider Hilbert ident i ty  (2.20), where L' and M '  are now the spectral  opera to r  and the resolvent 
of u ~. For the resolvent M of u, we obtain the integral equations 

, M ~ M = M' + M v2M, M = + Mv2M', (4.2) 

where v2 is Fourier t ransform (2.12) of u2. For the Jost  solution [u), using reduct ion  procedure  (2.63), we 
then obtain the integral equat ion 

I-> (p; q) = I-'>(p; q) + f dp' Gl(p, p', ql) (v2 [u))(p'; q),  (4.3) 

where the Green's function G', as in (2.39), is given in terms of the resolvent M '  as 

G'(p,p', ql)  = M ' ( p -  p'; g(ql)  + P') (4.4) 

with g defined in (2.38). Equat ions  (4.2) and (4.3) generalize the original integral equat ions  (2.18) and (2.30) 
for the resolvent and the Jost  solution. 

The analytic propert ies of M and [u) with respect to the complex variable q can be de te rmined  from 
the analytic propert ies of M '  using the same methods  used with integral equat ions  (2.18) and (2.30). Of 
course, we do not  obtain new informat ion if bo th  u ~ and u2 are decaying s m o o t h  potentials .  The  case 
where u ~ is not decaying and, correspondingly,  v ~ is not  regular is more interesting. In part icular ,  we are 
interested in the case u' = fi where 72 is the potent ia l  cons t ructed  in Sec. 3. Correspondingly,  M '  = .1~, 
G' = G, and [u') = I~). Because of (4.2) and (4.3), the resolvent M and the Jost  solut ion lu) of u inherit  
the properties of the resolvent M,  which we derived above. In part icular ,  M(p; q) has an addi t ional  cut at 
q2~ = 2#q1~, Iql~l < ~. 

For s tudying the addit ional  cut of the Jost  solution, we t ransform (4.3) using (2.27) and obtain 

X(x, k) = ~:(x, k) + f dx' G(x, x', k ) u 2 ( x l ) x ( x l  , k), (4.5) 

where the Green's function, in correspondence with (2.28) and (2.39), is 

a(x,z'ok) - l f f e p, (27r)~ dp alp' M ( p -  p'; + e(k)) = 

1 
e'e~(k)(~-z')jdpJdq~e-i(p+q")~+m~''(p;q~ + ig~(k))  (4.6) 

Taking (3.113), (3.130), and (2.29) into account,  we find tha t  this Green's  function has a cut, for k~ = #, 
~; > k~ > -~c, and has the logari thmic singularities 

)c ~ (~• - 1 ( ,  ( : , - . . , . .  k )  = - ( = F i ( k  - ) 1.+ ( : , ) q ' , . +  ( : , : )  + 0 ( 1 )  = 
7r 

= '-" log(Ti (k  - A•177177 + O( l ) ,  k --+ A• 
71" 

(4.7) 
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at the end points A• The cut  is inherited from the discontinuity of M(p;  q) at q29 = 2#q~a derived in 
See. 3.5. Indeed, introducing 

AG(x,  x', k) = G(x, x', # + 0 + ik~) - G(x, x', # - 0 + ik~)  

and using (2.41), (3.111), and (4.6), we obtain 

A G ( x , x , k )  s g n k a  . . , (2rr)= e *e~(u+'ka)(z-'~ )x 

xfdpfdq~e-i(v+q'>+iq'x'AM(p;q.+ig~(p+ik~)) 
and then use (3.115) to obtain 

A G ( x , x ' , k )  -2 i~;sgnk~0(t~ - " . . . .  ' = = [kel)e'e(u+*k~)( ~-~ )r ) 
t - -  ~ ! 

= - 2 i g  s g n k ~ 0 ( ~ -  Ik~l)di~(.+~k~)-e(~'+)](~-~ )X~,~(x)5t,• ). 

(4.8) 

(4.9) 

(4.1o) 

In the special case where g = Ul (the pure one-soliton potential as in Sec. 3.2.2), the presence of this 
additional cut in the spectral theory of a per turbed soliton potential  was discovered and studied (using 
more traditional methods)  some years ago [27]. 

From (4.5), the Jost solution has an additional discontinuity for k~ = # and ~ > k~ > - ~ .  Specifically, 
using (4.8), we obtain 

X(x,  l* + 0 + ik.~) = )~(x, t* + ika )  + f dx'  G(x ,  x' ,  ~ + 0 + i k ~ ) u 2 ( x ' ) X ( x ' ,  ~ + 0 + ik~),  (4.11) 

X(x, # - 0 + ika)  = 2 ( x , / ~  + i k e )  + f dx' G(x ,  x', I* + 0 + ikca)u2(x')x(x' ,  I* - 0 + ika)  - 

- fdx' A G ( x , x ' , k ) u 2 ( x ' ) x ( x ' , #  - 0 q- ikg) .  (4.12) 

Therefore, we expect that  in the case with an arbi t rary per turbat ion u2, it is necessary to introduce 
additional spectral da ta  and that  the theory must  consequently be substantially modified in comparison 
with the traditional case. The solution of this problem is deferred. 

Inserting (4.10) into (4.12), we find that  this additional cut  is absent iff 

f dz ~ , + ( z ) u 2 ( z ) ~ ( z ,  U + ik~)  --- 0, >_ k~ _> - ~ ,  (4.13) 

where �9 is constructed using X in (2.29). Because �9 is the Jost solution of u, this is an implicit condition 
on the perturbat ion u2(x). 

The existence of logarithmic singularities of the Green's function and Jost solutions seems to contradict  
the known properties of these objects in the one-dimensional theory. In fact, there is no contradiction 
because these additional singularities are a special consequence of the embedding of the one-dimensional 
objects in two spatial dimensions; they disappear upon returning to one dimension. To show this, we 
consider the special case where ~ is the pure one-soliton potential ul ,  and choosing # = 0 for simplicity, we 
have ul = u l ( z t ) .  In this case, the resolvent is given by (2.62), where M~(pl;  qx) is the one-dimensional 
resolvent nf-iq. Frmn (4.(i). we t, hen obtain 

/ / , I /" " -u"r'+u"~"~-u"-'Cx"-S)AIv.,_+k'-'(Pl Pl;Pl + k ) .  G l ( : r . : r . k ) - -  (27r)'-'. dpl ,  dp' 1 dp.2e - ' ' (4.14) 
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We emphasize that  this is the two-dimensional Green's function of the one-dimensional potential  u l ( x l )  

that  satisfies the equation 

(iOz2 + 02 - 2 i k O z ,  - u , ( x l ) ) G , ( x , x ' , k )  = 5 ( x  - x ' )  (4.15) 
Z I 

where 5(x) is the two-dimensional &function and that  to construct  the one-dimensional Green's function 
g l ( x l ,  Xl, k) that  satisfies the equation 

(0~, - 2ikO~, - = 6(x  - x'~), (4.16) 

it is necessary to integrate G1 with respect to x2. In discussing (2.69), it was shown tha t  this integral does 
not exist, not even for the case of zero potential.  Therefore, by analogy with definitions (2.63) and (2.64) 
of the Jost solutions, we must use a limiting procedure that  has 

' k ) =  lim fdx2e~(~-4)Gl(X,x',k) g t ( x t ,  Xt, 
e--++O 

(4.17) 

in the x space. When fi = 0, it is easy to verify that  this regularization is jus t  the z version of the one 
used to construct  the integral equations of the Jost solutions in (2.67) and (2.68). We now define Ag 1 by 
applying the same transformation to AG1. Using (4.10), we then obtain 

i - 

47riAgl(X, X', k) = - - s g n  k~e (+~-k~)(~' - ~  )f(1,4-(Xl)~t,+(xll)O(t~ -[kel)5(e + a2 _ k~),  (41s) 

which is identically zero because the product  of 0- and &functions is zero. Therefore,  as must  be the 
case, the one-dimensional Green's function has neither an additional cut in the complex domain nor any 
logarithmic singularities. 
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