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TOWARDS AN INVERSE SCATTERING THEORY FOR
TWO-DIMENSIONAL NONDECAYING POTENTIALS

M. Boiti,! F. Pempinelli,'!A. K. Pogrebkov,? and B. Prinari!

The inverse scattering method is considered for the nonstationary Schrodinger equation with the potential
u(zy,z2) nondecaying in a finite number of directions in the z plane. The general resolvent approach, which
is particularly convenient for this problem, is tested using a potential that is the Backlund transformation
of an arbitrary decaying potential and that describes a soliton superimposed on an arbitrary background.
In this example, the resolvent, Jost solutions, and spectral data are explicitly constructed, and their
properties are analyzed. The characterization equations satisfied by the spectral data are derived, and the
unique solution of the inverse problem is obtained. The asymptotic potential behavior at large distances is
also studied in detail. The obtained resolvent is used in a dressing procedure to show that with more general
nondecaying potentials, the Jost solutions may have an additional cut in the spectral-parameter complex
domain. The necessary and sufficient condition for the absence of this additional cut is formulated.
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1. Introduction

Since the early 1970s [1, 2], the nonstationary Schrodinger equation
(105, + 02, —u)® =0 (1.1)

is known to be a linear spectral problem associated with the Kadomtsev-Petviashvili equation (3] in the
form (KPI)

(ug ~— Buug, + Ug 2121 )z = SlUzyzy)s (1.2)

where the function u = u(z,, z,t) is real. Being a natural generalization of the Korteweg-de Vries equation,
Eq. (1.2) is considered the prototype of (2 + 1)-dimensional integrable equations. In fact, the KPI equation
(together with KPII) was used by several authors as a laboratory for experimenting with new theoretical
tools for handling the specific problems of multidimensional integrable models. (For a general overview of
the subject and a rich bibliography, see [4, 5]).

The construction of a complete theory for the spectral transform of the potential u(x,,z5) proved
rather difficult. The real breakthrough was the discovery that the problem can be reduced to a nonlocal
Riemann-Hilbert problem [6, 7]. The additional difficulties that arise in resolving the Cauchy problem for
the KPI equation, because it is not strictly evolutional, were studied successively in [8-10].

The characterization equations for the spectral data of a potential u(z;,z2) vanishing at infinity were
formulated in [11]. The extension of the spectral transform to a potential approaching zero at large distances
in every direction except a finite number was faced in [12]. However, only a potential asymptotically
symmetric with respect to the origin was considered, excluding, in particular, the presence of solitons. As
regards solitons, the pure N-soliton solution was given in [13, 14], where it was shown that the solitons of
the KP equations are not localized in the plane but have a wavelike profile at large distances. The problem
of the spectral transform of N solitons on an arbitrary decaying background was left unsolved. Up to now,
only the problem of computing the spectral transform of an N-soliton solution with parameters “perturbed”
by a dressing procedure has been solved [15].

Our aim is to investigate the spectral characteristics of Eq. (1.1) for potentials u having the nontrivial
limits
Un+(21,2Z2) = Hm  u(zy + 2un(zo — 24), 25), n=1,2,...,N, (1.3)
zy—too
for NV real constants p, and otherwise vanishing at large distances. In the general case, these asymptotic
one-dimensional potentials must be free in the sense that their spectral transforms (related to the stationary
Schrodinger equation) can have both a discrete and a continuous part.

The possibility of managing this class of solutions of the KPI equation using the inverse scattering
method is very relevant mathematically since up to now, the usual methods of functional analysis (see,
e.g., (16]) have not been able to handle this case. On the other hand, such an extension of the admissible
potentials in (1.1) is crucial in applications since solitons in two dimensions are, in general, not localized in
the space. In the case of the Davey-Stewartson equation, for which localized solitons were discovered, the
inverse scattering theory of the KPI equation [17, 18] with a potential of type (1.3) governs the evolution
of the boundaries.

The construction of the spectral theory for problem (1.1) for potentials satisfying the general prop-
erty (1.3) is very involved. To overcome the difficulties, a new mathematical object, depending on two
complex spectral parameters, called the extended resolvent (or resolvent for short) was introduced in [19-
22]. This extended resolvent, via a reduction procedure. can be used to generate all relevant quantities in
the inverse scattering theory. i.e., the Green’s functions. Jost solutions, and spectral data, and the relations
between them. It can be considered a generalization of the usual resolvent of the nonstationary Schraodinger
operator. We are convinced that the extended resolvent is the effective foundation for the proper extension
of the inverse scattering method. In [22, 23], general results for potentials of type (1.3) were obtained by
making some (partially implicit) assumptions about the potential. Here, the general resolvent approach is
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presented in Sec. 2, where after reviewing the case of rapidly decaying potentials, we show how to modify
the integral equations defining the Jost solution, the spectral data, and their characterization equations for
nondecaying potentials.

Currently, we cannot precisely define the subclass of potentials of type (1.3) that satisfy the assumptions
in Sec. 2; moreover, there is evidence that the structural properties of the spectral data can be even more
complicated in the general case.

The aim of this paper is correspondingly twofold. On the one hand, we want to show that this subclass
is neither void nor trivial, and on the other hand, we want to develop the necessary tools for exploring the
spectral properties of the most general potentials of type (1.3).

Potentials belonging to this special subclass can be obtained via Backlund transformations of rapidly
decaying potentials. We have a rather simple, transparent method for performing these transformations
in {24}, but we also need to control the analytic properties of the Jost solutions and the transformation and
properties of the spectral data. Therefore, we need a significant reformulation of the method. This was done
in [25] for Backlund transformations involving only the continuous spectrum. In Sec. 3, following the same
lines, we consider a potential 4 obtained a la Backlund by superimposing a soliton on a decaying smooth
potential u. Using the so-called binary Backlund transformations and their Darboux version, we obtain
the extended resolvent, Jost solutions, and spectral data for the potential & and thoroughly study their
properties. We show that these objects completely satisfy the scheme formulated in Sec. 2. In particular,
we prove that the Jost solutions satisfy the modified integral equations and are piecewise analytic in the
spectral parameter with a discontinuity at the real axis. We express the spectral data of @ in terms of
the spectral data of the background u and the soliton parameters, and show that they satisfy the modified
characterization equations of Sec. 2. In the spectral-parameter complex domain, the extended resolvent
for & has an additional cut in comparison with the case of a decaying potential.

At the end of Sec. 3, we present the asymptotic behavior of the potential 4 at large distances in
the = plane. We show that this potential indeed satisfies condition (1.3) with N =1 and u; +(z;,z2) =
uy,—(Z1,22) = ui(r1 + 2pz2), where uy(z,) is the standard one-dimensional soliton potential of the sta-
tionary Schrodinger equation and u = Ax with A being the discrete spectrum value corresponding to the
soliton. We also prove that the difference @(z1,z3) — ui(z1 + 2uz2) in the limit (1.3) with g, = u decays
as 1/z,. This corresponds to the bending effect on the wave solutions described in [3]. Moreover, the
asymptotic behavior at large distances of the difference @ — u is asymmetric with respect to the direction
Ty + 2puz9 = const. More precisely, in the directions of the half plane to the left of z1 + 2pz5 = const, this
difference decays exponentially, and in the other half-plane, it behaves as (1/z3)® (or vice versa according
to the sign of Ag). We give conditions that improve these asymptotic behaviors.

The potential @ constructed in Sec. 3 is, of course, far from being a general potential that satisfies
condition (1.3), even in the case N = 1. A more general example can be obtained by perturbing 4, i.e.,
by considering the potential @& + wo, where uy is a rapidly decaying two-dimensional potential. In Sec. 4,
we sketch this approach using a special version of dressing adapted to the extended resolvent scheme [26].
First, we show that for a general uy, the additional cut of the extended resolvent (and of the corresponding
Green’s function), derived in Sec. 3 and specific to the two-dimensional case, leads to a cut of the Jost
solution connecting points A and X in the spectral-parameter plane. Such an additional cut was discovered
in the special case of a two-dimensional perturbation of a pure one-dimensional soliton in [27]. Here, we
prove the existence of this cut in a more general case. We also formulate the necessary and sufficient
restriction on the perturbing function us for the absence of such a cut.

These results suggest that for a general potential satisfying (1.3), additional spectral data must be
defined to describe the additional singularity of the Jost solution, and their characterization equations must
be found. In Sec. 4. we discuss how the properties of these new quantities can be studied in two steps.
First. one builds the resolvent of a special potential as a multisoliton potential or as an arbitrary decaying
one-dimensional potential embedded in two dimensions. Then, one studies the potential dressed with a
rapidly decaying two-dimensional potential. It is clear that the generalization from N = 1 to N = 2 in (1.3)
can be significantly involved. The solution of these problems is deferred to a future work.

713



2. The general resolvent approach

In developing the two-dimensional inverse scattering theory, new problems appear which are intrinsi-
cally related to the multidimensionality of the theory. A new approach for solving them was proposed and
developed in [12, 19-22]. It was called the resolvent approach because the principal tool used is a sort of
extension to complex values of the resolvent of the principal Lax operator defining the scattering problem.
We present the main features of this approach in the following.

2.1. Main definitions

The main mathematical objects of the theory are defined in the Schwartz space of distributions de-

pending on two real and two complex variables, p = (p1,p2) and q = (q1,q2) respectively. For brevity, this
space is denoted by S, . The complex variable q plays the role of the spectral variable in the theory; the
boldface font denotes that it is complex.

For any A € S, , 1.e., for any distribution A(p; q), we define its Hermitian conjugate A' in this space
by

Al(p;q) = A(-pip+9) (2.1)
and the distribution A(®) shifted in q by
A®)(p;q) = A(p;qa +s5). (2.2)

For any two elements A and B, we define their composition AB by the “shifted” convolution

(AB)(p;a) =/dp’A(p—p’;q+p’)B(p’;q), (2.3)

if the integral exists in the sense of distributions. This operation has the standard transitivity and associa-
tivity (when the composition is defined, of course) and also satisfies

(AB)' = BYAl,  (AB)®) = A®)B6), (2.4)

We embed the “image” of a differential operator in the space S, , by the following rule: if A(z; d;) is
a differential operator

A(Z;02) = Y n,n, (2)071072, T = (z1,72), (2.5)

ny,n2

with the kernel A(z;y) = A(x; 8;)0(z — y), then its image A(p;q) is

1 : ‘
Alwia) = g [ d [ dye Az e (26)

where pz and gz denote scalar products (for instance, pz = p1z; + p2z2). Explicitly, we have

A(pi@) = Y anyny (P)(—iqn)™ (—iqa2)™, (2.7)
where .
- o SIDT . .
a1n.n2(p) (27()2 / d.l)(? a”l,nz(l) (28)

are the Fourier transforms of the coefficients in (2.5).
[t is casy to verify that this embedding is consistent with the usual operations defined on differential
operators. In fact. the image of the product of two differential aperators is the composition (as defined
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in (2.3)) of their images, and the Hermitian conjugate of an image (as defined in (2.1)) is the image of the
standard Hermitian conjugation of the differential operator, i.e., of the differential operator

-AT(-T;BI) = Z (_1)n1+ﬂ28;11| 8220711‘712(2:)‘

2
ng,n2

If the images of ia,;), j = 1,2, are denoted by

Qj(p1 Q) = Qjé(p), 7=1,2, (29)

then the image of the spectral operator in (1.1) is given by

L=1Lg—v, (2.10)

where
Lo=Q2—Q?} (2.11)

is the image of the differential operator (1.1) with potential u = 0 and v is the image of the potential u,
i.e., the Fourier transform of u,
1 :
v(p) = W/dm e’Pru(zx). (2.12)

The main object in our approach is the extended resolvent M (p; q) that is the inverse of the differential
operator L with respect to the composition defined in (2.3), i.e.,

ML=LM =1, (2.13)

where
I(p;q) = 4(p) (2.14)
is the image of unity.

To clarify the meaning of the introduced objects, we perform the inverse Fourier transform of rela-
tion (2.6) with respect to variables p and qg,

1 . .
A(z,y;qs) = W/dp/dqse e~ HPrar)z 4(p q)etany, (2.15)

and obtain
A(z,y;qg) = A(z; 0; + qs)d(z — ). (2.16)

Therefore, the image A(p; q) of the differential operator A(x;d;) can be considered the Fourier transform
of the kernel of the differential operator obtained from A(z;d,) by adding qg to the partial derivative 0;.

Then M (p; q) is the Fourier transform of the fundamental solution of the operator obtained from L by
the shift 9, — J; + qg. In the literature, such a shift is widely used as an intermediate step for obtaining
a regularized fundamental solution in the limit qg — 0. In contrast, it is essential in our approach to treat
arbitrary values of qg and then of q, and to study, for instance, the analytic properties of M (p;q) with
respect to q.

We show in the following that this additional freedom in the complex plane can be used to derive
all relevant quantities. including the Jost solutions and the spectral data, from the extended resolvent
M {p: q) by using specific reduction procedures. Just this fact makes the study of their properties and their
interrelations easier and more transparent.

For the inversion of L in (2.13) to be well defined and unique, we require that the resolvent M(p:q) for
a general gy is a tempered distribution in the variables p and a locally integrable function with respect to
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the variables qz. Under these conditions, the inverse of a nondegenerate operator with constant coeflicients
exists and is unique. In particular, the inverse of Lo (see (2.11)) exists and is equal to

3(p)
q2 — Q%

Mo(p;q) = (2.17)
This inverse is unique because the condition of local integrability excludes the possibility of additional terms
proportional to 6(p)d(q2 — q?).
The two equations in (2.13), which define M as right and left inverses of L, are then equivalent to the
two integral equations
M = My + MyvM, M = My + MuM,. (2.18)

We expect that the existence and uniqueness of their solution can be studied with the standard methods of
functional analysis. The main advantage over the standard integral equations defining the Jost solution is
that the integrals in the right-hand sides of (2.18) are also well defined for potentials u of form (1.3), and
we therefore have a well-defined quantity, as we show in the following, that can be used to define the Jost
solutions for nondecaying potentials.

In this paper, we consider the special operator in (2.10), but the above scheme remains unchanged for
any Lax operator L. The reality condition for the potential u(z) in (1.1) is equivalent to the condition that
both L and M are Hermitian in the sense of (2.1),

LY=L, M =M (2.19)

The main technical tool in the study of the resolvent, as in the standard spectral theory of operators,
is the Hilbert identity. If M and M’ are the corresponding inverses of L and L', then

M —M=-M(L'-L)M. (2.20)

This identity and its reduced versions in different forms are crucial in the theory. For instance, the analytic

properties of the Jost solutions and the characterization equations for the spectral data can be derived from
this Hilbert identity.

2.2. Jost and advanced/retarded solutions for decaying potentials

We first consider v(p) that are Fourier transforms of smooth potentials u(z) decaying sufficiently rapidly
at large distances. For brevity, we call these potentials regular.

Because of (2.5) and (2.7), the image of a differential operator is a polynomial in q, and images are
therefore analytic functions of q. This means that the extended resolvent M(p;q) defined by (2.13) is
almost analytic in a sense: the departure from analyticity of M is given by the J-derivatives

= dM(p;q .
(9;M)(p;q) = —(T—)’ j=12 (2.21)
04q;
We can use the Hilbert identity (2.20) to calculate these derivatives, where we choose the shifted opera-
tor L) (see (2.2)) as L’. Then M’ = M) and we have M®) — M = ~MG)(LE) — LYM instead of (2.20).
From (2.2), (2.10), and (2.11), it follows that

LS — [ =L — L, (2.22)

which goes to zero when s — (. In contrast. we can see from (2.18) that M has multipliers My from the

left and the right and from (2.17) that the product Més)A'fo has no limit in S,’)‘q when s — 0. To avoid tlhis

indeterminacy, we rewrite (2.20) (with (2.22) taken into account) in terms of the less singular (trincated)
quantities ML, and LM as

A2 N = (M Lo) S (M — My)(LoM). (2.23)



Then, for the J-derivative with respect to qo when qig # 0, it follows from (2.17) that
9:M = |v)6(Lo){wl, (2.24)

where §(Lo)(p; q) = 8(p)d(q2 — q?) and we introduce |v), (w| € Sp.q 28

[v)(p; @) = (M Lo)(piai,a}), (2.25)
(wl(p;a) = (LoM)(p; a1, —p2 + (p1 + @1)?). (2.26)

Thus, we can see that the nonanalytic part of M(p;q) is completely determined by |v) and (w|, special
reductions of M Ly and LoM depending on only the spectral variable q;. Their Fourier transforms in p are
related to the standard Jost solutions. To show this, we introduce

x(z,q1) = /dpe“"”IW(p; qQ), E(zai) = /dpe‘i”’<wl(p; q1-p1) (2.27)
and let ¢(k) be the special two-dimensional vector

2(k) = (k, k2). | (2.28)

Then the functions . '
®(z,k) = e )2y (2, k),  U(z, k) = 4% (1, k) (2.29)

are the standard Jost solutions of the spectral problem (1.1) and of its dual respectively. The spectral
parameter q; has been renamed k in (2.29) to conform with the more traditional notation. That ® and ¥
are the Jost solutions can be verified directly or by deriving the integral equations satisfied by |v) and (w|.
By means of reductions (2.25) and (2.26) of integral equations (2.18), we obtain

(v[»)(p; @)
v)(p;q) = 6(p) + ————7—, 2.30
[v)(p; ) = 8(p) Plrar) (2.30)
({wlv)(p; q)
wl{piq) =8(p) - 5, 2.31
(wlpia) = 6(6) ~ 50 (231)
where
P(p;ai) = p2 — p1(p1 + 2qu). (2.32)
Then, performing transformation (2.27), we derive the integral equations in the z space
x(z,k) =1+ /dx’ Golz — z', k)u(z")x(z', k), (2.33)
E(z, k) =1+ /d:c' Go(z' — z, k)u(z" (', k), (2.34)
where \ .
Golr ~ o' 1) = 15 /dp /dp’e-"’””"f’Mo(p—p’:p’ + £(k)). (2.35)
7r - . .
They are the standard integral equations (cf. [6, 7)) defining the Jost solution and its dual. In fact.
Gy k) = SiXIL{.Z / dpy O(=prkg g )e T PEE T I P 42K (2.36)
2T

~!
-
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is the Green’s function of the nonstationary Schrodinger operator with u = 0, i.e., it satisfies the differential
equation

(i0z, + 02, — 2ik3;, )Go(z — z';k) = §(z — ') (2.37)

and is analytic in k when kg # 0.
We stress that this result is general and that the Green's function G(z,z’,k) of the operator L,
Eq. (2.10), with an arbitrary potential v is given in terms of M(p; q) by

1 / _—ipz+ip'z’ ’
G(l’,.’[l,k) = W/dp/dp € pEFIP G(p»p 7k)1 (238)

G(p,p' k) = M(p—p';p' + {(k)). (2.39)

Finally, we note that for kg # 0, Eq. (2.39) can be used to reconstruct the resolvent from the Green’s
function. In fact, we have

M(p;q) = G(p + ar — RE(k), qr — R(k), k), (2.40)
where Qs
k = T +1q13. (2.41)

However, this property is specific to the spectral problem considered, Eq. (1.1). It is not true for the heat
equation, for instance.

A two-dimensional inverse scattering theory could be built using only the Green’s functions, follow-
ing [28], for instance. However, the previous remark suggests that the Green’s function, in general, contains
less information than the resolvent and that the Hilbert identities written for the Green’s functions are
model dependent. In contrast, the Hilbert identity for the resolvent M in form (2.20) does not depend on
the special L being considered. Moreover, a direct computation shows that the nonanalytic part of the
Green’s function cannot be directly expressed in terms of the Jost solutions as is done in (2.24).

From the integral equations for the Jost solutions, the following asymptotic behaviors at large q,,
which allow the potential to be reconstructed from the Jost solutions, can be easily deduced:

lv)(p,q) = é(p) + O(1/qy), (wl(p,q) = 6(p) + O(1/qy), (2.42)

and ) ]
nv)(p.q) = ——v(p) + O(1/q}), pr{wl(p,q) = =—v(p) + O(1/q). (2.43)

2q, 2q;

The resolvent can also be used to naturally obtain the so-called advanced/retarded solutions of the
nonstationary Schrodinger equation, which are relevant in the theory (see [6, 19-22, 29]). Above, we
considered the nonanalytic part of the resolvent M(p;q) with respect to q, in the case q;g # 0. We now
take qy3 = 0 and compute the Jo-derivative of M. It depends on two other reductions of the resolvent,

Vase) (@) = lim (M Lo)(p; Qim, aiw + ic), (2.44)
(Wasrl(piq) = llm (LOM)(Pl diw. —p2 + (p1 + Qiw)? + ie). (2.45)

These solutions depend on only the real parameter g% and have no analytic continuation in the complex
domain. Their integral equations follow directly from proper reductions of (2.18) and have the forms

N ( !Vd/r>)( )
Jo e A D =9 . 9 46
Wasr)(piq) = 8(p) + i T2 (2.16)
Q) = & (arfr) (pia)
N I TN E 1Y (247



In the z space, introducing x,/r and &,,, (for real k) by analogy with (2.27), we obtain the integral equations

Xa/r(zZ, k) =1+ /da:' Goa/r(z — ' E)u(z ) xa/r (2, k), (2.48)
Cajr(z k) =1+ / dz' Gg ayr(z' — 2, K)ulz")Eyyr (', k), (2.49)

where the Green’s functions are given by

1 /1 _—ipz+ip'z’ /
Goayr(z,z' k) = W/dp/dp g PT Y Goa/r(p, 0 k), (2.50)

Go,a/r (0,0, k) = Mo(p — p's P + k, Dy + k* £ i0) (2.51)
(cf. (2.38), (2.39), and (2.28)). In explicit form, we have

9(:*::172) .’L‘%

Go‘a/r(l', k) = - l €Xp <iI1k -+ i.’L‘gkz + ZZ_ + 7.1> . (252)

2\/m|z2 To 4

We can thus see that the advanced/retarded Green’s functions are also given as specific values of the
resolvent. Of course, because these functions are determined only on the real axis, the resolvent cannot be
reconstructed from them. In addition, (2.40) and (2.51) cannot be used to express them in terms of the
Green'’s function of the Jost solutions because the variables in the right-hand side of (2.40) tend to infinity
for the special reduction considered in (2.51).

Finally, we note that in the resolvent approach, all types of solutions naturally appear in dual pairs,
like [v) and (w| above, that are related to the Schrodinger spectral operator (1.1) and its dual. This duality
is relevant in the following, and the bra and ket notation we have introduced helps in using it correctly.
However, the reader must be advised that it has nothing to do with duality in the theory of vector spaces.
Indeed, the solutions in our context are not vectors but elements of the space S, ;.

We can easily show, using their definitions and (2.19), that these dual pairs of the Jost and advanced/re-
tarded solutions are related by the conjugation properties

’V>t = (w|v |I/a/r>)r = <wr/a|’ (2-53)
The Jost solutions satisfy the differential equations (in the p-space version)
L|v) = |v) Ly, (wlL = Lo{w|. (2.54)
The advanced/retarded solutions satisfy the same equations, but only on the real axis qgz = 0. Using
relations (2.27) and (2.29), we can verify that ® indeed satisfies (1.1).
Using a special reduced version of Hilbert identity (2.20), we can also derive the scalar products
<w|l/> =1 <wa/r|ur/a> =1 (2.55)

Finally, we note that equation (2.24) for the dy-derivative of M can be integrated using the Cauchy-
Green formula. Taking into account that

lim q2M(p:q) = (p), (2.56)

q2 00
because of (2.10) (2.13). we obtain a bilinear representation of the resolvent in terms of the Jost solutions.
A = Il/)A[(;(U)'. (257)
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From it, again using (2.56), we can prove the completeness relation

v (w| = 1. (2.58)

Analogously, we can also obtain a bilinear representation of the resolvent at qig = 0 in terms of the
advanced/retarded solutions,

M= |Va/r>M0(wr/a|' (259)

Although this representation is valid only on the real q; axis, we derive the completeness relation for the
advanced/retarded solutions from it:

|Va/r)(wr/a| =1 (260)

Using (2.54) and (2.58), we derive a bilinear representation for the Schrodinger operator itself,

L = |v)Lo{w|. (2.61)

Bilinear representations (2.57) and (2.61) can be considered the operator realization of the well-known
dressing procedure [2]. They are significant in studying the analytic properties of the resolvent M (p; q)
with respect to the other complex variable q;. As we see in the following, we thus naturally consider special
reductions of the second level of the resolvent that supply the spectral data of our problem (1.1). But we
first consider how to modify the above construction for potentials of type (1.3).

2.3. Jost and advanced/retarded solutions for nondecaying potentials

In the following, the main mathematical objects (potential, resolvent, solutions, and spectral data) are
marked by a tilde, to distinguish them from the corresponding objects in the decaying-potential case.

If the potential %(z), as in (1.3), is not decaying in some directions, i.e., if ¥ is a singular distribution,
it is known (see also below) that the standard integral equations (2.33) and (2.34) become meaningless,
even in the simplest case 4(x) = u(z,). On the other hand, integral equations (2.18) defining the resolvent

are still well defined, as was shown in detail in [22]. For instance, for the one-dimensional potential u(z,),
we obtain

—

M(p; q) = 6(p2)Mq, (p1; 1), (2.62)

where M, (p1;qi) is the resolvent of the one-dimensional Sturm-Liouville operator 92 — u(zy) + 2.

The resolvent properties, however, significantly change in the nondecaying-potential case. For instance,
the reductions in (2.25) and (2.26) do not exist because (M Lo)(p;q) and (LoM)(p; q) are discontinuous
just at the points of reduction in this case. An accurate study (see [22]) shows that a specific path for

approaching these limiting values must be chosen and that the Jost solutions in the nondecaying-potential
case must be defined using the limiting procedures

17)(pra) = lim (MLo)(pi a1, af +¢), (2.63)
@|(p;q) = Egrgrlo(LoH) (prar, —p2 + (p1 + a1)? + ¢), (2.64)

where ¢ is real and positive. Using the reduction procedure indicated in these formulas, we derive the
itegral equations

o 1 p1(02)) (p; @)
|7)(p; Q) —5(19)+p1 T ( Pray) ) (2.65)

(wl(p:q) = do(p) -

(2.66)

1 <p1(<aw)<p; q))

Py — 10qs P(p;ay)



from (2.18). Here, the quantity

D1 _ N
P(p;ar)  p2 - pi(py + 24q1)

(cf. (2.32)) must be considered as a whole object. This object admits well-defined reductions to the straight
lines p, = 2u,p;. Therefore, this ratio can safely be multiplied by 9|7) and (w|v that have the union of such
lines as a singular support. Thus, if the distributions are multiplied in the indicated order, the right-hand
sides of these integral equations are well defined. For regular ¢, the brackets in the second term in the
right-hand side can be opened, the distribution in front of them is cancelled by p; in the numerator, and
integral equations (2.30) and (2.31) are recovered, as expected. We mention, however, that the construction
based on the dressing procedure (see Sec. 4) demonstrates that the analytic properties of |#) and (] in the
complex q; plane could be more involved than in the decaying-potential case and that in addition to the
traditional cut on the real axis, there could be other cuts related to the presence of solitons.

To make explicit the novelty of integral equations (2.65) and (2.66) in comparison with those for the
usual potentials u(z) vanishing at large distances, we rewrite them in the z space in terms of x(z,k) and

€(z, k) defined in (2.27). Taking the Fourier transform of (2.65) and (2.66), we obtain

x(z, k) =1 +/ dy, /dx’ 0y, Go(yr — 21, T2 — 5, k)u(z") (', k), (2.67)
—kgoo

£z, k) =1 +/ dyl/d:v’ 8y, Go(z) — y1, T4 — T2, k)iu(z')E(z", k), (2.68)
kgoo

where Gy(z, k) is defined in (2.36). Because of (2.36), it is easy to show that

sgn kg

GO(:E, k) - 47Tk932

+o(|x2|_l), Tg — 00, (2.69)

and these integral equations, for potentials with nontrivial limits (1.3), therefore have well-defined kernels,
because the integration over z) is performed after the differentiation with respect to 4,. In the one-

dimensional case, i.e., where @(z) = u(z,), both x(z,k) and £(z, k) are independent of ;. We can then
integrate 0, G over z5 explicitly and obtain

/dm’z 0z,Go(z — ', k) = sgnkgb (kg (z1 — x’l))eZik(I“Ill). (2.70)

This reduces (2.67) to the standard integral equation for the Jost solution of the stationary one-dimensional
Sturm-Liouville equation with the potential u(z).

In contrast, limits (2.44) and (2.45) defining the advanced/retarded solutions are also well defined for
nondecaying potentials, and integral equations (2.46)-(2.49) do not need any regularization because the
Green’s functions G ,/, are integrable with respect to z. In fact, from (2.52) we obtain

' :FZ i(kx T ‘
/dxz Goasr(z, k) = Me (kz £k ) (2.71)

which is a well-defined distribution in 2:; for all £ # 0. In the general case, the advanced/retarded solutions
for a potential of type (1.3) have a zero at k& = 0.

[t can be verified that conjugation properties (2.53) as well as differential equations (2.54) are satishied
for both types of solutions.  The asymptotic behavior of the Jost solutions given in (2.42) and (2.43)
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also remains valid. The scalar products for the advanced/retarded solutions are preserved in form (2.55),
whereas the scalar product of the Jost solutions is modified,

(@loy =T, (2.72)

where

~ . p(917)) (pia1)
T~ Y(p;q) = §(p) — 2imsgn qug0 —_——]. 2.73
(piq) = d(p) gnqigd(p1) ( Pl a) (2.73)
Here again, the distributions must be multiplied in the indicated order. If the potential v is regular, the
bracket in the second term in the right-hand side of (2.73) can be opened, and then T = I. In the singular
case, as was shown in [22], the term in brackets is proportional to d(p2); therefore, we can write

T(p;q) = £(a1)8(p), (2.74)

where £(q;) can be called the transmission coefficient. It is analytic in the upper and lower half-planes
of q; and has a discontinuity on the real axis. It is one of the spectral data that we describe in Sec. 2.5
and generalizes the traditional one-dimenslgnal transmission coefficient to two dimensions.

Instead of considering the limit of (M Lo)(p;qi,q? + €) and (LoM)(p;q1, —p2 + (p1 + q1)? + g) for
€ — +0 in (2.63) and (2.64), we could consider the opposite limit ¢ - —0. It easily follows that

Jlim (MLo)(piar, af +¢) = (19)7) (pi ), (2.75)
lim (LoM)(pi a1, —p2 + (pr + 1)’ +€) = (T(@]) (s q). (2.76)

The integral equations satisfied by |#)T and T(&| differ from (2.65) and (2.66) only in the sign of the 0
terms in the denominators; in the z space, they differ from (2.67) and (2.68) only in the sign of the infinite
limits of the integration with respect to y;. Since T commutes with L in the sense of composition (2.3),
these reductions, as |) and (]|, satisfy (2.54) and are respective solutions of spectral problem (1.1) and its
dual.

We stress that in the nondecaying-potential case, the problem of obtaining a bilinear representation
of type (2.57) for the resolvent as well as a completeness relation for the Jost solutions is essentially more
complicated. In this paper, we treat this problem in the special case of a soliton on an arbitrary decaying
background. The special superimposition obtained using a Backlund transformation and a more general
superimposition obtained using a dressing are considered.

2.4. Spectral data for decaying potentials

We first consider a regular potential v. The Jost solutions are analytic functions of q; with a cut along
the real axis, and their values on the two sides of the real axis are denoted by [v*), (w*| € S’ _, where

p.a

lvE)(p;rq) = o Jim_ 1) (ps a), (2.77)

(w¥(piq) = lim_ (w|(p:q). (2.78)
qig—x0

Spectral data traditionally relate these values. It is, however, more convenient to define the spectral
data as operators in the space Sy.q that transform Jost solutions into advanced/retarded solutions. These
operators can be computed using (2.57). the bilinear representation of the resolvent. Multiplying (2.57)
by Ly from the right and using (2.54) and (2.58), we obtain

A[L(j =[]+ 'V)]\'[()((JJLI'.

=1
<]
Ko



Computing special reductions (2.25) and (2.44) of this equation that respectively define the Jost and the
advanced/retarded solutions, we obtain

) (p—-pia+p)((w|v)(p;q)
P(p'; qir) — iop}0

g ) = a(p) + [ 4 2L (2.0

lv7)(p;q) = d(p) + /dp’ : (2.79)

where 0 = +, — and P(p; qix) is given in (2.32). In fact, from the original integral equations defining the
resolvent, Eq. (2.18), it follows that M (p; q) for g2 # 0 is a continuous function of q,s in a neighborhood
of zero. Therefore, we can approach the real axis indifferently from above or below in evaluating (2.57)
at qig = 0, and we can thus choose either & = + or ¢ = — in the right-hand side of (2.80). Analogous
equations can be obtained for (w?| and (w,/,|.

Considering the differences [v) — |v,/,) and (w”| — (w, /.|, we obtain
|Ua/r> = |Va>(R:_ta)T) (wa/rl = R‘;(WUL o=+,-, (2.81)
where
R (p;q) = 4(p) + 71 (p; Q) (2.82)
with
r%(p;q) = £2in8(£op1)6 (P(p; duw)) (v[v?)) (p; q)- (2.83)

Thus, the spectral data RS are obtained as a special reduction of the second level of the resolvent. Us-
ing (2.12) and (2.27), we obtain

ri(pa) = ile(iaplﬁ(P(p; aix)) [ dz e u(z)x’ (z, qin) (2.84)
22

in terms of quantities in the z space; Eq. (2.84) is the familiar definition of spectral data [9-11] in the
decaying-potential case.

The characterization equations satisfied by spectral data (2.82) can be obtained by computing special
reductions of the Hilbert identity satisfied by the resolvent or from the bilinear representation of the

resolvent. They can be written in a particularly transparent form using the composition law introduced
in (2.3):

(Ri°)'RL =1, (2.85)
RS(RI) =1, (2.86)
(R7)TR% = (R%)TRC, (2.87)
where again ¢ = +, —. The first relation enables us to invert (2.81).
V) = e RS, (7] = (R (el (2.88)

Consequently, we can introduce the alternative spectral data
F° = (Ry°)'RZ° (2.89)
and relate the Jost solutions computed on the two sides of the real axis by

WOy = T OVETT (WO = FOeT a= 4 (2.90)



These spectral data satisfy the characterization equations
(FHY=F*  F~=(F")7}, (2.91)

to which we must add the requirement that F* must be decomposable into the product (2.89) of two
triangular operators (2.82) (see [6, 11, 12]).

Finally, we note that the quantity v|v?) entering the definition of the spectral data via use of the
“differential” equation (2.54) satisfied by the Jost solution can be rewritten in the form

(viv”)) (P @) = P(p; aug) v ) (p; @), (2.92)

explicitly showing that the spectral data are given as the “residuum” of the Jost solution on the surface
P(p; qir) = 0. Of course, because of (2.53), the spectral data can also be written in terms of the dual Jost
solution (w|. Because of integral equation (2.30) for the Jost solution, we also have

(P(p; a1w)|v?) (p; Q)

RE(p;q) = [v7)(piq) - Ploicm) £10

(2.93)

where the distributions must be multiplied in the indicated order.

In conclusion, we note that in the decaying-potential case, where the time is fixed, the resolvent
approach discussed above adds nothing substantially new to the traditional approach. When the time
evolution is turned on, however, the usefulness of the resolvent approach becomes evident. In fact, only in
this framework (see [10] for details) was it possible to study, in the case of unconstrained rapidly decreasing
initial data, the singular behavior of the KPI solution u and the Jost solutions and, at the initial time ¢t = 0,
the appearance of “constraints” on u for ¢t # 0 and a tail slowly decreasing for z; — too.

2.5. Spectral data for nondecaying potentials

In the previous section, we described the case with decaying potentials u in detail to emphasize the
necessary modifications for generalizing the definition of the spectral data to the case with nondecaying
potentials 4. The main problem is that a bilinear representation of type (2.57) for the resolvent is not yet

known in the general case. In [23], by analogy with the alternative definition of spectral data in (2.93), it
was argued that the spectral data can be defined as

- - (P(p; @) (17°)T°) (p; @)
Ri(piq) = (I7°)T7)(p;a) - : , 2.94

2 (pia) = (177)7) (piq) Poram) T30 (2.94)
where T* are the limiting values of T (cf. (2.73)) on the two sides of the real axis in the complex q,
plane. These limiting values are introduced to compensate possible singularities at q,x = p,, due to the
singularities of v(p) along the lines ps — 2unp; = 0. Using (2.92), we can rewrite (2.94) as

R%(piq) = [07)(py Q)" (1) — (vl;((’;.)g;c;):fg 2

(2.95)

To obtain the characterization equations for the spectral data using the Hilbert identity, we must now
use reductions (2.63) and (2.64) of the resolvent M instead of (2.25) and (2.26). This derivation requires
precise knowledge of the singular behavior of the Jost and advanced/retarded solutions for potentials of
type (1.3) and is not yet completed. In this paper. we first consider a potential @(2) obtained by super-
imposing, via Backlund transformations. a soliton on a potential u(zx) rapidly decaying at mfinity. In this
case. we can compute the resolvent. the Jost solutions. and the spectral data of w(z). The trausformed Jost
solutions are still piecewise analvtic in the spectral complex plane with a cut along the real axis. Therefore.
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the spectral data éi of 4(z) can indeed be defined using (2.94), and we prove that they satisfy the modified
characterization equations

(R;)'RS =T°, (2.96)
RE(T°)™M(R:°) =1, (2.97)
(R)'RS = (R7)'RC. (2.98)

Under definition (2.94), Eqgs.(2.81) are preserved, but relations (2.88) become
|7°)T° = |22y )RS, T7(@%| = (RZ%) @y . (2.99)
As in the decaying-potential case, we can introduce the alternative spectral data
F° = (R;°)'R3°. (2.100)

Relations (2.90) and (2.91) are modified and become

09)T7 = [p=°)F~°,  T°(&°] = (F)" (@, (2.101)
Fo =T°(F°)"'\T, (2.102)

while the self-adjointness property of Fe is preserved.
Moreover, we can express the new spectral data in terms of the different elements composing the final
potential u by N
Rf =w RIT*,  RI=wiRj], (2.103)
where

218
wy(p;q) = & (1—01 2 — ——) 2.104
£(piq) = (p) | 1 = 0(H(aiw — 1)) s—— - (2.104)
and R are the spectral data of u(z) that satisfy characterization equations (2.85)-(2.87). The parameter «
is chosen to be greater than zero, and this explains the asymmetry in the formulas (2.103). An additional

real constant must also be introduced for the soliton, by analogy with the normalization constants in the
one-dimensional case.

3. Superimposition of a soliton on a decaying background

We already mentioned that analyzing the properties of the solutions of integral equations (2.18)
and (2.65), (2.66) defining the resolvent and the Jost solutions for potentials of type (1.3) is particu-
larly difficult. For experience in a sufficiently general case, we consider the potential describing a soliton
on a background obtained by computing the Backlund transformation of an arbitrary potential vanishing
at large distances in the z plane.

Because we arc interested in the corresponding Jost solution, it is natural to use the Darboux procedure
that simultaneously furnishes the Backlund transformation of the potential and the transformation of the
solution of Eq. (1.1). However, the Darboux transformation of the Jost solution is not the Jost solution of
the transformed potential in general, nor does it necessarily have a good behavior at large x. Therefore.
the formal algebraic scheme of [24] involving the combined use (called binary) of solutions of the spectral
problem and its dual must be used with an accurate analysis enabling us to verify at each step that we
are working with proper mathematical objects. We find it convenient to follow an approach closer to the
one in [25]. where the Darboux transformations of the continuous spectrum of a decaying potential were
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studied. Thus, we also obtain the explicit formula for the resolvent. The study of its analytic properties is
essential in the attempt to generalize the result to perturbed one-soliton solutions.

3.1. Binary Backlund transformations

We work in the space S 4,
particular, A~!(p;q) means the inversion of A(p;q) according to this composition law, not 1/A(p;q). If
A(z) is a distribution for which log A(z) is a well-defined distribution, we also introduce the LOG function

of its image A(p;q) = A(p) in the space S, , (that is, of its Fourier transform):

where products and commutators are defined by composition law (2.3). In

1
(2m)?

The notation LOG is admissible because it has the characteristic property LOG A; + LOG 4, =
LOG(A;A3). Furthermore, if A has an inverse, then

(LOG A)(p) = /da: e'P* log A(z). (3.1)

[Q1,LOG A] = (@1, A]A7. (3.2)

Let the potential v(p) in the nonstationary Schrodinger operator L introduced in Egs. (2.10) and (2.11)

be regular, that is, the Fourier transform of a potential u(z) rapidly decaying at large distances in the r

plane. A new potential v'(p) and the corresponding nonstationary Schrodinger operator L’ can be generated
using a gauge transformation B,

L'B =BL. (3.3)

Particularly simple gauges of the form

B=0Q, +a, a(p; q) = a(p), (3.4)

are usually called elementary Béacklund gauges [30]. Any other such can be obtained by repeatedly com-
posing such gauges and their inverses. Without loss of generality (for details, see [25]), we can rewrite o
as

a = —[Q1,LOG g] - A, (3.5)
where ((p; q) = (p) and the spectral parameter A is chosen in the upper half-plane
A =p 4k, k> 0. (3.6)

Inserting (3.4) into (3.3), we obtain the new potential

v =U+2[Q1,[Q1,L0Gﬁ]] (37)
and the equation satisfied by g3
Lp +2[Q1, BI(Q1 — AI) = BLo. (3.8)

Comparing this equation with differential equation (2.54), we can see that 8 can be chosen equal to the
value of the Jost solution of the original potential at q; = .

B(Qy — AI) = [1)5(Qr — M), (3.9)
where we define
(3(Qv = AD)(p:q) = d(p)d(qy = A) (3.10)

such that
B(p) = ) (p: A). (3.11)



Then, Béacklund gauge (3.4) is
B=p(Q: - )" (3.12)

As was shown in [24], the condition that both the potentials u and u’ are real (or, equivalently, that
both v and v’ are self-adjoint) drastically reduces the class of potentials to which the elementary Backlund
transformation can be applied, in fact, to only one-dimensional potentials (see {25]). To obtain a truly
two-dimensional self-adjoint potential, we must (as suggested in [24]) consider an elementary Backlund
transformation and its inverse with different parameters and compose them. The resulting Backlund trans-
formation is called binary.

Thus, let L be another L-operator with potential ¥, and by analogy with (3.3), let
L'B = BI, (3.13)
where L' is the same as above and B is of type (3.12), i.e.,

B =Q:—[Q1,LOGf] - I (3.14)

with another value A of the spectral parameter. Then 3, by analogy with (3.8), satisfies

LB +2[Q1, Al(Q1 — A1) = BLo, (3.15)
and )
v =9+ 2[Q1,[@1,LOG g]]. (3.16)

We show in the following that B neither is a value of the Jost solution at q; = A (in contrast to the
solution £ of (3.8)) nor has an inverse in the space S, ;. This means, in particular, that formula (3.2) for
[Q,,LOG B] cannot be used.

We can eliminate the intermediate potential v' using (3.7) and directly write

5 = v~ 2[Q1, [@1,LOG(BA™H)]]. (3.17)
We now impose the condition that both the potentials v and v are self-adjoint,
vl =, it =4 (3.18)

As in [25], it is easy to show that because of (3.17), this requirement is equivalent, without loss of generality,
to
(BB~ N =887, (3.19)
A=X=p— ik (3.20)

As we show in what follows. this choice guarantees that the resulting binary Béacklund transformatiou adds
a soliton to v.

Let U denote the Darboux transformation that generates this binary Backlund transformation from v
to v, i.e.,

UL=LU. (3.21)
Then. by (3.3) and (3.13). _
U= BB, (3.22)

and because of (3.12) and (3.1.1). the gauge U is given by

U=1-3(Q, - )" tag™h (3.23)

~1
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where

A=[Q1,LOG(BB™Y)]| - 2isl, Al =-A. (3.24)

We now must find a differential equation (in the space S;,,q) for Bﬂ_l in terms of 8. For this, we
insert v from (3.17) into (3.15) and then use (3.8) to eliminate v in the resulting equation. We obtain

(@2 - 2uQ1,LOG(BB™)] + (@1, A] = A® + 2ikA + 24(Q;, LOG 4]. (3.25)

Adding this equation to its Hermitian conjugate, we obtain

(@1, (86" 4] = 0. (3.26)
Therefore, there exists a ¢ commuting with @, such that
A = icB3t.
Because of self-adjointness condition (3.19), this ¢ must be Hermitian. Because of (3.17) and (3.24), both
v and A are independent of the choice of ¢, and we choose ¢ = —1I, i.e.,
A=—igpt (3.27)

Using this equality to replace A in (3.24), we obtain a Riccati equation for 387!,

(Q1,8871] = 2B~ — (B8 1)260". (3.28)
The solution of this equation can be written in the form
B=pBs(I+sf)7", (3.29)
where o .
s(p;q) = s(p) = — ;;‘Zﬁp L 5 | T3 e_zifﬁfz#zz_m), (3.30)

Zo Is a constant of integration, and

i(ﬁ*ﬂ)(p) —4(p)

fpiq) = o+ %im

(3.31)

We note that s and consequently 8 have no inverse in the space S, ;. From the definition of s and f,
it directly follows that

[Q1, 5] = —is(s — 2xl), (3.32)
(@i ] =i(B'8 - I - 2xf), (3.33)
st =s. ft=r. (3.34)
Therefore. because of (3.29).
At =pts(I +sf)~1, (3.35)

and self-adjointness requirement (3.19) is satisfied.
We must. now verify that the solution /3 found in (3.29) satisfies (3.25). as only the real part of (3.25)
has been used so far. Inserting (3.26) into (3.25). we obtain

(02 = 2pQ 1 LOG(B37 )] = —A[Q1. LOG(3'371)]

o8



and then, using (3.27),

[Q2 - 2uQ1,LOG(B5™Y)] = —iBB~ (@1, A8 - (@1, 8'18). (3.36)

This equation is easily verified if we notice that because of definitions (3.30) and (3.31),
[QZ - 2uQ, S] =0, (3.37)
(@2 — 2uQy, f] = i([Q1, BIB" - [Q1.5'18). (3.38)

From (3.17), using (3.29), (3.32), and (3.33), we finally obtain

D=1v— 2[Q1, [Ql,LOG(s(1+ sf)"l)]] =v+ Zi[Ql,sﬂ"ﬂ(I+ sf)_l] (3.39)

for the new potential, which can also be written as

7 = v + 2i[Q1, 5'4] (3.40)

because of (3.29). It follows from (3.29) and (3.35) that '8 = B!3 in accordance with the self-adjointness
property of 0. It is also easy to verify that the potential

(@)= [ dpe~>*ip) (3.41)

(the inversion of (2.12)) has no singularities, because in the z space, the Fourier transform of s(I + sf)™!
is strictly positive.

On the other hand, because of (3.30), s(p) is proportional to &§(p2 — 2up1), and d(p) is the leading
singularity of (I + sf)~!(p). Consequently, 7(p) has a term proportional to §(p2 — 2up;). Therefore, the

potential @(z) is indeed a special case of (1.3). The behavior of this potential at large distances is given in
detail in Sec. 3.7.

Because of the self-adjointness of v and %, it follows by analogy with the first equality in (2.19) that L
is also self-adjoint; consequently, from (3.21), we have

LUt =UtL. (3.42)

3.2. Resolvent
3.2.1. Orthogonal decomposition of Land M

Our aim is to explicitly construct the extended resolvent M of the potential v considered in the previous
section. In this case, we can avoid solving integral equations (2.18) and can directly use definition (2.13)
of M as the inverse of L,

IM=1 ML=1 (3.43)

Using the properties of the gauge operator U that performs the binary Darboux transformation, we
first show that the operators L and M are naturally decomposed into the sum of two orthogonal terms.

Using (3.20), (3.24), (3.27), and (3.19), we obtain the following explicit formulas for the operator U and its
Hermitian conjugate from (3.23):

U=1T+i8(Q, = A)'4 =T +ip(Q, — M) s(I +sf)~14T, (3.44)
Ut =1 —iB(Q1 - A7 'pt =T —ips(I + sf)"HQ, = AI)~181. (3.45)
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Using (3.33) and (3.19). it is easy to verify that the operator U is partially isometric but not unitary. More
precisely, U is the right inverse of U,

vut =1. (3.46)
Furthermore,
n=utu (3.47)
is a nontrivial orthogonal projection operator,
nt=m, 1=, (3.48)

which plays a crucial role in the following. Using (3.33), we obtain

M-1=p8+sf)"YI1, - DI +sf)~181, (3.49)

where :
=1+ i [s(Q1 = M)~ (s — 2&I) — (s — 2cI)(Qy — AI)™'s]. (3.50)

Multiplying (3.21) by Ut from the left and (3.42) by U from the right, we find that because of (3.47), this
projection commutes with L and

nL=Ln=U'LU. (3.51)
Thus, we obtain the decomposition ) )
L=U'LU + L(I - T0). (3.52)
Since
UI-M)=(I-Mut=0 (3.53)

because of (3.46) and (3.47), the product of the two terms in the right-hand side of (3.52) is equal to zero,
and the decomposition is orthogonal.

It now follows from (3.43) that II commutes with M, and because of (2.13), we can also write the

orthogonal decomposition for M ~ .
M =U'MU + M(I - TI), (3.54)

where M and U in the first term together with the arbitrary background v are considered given data. The
second term in (3.54),

——

M =M -1I), (3.55)
is uniquely fixed by the requirements that it be orthogonal to II, i.e.,
MTl = IM =0, (3.56)

and that it satisfy
ML(I -1I) = L(I - II)M = (I - TI). (3.57)

Therefore, we use these two equations to compute M below. We start construction of M with the special
case where the original potential is equal to zero. i.e., v = 0, and v is therefore a pure one-soliton potential.

3.2.2. One-soliton case

The quantities obtained in the special case v = 0 are distinguished by the subscript 1. For instance.
we change the notation

0 — )

760



and )
L:Lo—ﬁ—)leLO—Ul. (358)

We obtain the quantities in the pure one-soliton case by simply setting 8 = I and f = 0 in the previous
formulas. We thus obtain

Uy =IT+iQ—A)s, Ul=1I-is(Q -\, (3.59)
Ul =1, Ulu, =1, (3.60)
H{ — Hl7 H? = Hlv (3-61)

where the orthogonal projection operator II; is given by (3.50).
Orthogonal decomposition (3.52) is now

Ly =UlLoUy + Li(I - ). (3.62)

According to the general discussion in Sec. 3.2.1, we must find an expression for L;(J —1II,) for which (3.57)

can be easily solved. We consider the difference L, — Uf LoU;. Taking into account that v; = 2{[Q, s]
follows from (3.40), we obtain

Ly = Ul LoUy = — 2i[Q1, 5] + is(Q1 — AI) " Lo — iLo(Q1 — AI)~'s—
= 8(Q1 = M) Lo(Q1 ~ M) 's. (3.63)

Inserting Lo rewritten in the form

Lo = (Q2 — 2uQ:1 + |APPI) — (@1 — M)(Q1 — AI) (3.64)

in the right-hand side of (3.63), using (3.37) and (3.32), and recalling the definition of II; in (3.50), we
obtain an explicit orthogonal decomposition for the pure one-soliton operator:

Ly = UlLoUy + (I - 1) (Q2 ~ 2uQ; + |A*I). (3.65)
Because of (3.37) and (3.50),
[y, Q2 — 2uQ:1] = 0, (3.66)

and it is therefore easy to obtain the orthogonal decomposition for the resolvent of the pure one-soliton
potential

My = U MU, + (I - T1)(Q2 — 2uQy + |A2T) ™ (3.67)

For studying the analytic properties of M, (p; q) with respect to q, it is convenient to explicitly compute
both terms in the right-hand side of (3.67). Inserting s from (3.30) into definition (3.50) of II;, we obtain

d(py — 2 ,
(1 - 1) (p; @) =222 2EP1) i
K
1

x | dp} — e —
/ ' [ (p| —ix +qi — p) cosh "(p"(p‘z:('c 0D ¢osh ™A 2»(: o)

1

(p) +1x +q1 — i) cosh ”(p’_(&;i(”—o))) cosh "(p'ﬁgiﬁ_o))
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which is simply the Cauchy formula applied to the contour of the strip {qig| < & in the complex q; plane.
We thus obtain

w8 (py — 2upy)ePr o
4k cosh Eﬂ;‘:‘——”z cosh ﬁqz‘—;“—) (3.68)

(I — ) (p:q) = 8(k — |q1sl)

and conclude that (/ — IT; )(p; q) is independent of q2, is analytic with respect to q; in the strip |q,5| < &,
and is zero outside it. In addition, it is a product of two analytic functions that respectively depend on
Py +q1 and on q;.

For explicitly computing the first term of the orthogonal decomposition of M; in (3.67), UIMOUI, we
need the integral

,s(p—p)s(p') 2k : W+ P hd
2 o (532) )
N ire'P *00(—wg)d(p2 — 2up1)

ok Fpitw) Lo omw
2sinh 7 sinh o

(3.69)

(where 9(z) is the logarithmic derivative of the I'-function). Paying special attention to the fact that it is a
distribution, we can obtain s(p) from a recursion relation derived by considering the limit as R — oo of the
integral fCR dp} s(p;—’iz(p—’l along the rectangle Cr in the complex p; plane with the width 2R and height
2x and with the lower border centered on the real axis. Because of (3.30), this integral depends on p, only
via the multiplier é(p, — 2up, ).

The correctness of the result can be verified by comparing the analytic properties of the left- and right-
hand sides of (3.69). In particular, the simple poles of ¢/(z) at 2 = 0,—1,...,—n,... are exactly cancelled
by the poles of the last term.

Because U, (p; q) and Ulf(p; q) contain the factor 6(p2 — 2up;), the first term in (3.67) can be rewritten

as
UlMoU, = My + My + M, + My, (3.70)
where
M., a(p;q) = Mig,. 14(p1;9)0(p2 — 2up1) (3.71)
and
. -1 <
My = Mo + i(Q2—2uQy + [A2I) ™[5, (Qr — AT)Mo], (3.72)
is(p) q+pr—p+¢
M Q) = — - -
WP = S 2ar + A [”’ < 2in
OV A VI 2 Ul L S Y B VSl U 8 a-p—¢
v ( 2ik ) v < %ir > Ty (T ’ (3.73)
imet ¥
Mic(piq) = — X
1¢ (a2 — 2pqr + |A?)
O(—-q15 — (s f(-qis + (s
x { W(Cn+p(| —;C}nltc) ,-(’ )W(QI—#+() T "(ql+p(n —;czlic) ~(’\ )7r(q —u=q) | (3.74)
sinh 51 sinh o sinh or sinh ==+

ﬂ_ezpﬂu()(,‘j — |q13[)

1k(q2—2pq; + |/\|2) sinh 7T(Q1-;'I‘.)1—)‘) sinh W(q-?l"'_

Miglpq) = R (3.75)




with
¢ = Vaq2—2uq) + p?. (3.76)

We note that (3.72)-(3.75) do not dependent on of the sign of this square root.
We now know all terms in the right-hand side of (3.67). Moreover, we can see that because of (3.68),

the last term is exactly canceled by the term My of UIMOUI in (3.70), and we obtain the explicit formula
for the one-soliton resolvent

M, = M, + My + M.. (3.77)

Because the above-mentioned terms canceled out, the resolvent has no discontinuity on the lines qig = +x.
We also note that the poles of the ¥’s in M, are exactly canceled by the poles of M..

Because of (3.71), My(p;q) is proportional to 6(p2 — 2up1). This factor shows (cf. (2.62)) the one-
dimensional character of the one-soliton resolvent, and M;(p;q) can be considered the embedding of a
one-dimensional resolvent in two dimensions. Indeed, the image of the stationary Schrédinger operator
L = 82 —u(zy) + z, where u(z,) is a one-dimensional potential and z is a (complex) spectral parameter,
is the element of S, , with the form

Lz(pl;Ql) :5(p1)(z—q%) _U(pl): (378)
where v(p,) is the Fourier transform of u(z;). The one-dimensional resolvent M, (p;;q) is defined (by

analogy with (2.13)) by the equation (L, M,)(p1;q1) = 8(p1)- In the case considered here, i.e., where u(z;)
is a pure one-soliton potential, it is easy to verify that the corresponding resolvent is given by

M, (py;a1) = (Mig + M1y + Mic)(p1; Qi + 1, 2 + 2paq;y + 12), (3.79)

which can be explicitly expressed using (3.72)~(3.74). In Secs. 3.4 and 4, we describe the properties of M,
and M, in detail.

3.2.3. One soliton on a background

We now consider a potential v obtained by superimposing a soliton on an arbitrary regular potential v
using a binary Backiund transformation.

To obtain the resolvent, we follow a procedure analogous to that used in the previous section. We first

compute an explicit formula for the second term in (3.52), the orthogonal decomposition of L. Because
of (3.40), (3.44), and (3.45), we have

L-ULU = = 2i[Q,, B8] + iB(Q1 — M) 'BTL — iLB(Q, — M)~1B1 -
—B(Q1 - A)BLA(Q. — ATt

Substituting LG and B'L from (3.8) and its Hermitian conjugate, we obtain
L-U'LU = - 2iB"Q1, B] + 2iB1[Q1. B + iB(Qr — AI) ' Lof' — iBLo(Q1 — AT) ™A1 -
= B(Q1 = AT B BLo(Qu = M)A+ 26(Q1 - ADTHBYQL, B16T. (3.80)

Multiplying this equation by (I+sf)8~" from the left and by (/ +sf)(567) ! from the right and using (3.33)
and (3.38). we obtain

(I+sf)d YL =UTLUYT + sy~ = = 2i[Qr. 8] + is(Qy = M) "' Lg—

—iLo(Q = A7 s = s(Q) = ADTHLY(Q — A s



Because of (3.63), the right-hand side is exactly L; —Uf LoUy. Using (3.65), we finally derive the orthogonal
decomposition for L in the form

L=U'LU + B(I + sf)~'(I - I)(Q2 — 2uQ1 + AN BY(I + sf) 7. (3.81)
It is now easy to prove that the orthogonal decomposition of the resolvent is given by
M=U'MU+ M, (3.82)

where

M = B(I+sf)" I —T1,)(Qs — 2uQy + A1) 7' BT+ sf)~ . (3.83)

In accordance with the requirements at the end of Sec. 3.2.1, we must verify that M satisfies (3.56)
and (3.57). First, using (3.49) and (3.66), we write

M = B(I+sf)™(Q2 — 2uQ: + API) '~ + sf)(I - TN) (3.84)

and
LU ~10) = (I = I)(BY) I +5f)(Q2 - 2pQu + MPT)BI (I + sf) 7.
Then, using (3.48), (3.49), and (3.66), we obtain MI = 0 and ]T/I\I_,(I —1II) = (I — ). We can verify
analogously that ITM = 0 and L(I — II)M = (I - 1I).
3.3. Jost solutions

The potential v of the previous sections was in fact obtained via a binary Darboux transformation,
Le., using the gauge transformation U of L. Therefore, we expect that the corresponding Jost solutions |7)
and (w| are related to U'|v) and (w|U respectively. Indeed, because of (3.42),

LUY) = UtL|v) = Ut|v) L. (3.85)
That is, U'|v) satisfies the differential equation for the Jost solution, and (w|U similarly satisfies the dual

equation.

To find the exact relation, we must compute the integral equation satisfied by Ut|v) and compare it
with (2.65). Because of (3.85), we obtain 4Ut|v) = (Lo — L)Ut|v) = [Lo, Ut|v)] and, after inserting (3.45),

oUM ) = vlv) = i[Lo, B(Q = AI) 7161 |v)].

Because [Lo, A](p;a) = (p2 — p1(p1 + 2q1)) A(p; Q) for any A, the last term of integral equation (2.65) with
|) replaced by UT|v) can be rewritten in the form

1 (PI(WTIV))(JD; qQ) )

() (pia) i(pl(B(Ql — A)71BHv)) (piq))
1 +0qis \ p2 — p1{p1 + 2q1) »

Cp-pilpr +2q1) p1 +10q1g

As we know, the Jost solution corresponding to the regular potential v satisfies integral equation (2.30), and
we can therefore substitute (|v) — I)(p: q) for the first term. To compute the second term, we must analyze

the leading singnlarity of the distribution (,/}(Ql - ;\1)“1/37|1/))(p: q) at p; = 0. The leading singularity of 3
and Ju) is 1. and because of (3.29). the leading singularity of /;’ is the same as the singularity of s. i.c.. of
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the form (p;, + ¢0)~!. Therefore, because the product of two distributions of the form (p, + i0)~! is well
defined, we can write

(Pl(B (Ql - /—\1)_1 ﬁtll/))(lﬂ; Q))
p1 +i0q:g

—(B(@1 - A1) A1) (pi ) +
+ 27i0(~qg)d(p1) (1 (B(Q1 — AI) '8t 1)) (5 q)) =

=(B(Q1 — A7 B'v)) (p; @) + 27i0(—qe)d(p:1) (%) .

Thus, because of (3.30) and (3.45), we obtain

UMv)(p;q) —

p1 +i0aqig \ p2 — p1(p1 + 2q1)

1 p1 (83U 1)) (p; q)
q — A

) = §(p) (9(%9) +6(—que) 1= 5) ,

which gives the inhomogeneous term of the integral equation for Uf|v). Therefore, to construct the Jost
solution obeying (2.65), the q-dependent multiplier must be compensated, and we conclude that

N — Al

9 =0 (00Que) +0(-Qua) 2 =37) (3.80)
where

0(Q1s)(p; q) = 0(a15)é(p)- (3.87)
This construction also proves the existence of the Jost solution.
We obtain 01— AT
o= [6(-Q1g) + 6 L0 U .
@1 = (6-Qua) +0(Qu) 2237 ) (3.88)

similarly. Taking into account the explicit formulas for U and U in (3.44) and (3.45) and the analytic
properties of |v) and (w|, we can verify that |r) and (w| are piecewise analytic in the complex q; plane with
a cut on the real axis, in spite of the involved properties of the resolvent described in Sec. 3.4.
Comparing
(w|UUY ) =1, (3.89)

which is a direct consequence of (3.46) and (2.58), with (2.72) we deduce that

_ Qi A Q- M
T = 0(0e 0(—01 - 3.90
(QlJ)Ql—/\I—*— ( QIJ)QI—)\I ( )
explicitly proving (2.74), where now
f(q) = W - KT InSendis (3.91)
qr — 4~ IKSENqig
It is easy to see that the transmission coefhicient T is self-adjoint,
TH=T. (3.92)
For simmplicity. let
Ay = ptin. (3.93)

~J
(3]
(&3]



such that A, = A (cf. (3.6)) and A_ = X. Then the values of the transmission coefficient on the two sides

qix * 20 of the real axis in the complex q; plane are equal to

7t Qir — Azl
Qir — Al

and satisfy o N _
THT™ =1, (THY! ' =T,

Because of (3.91), t(q) has poles at q; = A4, and the residua of ¢ at these points are

ty = £2ik.

(3.94)

(3.95)

(3.96)

It is clear that |#)T and T(®| also satisfy differential equation (3.85) and its dual, because T and Ly

commute. These are the solutions that were defined in (2.75) and (2.76). From (2.74),

(I1T)(pia) = {(q@)l#)(pi@)  and  (T{(@])(p; q) = i(q + p)(@|(p; q).

The first function therefore has poles at q; = A4, and the second one at q; = Ay — p;. The corresponding

residua (up to multiples of +2ix) are

7L} (0) = [P)(Di As),  (@1,2](P) = (@|(p; A+ — p1).

For brevity, we call them the discrete Jost solutions.
From (3.86), (3.45), and (3.11), we obtain

71,4)(P) = (UM))(pra)], _, = (B-1B(Q1— AD)7'B8) (5 A4)
and, inserting (3.33) and using (3.29),
P14) = = (s — 2RI) (I + 5) 7,
From (3.88) and (3.44), we obtain

Q1 - M
Q1 — Al

(G1.41(p) = ( ([ +iB(Q1 = AD)~1s(L + sf)-‘ﬂ*]) ;)

QL =Ay—p

Recalling from (3.11) that 3 is a Jost solution, we can see that

(w|B =1+ less singular terms,

and we therefore obtain
@141 = sl + )76
We use
|1~/1,i>T = <‘Dl.3;|
to obtain the values of the Jost solutions at A_. In particular.

1
— 5
2K

iy ) = —s(I + sf)"15.
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By analogy with (2.27) and (2.29), we determine the Jost solutions in the z space as

Bak) = [ dpe |5 ek, (3.102)

Uak) = [ dpe™r=2092 ) i k—py). (3.103)

where £ is defined in (2.38). These functions solve (1.1) (and, correspondingly, its dual) for the transformed

potential @ (see (3.41), where 9(p) is given in (3.39)). Letting ®; 4 (z) and ¥, +(z) denote the values of
&(z,k) and ¥(x,k) at k = p + ix, we obtain

®1,4(z) = /dpe“'"’“(**””'Iﬂl,i)(p), (3.104)

1a(c) = / dpe=iP=traNz (5, 4 |(p) (3.105)

from (3.97). Then, considering (3.99) and (3.101) and taking (3.30) into account, we obtain

B, (z) = €23, _(z), Uy4(z)=e %0, _(z), (3.106)

where the second equality is obtained analogously.
Finally, we consider the asymptotic behavior of the Jost solutions at q; — oo. Because of (3.45),

T, = -
Ulpia) = 6(p) = —(BA1)(p) +o(ar’), @1 — oo,
and taking (2.42) and (2.43) into account and expanding (3.86), we obtain the asymptotic conditions

|7)(p,q) = é(p) + O(1/ay), (3.107)
117 (pr ) = -Q—%a(m +o(1/qd), (3.108)

where (3.40) is also taken into account for (3.108).

3.4. Bilinear representation of the resolvent and its properties

Orthogonal decomposition (3.82) enables us to derive a bilinear representation of the resolvent M for
a nondecaying potential u of type (1.3) obtained by means of the Backlund transformation (see (3.39)).
The form of this bilinear representation is modified in comparison with bilinear representation (2.57) in the
decaying-potential (regular) case. Indeed, inserting (2.57) into the first term of decomposition (3.82) and
using (3.86), (3.88), (3.90), and the commutativity of T" with M, we obtain

M = |\ TMo(@| + M. (3.109)

Then, inserting (3.50) into formula (3.83) for M and using (3.90), (3.99), and (3.101), we also obtain the
bilinear representation of M:

— R +2iK - )
M=— § 29 0 3211(0s — 2601+ PFT) (@14 (3.110)
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These formulas are coherent with the general formulas obtained in [22] for the bilinear representation
of the resolvent for a nondecaying potential 4(z) under some additional assumptions. They prove that the
general approach developed in [22] is not void, because we explicitly found a sufficiently general example
with all the required properties, at least for N = 1.

Fronm the expression for M in (3.110), we deduce that IT/[\(p; 41,92 + 2pq;) is analytic in q; inside the
strip |qis| < &, zero outside it {(see (3.68) and (3.84)), and analytic in q2 with a cut at qsg = 0.

The condition that M vanishes outside the strip |q;g] < x is equivalent to the condition for the
proportionality of the discrete Jost solutions in (3.106). To prove this, we note that because of (3.110),

M (p;q:,qz + 2uq;) decays for g2 — co. Therefore, because of its analytic property with respect to qa, it
is zero outside the strip iff the discontinuity of M(p;qi1,q2 + 2uq1)jt qz2a = 0 1s zero outside the strip.
By (3.109), this discontinuity of M is equal to the discontinuity of M itself. In summary, M(p; q) is zero

outside the strip |q;3| < & iff the discontinuity
AM(p;q) = M(p; qu, Qo + 2ipaqis +10) — M(p; a1, azm + 2ipqs — i0) (3.111)

is zero outside this strip.
On the other hand, from (3.110), we have

Qax — 2uQir + |API)
(Wl,:l:‘-
Q1 — Asd

AM = —47mZi|z>l,i>5( (3.112)
+

Taking its Fourler transform and recalling (3.104) and (3.105), we obtain
1 . ) —_
- —i(p+aw)z+iqny caq) —
)2 /dp/dqae AM (p; q)
= 2ike” NS(T1 Y1 +2uz2 = 2uy2) Z +0((z1 — y1 + 2uz2 — 2uy2)(qis F &) sgn(qis F n)él,i(x)\fll'i(y),

+

which is zero outside the strip iff

&) 4 ()0 +(y) = B ()T _(y), (3.113)

that is, iff B

®1,4(z) = 021 _(z), Uy 4 (z) = 0710 _(x), (3.114)
where b is a real (by (3.100)) nonzero constant. These equalities coincide with (3.106), and the exact value
of b given there follows from the substitution of (3.99) and (3.101) in (3.104).

Because of this relation, the Fourier transform of Aﬁ(p; q) can be written as a direct product of two
functions, i.e.,

" ' o e HpHan)zt+iany M (- =

= —2ikb(rk — |qug|)e T E VAT 2000 G (VT (y). (3.115)

In the right-hand side of (3.109). the discontinuity of M at qis = &,

MQur — pl) -

Moy =timsmt = M, —smenys = —dnnli 4 ) SeB =)
Qs =2 nt0) Q1 =tx—0)1 Koy 1) Qs — 221 (Wi £l
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(which can be directly obtained from (3.110)), is compensated by the discontinuity of the first term orig-

inating from the poles of T. In fact, taking into account (2.17), (2.74), (3.91), (3.97), and (3.93), we
obtain

5(Q1§R —MI)

=4nk|v Wi ,+|-
I TrK:lUl,:i:) Q2 _ Ai[ (wl,:t|

1T Mo(@ll g, s peroyr = VT Mol@ll g, s (amoy

Therefore, for any q, the resolvent M(p; q) has no discontinuities at the borders of the strip, as was
explicitly demonstrated for the pure one-soliton case in (3.77).

On the other hand, the discontinuity of M at Q25 = 2uQs is not compensated by the first term
in (3.109), and its presence in the resolvent M is a characteristic manifestation of the soliton content of the
potential u(z).

The behavior of M(p; q) at the end points q,5 = £k of this cut needs special study. In the limit

qis — *k, dog — E£2pK, (3.116)

—

M (p; q) has logarithmic singularities.
To show this, we consider the first term in Eq. (3.109). Although the factors |7) and (&| are regular in
this limit, as was mentioned in Sec. 3.3, because of (2.74), (3.91), and (2.17), T and M, behave as

— 1+ 1K 8gn —pu+ 2tk

q — ¢ . gn qig 5 q1r .ﬂ ’ (3.117)

Q1 —p—iksgnaqis  qug — g+ i0(|aig| — &)
! — ! (3.118)

qz —ai  dor — Qi + K2 F 2ik(quir — p)’ '

and product of the limiting values is not defined. To separate the singularity, we note that
> +imsgn(das — 2qind1s)8(qer — Qg + K%) =
Q2 — a7
- 3 21 . T imsgn(Qir — £)8(Qer — Qip + £°) (3.119)
Qow — Qiy + K2 F 2is(qir — 1)

in the limit (3.116). This distribution can be multiplied by the distribution in the right-hand side of (3.117),

because for qg — u, the right-hand side of (3.119) is equal to (q2r —q2gx +#2) ™! in the sense of the principal
value.

We now write the product we are interested in as
qr—ptiksgnquig 1
q1 — K — IKSgNqis q2 — Cl%

g1 — pHIRsgnqig
q1 — i — INSEN Qg

1 )
< 5 +1msgn(Qas — 2qird13)0(d2g — Cl%sﬂ + 52)) -
Q2 — q1

A1 T iRsgngig
—_ ‘
qr — { — RSN q1g

sgn(Qzs — 2q1rd15)8(qzr — Qin + ~%), (3.120)

such that only the last term is singular in the limit. Using the spectral parameter k introduced in (2.41)
and recalling that the sign of q3 is equal to £ in the limit (3.116), this term can be rewritten as

Tomsgn(qin — kg) . 2 ) . o
- d(qar — Qig + A7 )(Qir — 1 £ 2iK). (3.121)
qQin — kp + k= A IR
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We must study it in the limit
k — Ag, (3.122)

which is the equivalent formulation of limit (3.116) in terms of k because of (2.41) and (3.93). It is easy to
prove that in the sense of the Schwartz distributions in p,

sgnp
p+z

= —6(p)(logz + log(—z)) + | | + o(1), z — 0, (3.123)

for complex z, zg # 0, where logz is the principal branch of the logarithmic function and 1/|p| is the
standard distribution (see [31]) defined by

dp B
<Ip|’¢) H[‘b(p) —6(1-Ipl)¢(0)] (3.124)

with ¢(p) being an arbitrary test function.
Now, from (3.120) in the limit (3.122), taking (3.117), (3.121), and (3.123) into account, we obtain

g1 —pt+iksgngqug 1 L, Qir—pE ik

qi — p — iKSgn 13 Q2 — 4Qf qQir — Ui
1
x : Frsgn(qig — p)d R-2+m2):t
(q?ﬁ_q%g}+f€2:}:22f€(qlﬁ—u) gn(q: n)d(qz dig )
—pE2is
+ i"MCS(QM ~ qin + &)+

lqie — 4
+27kd(qun — w)8(qaw — Qg + &%) (log(k — Ay) + log(Ax — k))+

N 2nksgn(lqis| — &)
Qg — (4 + £

S(quwr — p) +o(1), (3.125)

where (qug — #)™! and (qag — p® + %) are principal values, |q,» — p|™! is defined in (3.124), and o(1)
denotes distributions vanishing in the limit.

Substituting (3.125) in |#)TMgo(&|, we obtain
|17)Y~"M0<53| =27k (log(k — Ay) + log(As — K))[01,4)8(Qig — pD)8(Qam — (AN)RI) (@) 4|+

- 6(Qir — pl) -

+ 2nksgn(lkg| — k)| 4 ) (D + O(1), 3.126
gn(ks| - #)| 1i>Q2§R_(/\2)§RI< Lx] +0(1) ( )
where all the terms that are finite in limit (3.122) and do not. depend on the sign of [k(\|

in O(1). Terms depending on this sign, as was shown above, must be compensated by M.
Indeed. by (3.110), we have

& are included

1 1

M = T 2ik|p
F 2inl 1'*>Qm — il +i0(Q15 T £1) Qan — 21Qrn + [M2T + 10(kn — 1)1

(Wi 4]E

| 1 -
(Qvp — 1l £22iRT) (Qan — 21Q e + | M2 £ i0(kyp — /1,)[) wi sl

+ 20kl 1)

(3.127)



in limit (3.122). On the other hand, the requirement that M vanish outside the strip |qug| < & gives
1
(Qix — ul £i0)(Q2x — 2uQix + |A2T £ 10(kg — p)I)

1
(Qin — I £ 2i61)(Qax — 2uQ1x + |A2T £ i0(kg — p)I)

F 21Ky +) (Wy,2|*

+ 2ik|i,5) (W1l =0.

Subtracting this equality from (3.127), we obtain

M = dmnd(s 7 ko)) 5 — (igﬁ‘*i‘z‘(‘)i&y 7 @1l + o) (3.128)

in limit (3.122).
Summing (3.126) and (3.128), we finally obtain the behavior of M in limit (3.122) from (3.109),

M = dnrlog(Fi(k — Ax))|91.4)8(Qiw — 1)8(Qam — (A\)wI)(@1,+| + O(1), (3.129)

where O(1) denotes distributions that have well-defined limiting values under (3.122).
Therefore, M (p; q) has logarithmic singularities at the end points of the cut kg = i, |kg| < & (because
of (2.41) at gog = 2ud1g, |qig| = k). We note that the first term in the right-hand side of (3.109) gives

logarithmic singularities with two infinite cuts at qyg = £x. The second term, M, cancels these two cuts
and replaces them with a finite cut in the complex k plane connecting the two points k = A4.

By analogy with (3.115), the asymptotic behavior in (3.129) has a simple form in the z space because
of condition (3.113). We have

1 —i z+i A
W/dp/dcme (pas)z+iany M(p; q) =

= % log(Fi(k — Ay))eFr@—n+2a-2m02)g, ()T, , (y) + O(1). (3.130)

Discontinuity (3.115) in the neighborhoods of the end points follows immediately from this asymptotic
expansion. ~

Finally, we note that because of the special structure of M, the reduction procedure described in
Sec. 2.3 for obtaining the Jost solutions |v) and (w| cancels these additional singularities, as is explicitly
shown in Sec. 3.3. The relevance of these singularities to any extension of the theory to more general
potentials of form (1.3) is examined in Sec. 4.

3.5. Spectral data

In this section, we derive the spectral data corresponding to the potential v (see (3.39)). We represent
these spectral data in terms of the spectral data of the original potential v and the Backlund transforma-

tion parameter A. A study of their properties demonstrates that the spectral data satisfy the conditions
formulated in Sec. 2.5.

We start with the spectral data F* introduced in (2.101). Applying limiting procedure (2.77) to (3.86)
and taking (3.90) and (3.93) into account, we obtain

69)T? = Utwo)(T0(0) + 6(-0)),  Qis =0, o=+, (3.131)

where #(+) = 1. #(-) = 0. and the continuity of U at the real axis following from (3.44) is used. Now, we
obtain

00YT? = Uty =YF~7 (T"6(0) + 6(—0))
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from (2.90). Changing the sign of ¢ in (3.131) and substituting U'|v™7), we obtain the first equality
in (2.101) with

Ft=F*  F =T FT". (3.132)

Characterization property (2.102) and the self-adjointness of F* follow from the corresponding properties
of the spectral data F'* (see (2.91)). The second equality in (2.101) follows via the Hermitian conjugation
of the first one.

It is well known, as was mentioned following (2.91), that for a solvable inverse problem, even in
the decaying-potential case, the spectral data F'° must be decomposable into the product of triangular
operators R4 with a trivial (unity) “diagonal” part. The construction of the triangular operators é;’t that
gives decomposition (2.100) of F° is more involved than construction of F° themselves. Moreover, the
operators have a nontrivial “diagonal” part and an additional singularity in the “off-diagonal” part.

We must return to definition (2.94). Using the integral equation for the Jost solution |#) in (2.65) and
the formula for |») derived in (3.86), we obtain

R (T 1 ) tlye ;
(RUT*) ™M) (pia) = 8(p) + [ ! ((p P(pi i) (U'1v7)) (p q))) _

p1 + 100 P(p;qir) — i00p;

(Plp; quin) (UT?)) (01 @) -
- P(p;qiw) £ 10 ] (6(0) +6(-0)t (q)), (3.133)

where P is defined in (2.32). We can express U'|v?) as a sum of some distributions singular at p; = 0 and
at P(p;qir) = 0 and a regular term (denoted by Reg):

Utw?) = v7) —is(Qix — A1) ™! — is(Qir — AI)"}(Iv°) — I) + Reg . (3.134)

The regular term does not contribute to (3.133). Therefore, because the first ‘term (once multiplied by
P(p;ax)) and the third term are regular at p; = 0, we insert (3.134) into (3.133) and obtain

RL(T?)™' = I+ (A% + BL + CL)(8(o) ] + 8(~a)T~7),

where

P(p; qur) — 100p; P(p;qir) £ i0

L

p (P aw)lv) (@) (P(p;qm)ll/"ﬂp;q))}
+ = )

57— o (p1P(p i) (—is(Qir — A1) 1) (15 q))
= |p1t 100 Pp;qir) — i0op; -

I

_ (Piaiw) (=is(Qix ~ M)~ (p;q))
P(p;quw) £ 0

(P(Pi QNR)(—”(QMR - ;\1)_1(|V‘7) - 1))(171 Q))

T = ,
* Plp:qin) — ibom

(P(prain) (= is(Qup — )" H{|p7) — [))(7)1C1))
Plp:qip) £ 10 ’
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These expressions can be essentially simplified. Because of (2.82) and (2.92), we have

Ai(piq) =ri(piq).

Because it follows from (3.30) that

. T ory— K (5(272 - Zupl) 1

we obtain

0(+o(ain — 1))
Qg — A-
The computation of C{ is more involved. We first write

B (p;q) = —2iok 5(p).

CL(p;q) = £2in8(+op1)6(P(p; aiwr)) (P(p; aiw) (—is(Qin — A~ (|v7) — 1)) (p; ).

We must therefore evaluate the singular part of —is(Qy — A)~!(|v7) — I) at P(p;qigr) = 0. Because
of (3.135), we obtain

e ihige : ) (P1, P2 — 2u(p1 — p1); @)
(Zis(@u =AD" - /d (pr — p1+10)(cme - An)

1

X . — +
[P(P; qig) + (p1 — P} +10)(p1 + P} + 2qiw — 2 — 10)

+2mif (opy (Py + dum — 1)) sgn(p} + dug — p)
x §(P(p;quw) + (p1 ~ P1)(p1+ P) + 2d1w — 21)) | + Reg .

Because the first term is regular at P(p; qix) = 0, we obtain

8(opr(p1 + a1z — 1))

Ci(piq) = —2ix
* ) qir +p1— A

ri(p; q).

Therefore.

RS (i) = 8(p) [1 PPLGEAC #))} .
QiR — As

6+ + -
11— 2k ( (m + air /i))
qQir +P1 — A=

} ri(p;q)(0(—0) + 0(5)t°(q)),

where the triangular character of 7 (p: q) is taken into account. Using (2.82), (3.94), and the first equality
in (3.95). we can rewrite the spectral data in a more compact form as

R =wsRITY. Ry =wsR3. (3.136)
where

Qir — A+

a 3 a(p). (3.137)
R~ Ao

wy(piq) = welqp)d(p) = [0(Flam — 1)) + 0(H(a — 1))



We note that by (2.1),
whwy =1 (3.138)
and by (3.94), N B
T = (wrwy)', T™ =wzws. (3.139)
It is easy to verify that any ﬁ;’: of form (3.136) with spectral data R satisfying characterization equa-
tions (2.85)-(2.87) and w satisfying (3.138) satisfies characterization equations (2.96)-(2.98). Moreover, it

is easy to verify via (2.89) and (3.138) that (2.100) is satisfied for F* obtained in (3.132). To demonstrate
the triangularity of the operators RS, we substitute (2.82) in (3.136) and obtain

RY = d% + 7%, (3.140)
where d—‘:’t and 7§ are structurally independent distributions,

d_i =wy T, di = wy, (3.141)

and

it = wyrtTY, 7L =war]. (3.142)

Because of (3.90) and (3.137), .‘i(p; q), 0 = +, —, is proportional to d(p). Because of (2.83), (3.90),
and (3.137), 7% (p; q) is proportional to G(iapl)d(’P(p; qm)) and is singular at p; + q1x = p. Therefore, the
spectral data of the continuous spectrum under the Backlund transformation have a nontrivial “diagonal”
term d% (p;q) and an additional discontinuity in the “off-diagonal” term 7 (p; q).

3.6. Inverse problem

We proved that the Jost solution |7) constructed using the Darboux transformation is analytic in the
upper and lower half-planes of the spectral parameter q;, that it obeys asymptotic condition (3.107) and
that its limiting values [7%) on the two sides of the real axis are related by the first equality of (2.101), for
example, for ¢ = —,

07)T = |7*)F*, (3.143)

where (see (3.94) and (3.132)) T~ and F* are given in terms of the soliton parameter A and the spectral
data F't of the original (decaying) potential. In addition, we showed that the values of the Jost solution
at q; = Ax, Eqs. (3.97), are not independent because their gauged Fourier transforms (3.104) are related
by (3.106).

Now, we prove that |#)(p;q) in (3.86) is the unique solution of the nonlocal Riemann-Hilbert prob-
lem (3.143) under conditions (3.107) and (3.106). The proof is based on the assumption that F° in (3.132)
are spectral data that, via the first equality of (2.90) and the asymptotic condition (2.42), define a uniquely
solvable nonlocal Riemann-Hilbert problem for a decaying potential.

First, we note that under limiting procedure (2.77), the scalar product of Jost solutions (2.55) and
completeness relation (2.58) become

(Wit =1, v\ w?| = 1. (3.144)

Therefore. because of (2.90), we have F* = (w*|v™), and because of (3.132), we can rewrite (3.143) as
)T~ = |t ) {wt|r~) or, using completeness, as

W wt | = (57T~ (W™l (3.145)

The left-hand side of (3.145) can be considered the limiting value on the upper side of the real axis of
the function (J7){w])(p:q)). which is analytic in the upper half plane. and the right-hand side is the limiting

R !



value on the lower side of the real axis of the function (|7)T (w|)(p, ), which is analytic in the lower half

plane with a cut at q;g = —~ because of the special analytic properties of T (see (3.90)). Taking into
account the definition of B(p) in (3.9) (more exactly, of its Hermitian conjugate) and the definition of |y _)
in (3.97) and using (3.90), we find that the above discontinuity of |)T(w| coincides with the discontinuity
of —2ik|y,_)(Q1 — M )~!B". Therefore, rewriting (3.145) as

21K ~ 2tk
SN 1 t e VTl 4 15 t
+ _ = = T + - = ) .

7+ 10, g B = T Tl o (3.146)
we obtain an equality between the boundary values of two functions analytic in the corresponding half-
planes, which, because of (2.42), (3.90), and condition (3.107), tend to I as q; — oo. Therefore, we
have

- iy ~ 2ZK 1,

12)[8(Q@1s) + TO(~Qus) (Wl + [in,-) -——=8" = I,

Q1 - Al

where notation (3.87) is used. Because of (2.55) and (3.90), we finally obtain

21K Q1 —

=8| 1) [o0@ue) + 0@ 2

|7) = [1 — |y )= 3.147
0. (3.147)

In the right-hand side of (3.147), all terms except |7 _) are given in terms of the known objects |v)

and A. Therefore, to solve the inverse problem, we must also determine |#; _) in terms of these objects. If
we use definition (3.97) with the minus sign and evaluate (3.147) at q; = A_, we obtain an identity. We

therefore need the first condition in (3.106) to build |7, _). Using (3.97) with the plus sign and (3.11), we
obtain

(8'8)(¥)
920(0) = B(p) — 2 [ dp' 52 ) — ) TLEED
from (3.147). Taking definition (3.31) into account, we obtain
[01,4) = B — |01, )T + 2k ). (3.148)
We now introduce
2K
S2) = [ T e o) (3.149)
—ipz (BB = 1) (p)
=i [dpeiwe T DlD) 150
7'/‘ pe p1 + 21K ' (3 )

1.e., the Fourler transforins of s and f (see (3.30) and (3.31)). Using (3.104), we rewrite (3.148) in the form

D1 4 (z) = O, Ay) — N HEIG,  (2)[1 + 26 F(2)].

Using (3.106) to replace (i)l,+(l7)' we obtain

~ o= 2R(E +2pr) S(x)
P YR W WA .
1 () AT s R



Inverting gauged Fourier transform (3.104) and using (3.149) and (3.150), we can verify that (3.151)
is the Fourier transform of (3.101). In turn, (3.147) is exactly (3.86) with U' replaced with (3.45). This
proves the uniqueness of the solution of the nonlocal Riemann-Hilbert problem formulated in this section.

3.7. Behavior of the potential at large distances
To consider the behavior of the potential @(z) at large distances, we use (3.1) and (3.39) to rewrite (3.41)

i(z) = u(z) - 202, log (ﬁ ; F(x)) , (3.152)

where S(z) and F(z) are defined in (3.149) and (3.150). We choose a direction on the z plane,

£ =z + 2p'Ty = const, (3.153)

where 1 is a real parameter. The special direction with y' = p is denoted by £. Because of (3.149), we
have

(z) = u(z) ~ 282 log(1 + e~ 27 € ~z0)=ax(k=w)2 | 9 P(€' — 2/, 25)) (3.154)

instead of (3.152). The asymptotic behavior at large distances along the direction £’ = const is then
obtained by evaluating F(§' — 2u'z2, z2) at large z5. We obtain the equality (27)28(p) = [ dz e®P*x(z, A)
from definitions (2.27) and (3.11). Inserting it into (3.150), we obtain

’

§ .
F(& =2 zy, x9) = / dyr e =) [|x(y1 — 20 z2, 72, ,\)|2 -1}, (3.155)

-0

and its asymptote can therefore be obtained from that of x(y1 — 2u'z2, 22, A). To obtain the leading term,

we must know the asymptotic behavior of x(y; —2p'z,, z2, A) at large 25 up to and including the order %—3_
Using integral equation (2.33) and taking (2.36) into account, we obtain

dyo + dao + da1y1  dag + da1y1 + daay?

x(y1 — 2p' g, 29, A) = 1+ — 3 + 3 +0(z5 %), (3.156)
T z3 T3
where 0.3 0.3)
Ty(0, A 7y(0, A my(0, A)
dyy = 1) = A = _™MOA) _
10 N da 20— )2 daz i )3 (3.157)
with
i

v(0; A) = e /dmu(m)x(m,A). (3.158)

The evaluation of the other constant coefficients d;; is rather involved, but, in fact, we only need d1o and d3s.
We can now formulate the asymptotic behavior of @(z) with its dependence on the direction. In the

direction £ = const. that is. for p' = p in (3.153), we have a pure one-soliton behavior as expected, corrected,
however. by a term O(x3'). Precisely, we obtain

~ 22 dig+d
WE = 2pay. 1 tra.aa) = — . 1— 10 T Q10
cosh™ w(& — xp) X

tanh n(€ — )| + O(L;z) (3.159)

where & = oy + 20y = const. ry — X
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In a direction £ = const with u’ # u, for (u — p')z2 = —o0, the behavior of u(z) with respect to that
of the background potential u(z) is corrected by an additional term which is exponentially decreasing,

ﬂ(f’ _ 2/1411'251‘2) _ u(gl _ 2NI$21 :1:2) — _8K262N(£’_:co)+4h:(u—;u):x2 (1 + 0(1:2—1))’ (3160)
whereas for (u — ')z — +00, the correction decreases algebraically,

w(€ — 2u'Te,T2) — u(€ — 24/ T2, 22) = — 4432:5;;%2 +0(z3%). (3.161)
2

We conclude that the direction £ = const of the wave soliton emerging from the background at large
distances divides the = plane into two regions with different asymptotic behavior. In the first region (to the
left of the soliton), the original potential u(z) is modified at large distances by an exponentially decreasing
term, and in the second region (to the right), by a term decreasing as z3°. If we consider the case x < 0,

the behavior in the two regions is interchanged.
We stress that this asymptotic behavior does not depend in any way on the smoothness or the decay
properties of the background potential u(z). This background potential can be as small in any norm as
we want, but nevertheless the asymptotic behavior is modified as shown above. Moreover, because the

coefficients d;; depend on the direction ¢’ = const via (3.157), the only way to cancel the leading term in
the above asymptote is to impose the condition

7(0;A) = 0. (3.162)

It is easy to show that we are then left with terms of the next orders; to cancel all rational terms, it is
necessary to impose an infinite set of constraints on the background potential u(z). On the other hand,
to cancel the ! correction to the pure one-soliton asymptote at large distances, i.e., the leading term
in (3.159) due to (3.157), it is necessary and sufficient to impose the condition

73(0; A) = 0. (3.163)

The function v(0; A) is known to be the generator of the integrals of motion for the KPI evolution (1.2) and
can be expressed in terms of the spectral data using the dispersion relation (see formula (224) in {10])

10,8 = 0(0) - = [ 25 [aplf (B2 — RO)(RT” — RZ7)1)(0,50 X). (3.164)
8m A A =

The constraints on the spectral data obtained by inserting (3.164) into either (3.162) or (3.163) are conse-
quently compatible with the KPI time evolution.

4. Dressing the one-soliton potential

In the preceding sections, we studied the spectral properties of the nonstationary Schrodinger equa-
tion (1.1) with a special potential describing a soliton on an arbitrary background. This potential was
obtained using a Backlund transformation that gives a nonlinear superimposition of a pure one-soliton po-
tential on an arbitrary decaying potential. In this case, we explicitly proved that in spite of the presence of
logarithmic singularities of the resolvent, the Jost solutions are still piecewise analytic with a cut along the
real axis of the spectral parameter, that the spectral data satisfy characterization equations (2.96)-(2.98),
and, furthermore, that the general scheme in Sec. 2 is indeed applicable to nondecaying potentials.

The potential obtained by means of such a Backlund transformation, however, is not the most general
perturbation of a soliton potential. The general case can be studied using a special modification of the
dressing procedure. Such a modification was suggested in [26], where the KPII equation was considered.
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Its main advantage is that it is developed in the framework of the resolvent approach and is therefore
independent of the special choice of the Lax operator L under consideration. Of course, we cannot write
explicit formulas using this method as when using Backlund transformations, but we can get specific
information about the analytic properties of the Jost solutions and then about the structural properties of
the spectral data.
Let the resolvent M’ and consequently the Jost solution |¢') and the spectral data of a potential %’ be
known, and let a potential u be given by
u=1u+ uog, (4.1)

where uy(z1,z2) is a decaying smooth real function of two variables considered as a perturbation of /. We
can then consider Hilbert identity (2.20), where L’ and M’ are now the spectral operator and the resolvent
of u’. For the resolvent M of u, we obtain the integral equations

M=M +Muv,M, M=M + Mv,M, (4.2)

where v, is Fourier transform (2.12) of uy. For the Jost solution |v), using reduction procedure (2.63), we
then obtain the integral equation

)5a) = 1)) + [ bl G (o' ) (a1 05 ), (43
where the Green’s function G’, as in (2.39), is given in terms of the resolvent M’ as

G'(p,p a1) = M'(p—p's €(q1) + ') (4.4)

with £ defined in (2.38). Equations (4.2) and (4.3) generalize the original integral equations (2.18) and (2.30)
for the resolvent and the Jost solution.

The analytic properties of M and |v) with respect to the complex variable q can be determined from
the analytic properties of M’ using the same methods used with integral equations (2.18) and (2.30). Of
course, we do not obtain new information if both u' and u, are decaying smooth potentials. The case
where v is not decaying and, correspondingly, v’ is not regular is more interesting. In particular, we are
interested in the case u' = u where 4 is the potential constructed in Sec. 3. Correspondingly, M’ = - M ,
G' = G, and |V') = |7). Because of (4.2) and (4.3), the resolvent M and the Jost solution |v) of u inherit
the properties of the resolvent M, which we derived above. In particular, M(p; q) has an additional cut at
d2s = 2pdig, |qig| < k.

For studying the additional cut of the Jost solution, we transform (4.3) using (2.27) and obtain

x(z, k) = x(z,k) + /dm'é(x,z',k)ug(x')x(:c',k), (4.5)

where the Green’s function, in correspondence with (2.28) and (2.39), is

G(z,z',k /dp/dp’e—ipz+iplr’ﬁ(p —p'ip + k) =
= (%) efrlk)(z=z /dp/anrae iptam)z+ians’ M () g + ilg (K)). (4.6)

Taking (3.113), (3.130), and (2.29) into account, we find that this Green’s function has a cut for kg = pu,
Kk > kg > —«, and has the logarithmic singularities

Gr o' k) == 10;3(;1(1( Ag))e O =G )Ty (1) + O(1) =

=;log(¥r(k—Ai>), Le(@)& £ () +01), k= Ay (4.7)

~1
=1
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at the end points Ayx. The cut is inherited from the discontinuity of M (p;4q) at qag = 2uqq derived in
Sec. 3.5. Indeed, introducing

AG’(za: k) = (:ca: u+ 0+ tkg) — (xx pu— 0+ ikg) (4.8)
and using (2.41), (3.111), and (4.6), we obtain

sgn kg
(2m)?

X /dp/d%e e~ Hpram)ztians’ AM (p: qp + il (1 + ikg)) (4.9)

AG(z,z',k) = ¢iln (utiks)(z—2")

X

and then use (3.115) to obtain

Aé(z,z',k) = —2iksgnkqb(k — kgl)e it(u+ike)(z-2") § +(a:)lfll +(z)y =
= —2iksgn kgO(n - ]kgl) i[(pt+ike)— €Az )(z -2 )X1 d:(.r)fl £(z"). (4.10)

In the special case where & = wu; (the pure one-soliton potential as in Sec. 3.2.2), the presence of this
additional cut in the spectral theory of a perturbed soliton potential was discovered and studied (using
more traditional methods) some years ago [27].

From (4.5), the Jost solution has an additional discontinuity for kg = p and k > kg > —«. Specifically,
using (4.8), we obtain

x(z,p+ 0+ 1ikg) = x(z, p + ikg) + /da:'é(x,x',u+ 0 + kg )ua(z')x(z', 1 + 0 + ikg), (4.11)

x(z,p— 0+ 1kg) =x(z, u + tkg) + /dz' G(z, o', p+ 0+ ikg)ua (') x(z', p — 0 + ikg) —
- /da:' AG(z, ', K)ua(z)x(z', & — 0 + ikg). (4.12)

Therefore, we expect that in the case with an arbitrary perturbation wu,, it is necessary to introduce
additional spectral data and that the theory must consequently be substantially modified in comparison
with the traditional case. The solution of this problem is deferred.

Inserting (4.10) into (4.12), we find that this additional cut is absent iff

[ @) 0(@ et ike) =0, w2ke 2 - (4.13)

where @ is constructed using x in (2.29). Because ® is the Jost solution of w, this is an implicit condition
on the perturbation wus(z).

The existence of logarithmic singularities of the Green’s function and Jost solutions seems to contradict
the known properties of these objects in the one-dimensional theory. In fact, there is no contradiction
because these additional singularities are a special consequence of the embedding of the one-dimensional
objects in two spatial dimensions; they disappear upon returning to one dimension. To show this, we
consider the special case where @ is the pure one-soliton potential u,, and choosing p = 0 for simplicity, we

have u; = ui(x,). In this case, the resolvent is given by (2.62), where M,(p;;q1) is the one-dimensional
resolvent. of wy. From (4.6). we then obtain

Gilroa' k) = ~) E /(l'[)l /(lp /(If[);( Wi S (e 2 /\f e (p1 — pisp) + k). (4.14)
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We emphasize that this is the two-dimensional Green’s function of the one-dimensional potential u;(z,)
that satisfies the equation

(0, + 83{ - 2ikd;, — u(21))Gy(z, 2" k) = §(z — '), (4.15)

where 6(z) is the two-dimensional é-function and that to construct the one-dimensional Green’s function
g1(z1, 1, k) that satisfies the equation

(02, — 2ikds, — u1(21))91(z1, 71, k) = 8(z1 — 77), (4.16)

it is necessary to integrate G with respect to z,. In discussing (2.69), it was shown that this integral does
not exist, not even for the case of zero potential. Therefore, by analogy with definitions (2.63) and (2.64)
of the Jost solutions, we must use a limiting procedure that has

gi(z1, 2}, k) = el_i,nl()/dxz eie(“_I’?)Gl(x,x’,k) (4.17)

in the = space. When @ = 0, it is easy to verify that this regularization is just the z version of the one
used to construct the integral equations of the Jost solutions in (2.67) and (2.68). We now define Ag, by
applying the same transformation to AG;. Using (4.10), we then obtain

1 o -
T 801(2, 7', k) = —sgn ke TNE TRy 4 (21)6 £ (21)0(k — [ka)8(e + £° ~KE),  (4.18)

which is identically zero because the product of #- and d-functions is zero. Therefore, as must be the
case, the one-dimensional Green’s function has neither an additional cut in the complex domain nor any
logarithmic singularities.

A.K.P. thanks his colleagues in the Dipartimento di Fisica dell’Universita di Lecce (Italy) for the kind
hospitality and fruitful discussions.

This work is supported in part by M.U.R.S.T and Sezione INFN, Lecce, by the Russian Foundation
for Basic Research (Grant No. 96-01-00344), and by INTAS (Grant No. 93-166-ext).

REFERENCES

1. V. S. Dryuma, JETP Letters, 19, 381 (1974).
2. V. E. Zakharov and A. B. Shabat, Funct. Anal. Appl., 8, 226 (1974).
3. B. B. Kadomtsev and V. I. Petviashvili, Sov. Phys. Doklady, 192, 539 (1970).
4. M. J. Ablowitz and P. A. Clarkson, “Solitons, nonlinear evolution equations and inverse scattering,” in: Lecture
Notes Series, Vol. 49, Cambridge Univ., Cambridge (1991).
- B. G. Konopelchenko, Solitons in Multidimensions, World Scientific, Singapore (1993).
V. E. Zakharov and S. V. Manakov, Sov. Sci. Rev. A, 1, 133 (1979); S. V. Manakov, Physica D, 3, 420 (1981).
- A. 5. Fokas and M. J. Ablowitz, Stud. Appl. Math., 69, 211 (1983).
- M. J. Ablowitz and J. Villarroel, Stud. Appl. Math., 85, 195 (1991).
. M. Boiti, F. Pempinelli, and A. Pogrebkov, Inversc Problems, 10, 505 (1994).
10. M. Boiti, F. Pempinelli, and A. Pogrebkov, J. Math. Phys., 35, 4683 (1994).
11. M. Boiti, J. Léon, and F. Pempinelli, Phys. Lett. A, 141, 96 (1989).

o~ O

12. M. Boiti, F. Pempinelli, A. K. Pogrebkov, and M. C. Polivanov, Inverse Problems, 8, 331 (1992).
13. S. V. Manakov, V. E. Zakharov, L. A. Bordag, A. R. Its, and V. B. Matveev, Phys. Lett. A, 63, 205 (1977).
14.

B. A. Dubrovin, T. M. Malanyuk, [. M. Krichever, and V. G. Makhankov, Sov. J. Part. Nucl., 19, 252 (1988).
15. A. S. Fokas and V. . Zakharov, J. Nonlinear Sci.. 2. 109 (1992).

16. J. M. Ghidaglia and J. C. Saut. Nonlinearity, 3. 475 (1990).
17. M. Boiti, J. Léon. L. Martina. and F. Pempinelli. Phys. Lett. A, 132, 432 (1988).
18. M. Boiti. L. Martina. and F. Pempinelli. Chaos. Solitons. and Fractals, 5, 2377 (1995).

784



19

20.
21.
22.

23.
24.
25.
26.
27.
28.
29.
30.
31.

. M. Boiti, F. Pempinelli, A. K. Pogrebkov, and M. C. Polivanov, “Resolvent approach for the nonstationary
Schrédinger equation. Standard case of rapidly decreasing potential,” in: Nonlinear Evolution Equations and
Dynamical Systems (M. Boiti, L. Martina, and F. Pempinelli, eds.), World Scientific, Singapore (1992), p. 97.
M. Boiti, F. Pempinelli, A. K. Pogrebkov, and M. C. Polivanov, Theor. Math. Phys., 93, 1200 (1992).

M. Boiti, F. Pempinelli, and A. Pogrebkov, Theor. Math. Phys., 99, 511 (1994).

M. Boiti, F. Pempinelli, and A. Pogrebkov, “Spectral theory of solitons on a generic background for the KP]
equation,” in: Nonlinear Physics. Theory and Experiment (E. Alfinito, M. Boiti, L. Martina, and F. Pempinelli,
eds.), World Scientific, Singapore (1996), p. 37.

M. Boiti, F. Pempinelli, and A. Pogrebkov, Inverse Problems, 13, L7 (1997).

V. B. Matveev and M. A. Salle, Darboux Transformations and Solitons, Springer, Berlin (1991).

M. Boiti, F. Pempinelli, A. K. Pogrebkov, and M. C. Polivanov, Inverse Problems, 7, 43 (1991).

M. Boiti, F. Pempinelli, and A. Pogrebkov, Physica D, 87, 123 (1995).

A. S. Fokas and A. K. Pogrebkov, unpublished.

V. D. Lipovsky, Funct. Anal. Appl., 20, 282 (1986).

Xin Zhou, Commun. Math. Phys., 128, 551 (1990).

M. Boiti, B. Konopelchenko, and F. Pempinelli, Inverse Problems, 1, 33 (1985).

[. M. Gelfand and G. E. Shilov, Generalized Functions, Vol. 1, Properties and Operations, Acad. Press, New
York (1964).

781



