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SPECTRAL THEORY OF THE NONSTATIONARY SCHRODINGER
EQUATION WITH A TWO-DIMENSIONALLY PERTURBED
ARBITRARY ONE-DIMENSIONAL POTENTIAL

M. Boiti,* F. Pempinelli,* A. K. Pogrebkov,! and B. Prinari*

We consider the nonstationary Schrodinger equation with the potential being a perturbation of a generic
one-dimensional potential by means of a decaying two-dimensional function in the framework of the ex-
tended resolvent approach. We give the corresponding modification of the Jost and advanced/retarded

solutions and spectral data and present relations between them.
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1. Introduction

The Kadomtsev—Petviashvili equation in its version called KPI

(ug — 6UUg, + Ugyzyay )z = SUaomy (1.1)

is a (2+1)-dimensional generalization of the celebrated Korteweg—de Vries (KdV) equation [1], [2]. As a
consequence, the KPI equation admits solutions that behave at spatial infinity like the solutions of the KdV
equation. For instance, if uj(t,21) satisfies the KAV equation, then u(t, z1,z2) = ui(t,x1 + pxe + 3u>t)
solves the KPI equation for an arbitrary constant x4 € R. It is therefore natural to consider solutions of (1.1)
that are not decaying in all directions at spatial infinity but have one-dimensional rays with behavior of
the type of u;. Even though the KPI equation has been known to be integrable for about three decades [2],
its general theory is far from complete. Indeed, the Cauchy problem for the KPI equation with rapidly
decaying initial data was resolved in [3] using the inverse scattering transform (IST) based on the spectral
analysis of the nonstationary Schrédinger operator

L(x,0,) =1i0,, + 851 —u(z), x = (x1,x2), (1.2)

which gives the associated linear problem for the KPI equation. But it is known that the standard approach
to the spectral theory of operator (1.2), based on integral equations for the Jost solutions, fails for potentials
with one-dimensional asymptotic behavior.

In [4], the method of the extended resolvent was suggested as a way to pursue a generalization of the
IST that allows studying the spectral theory of operators with nontrivial asymptotic behavior at spatial
infinity. Here, we consider the case where there is only one direction of nondecaying behavior, exactly,

u(x) = uy(z1) + ua(z1, x2). (1.3)

*Dipartimento di Fisica, Universita di Lecce and Sezione INFN, Lecce, Italy, e-mail: boiti@le.infn.it, pempi@le.infn.it,
prinari@le.infn.it.
*Steklov Mathematical Institute, RAS, Gubkina St. 8, 119991, Moscow, Russia, e-mail: pogreb@mi.ras.ru.

Translated from Teoreticheskaya i Matematicheskaya Fizika, Vol. 144, No. 2, pp. 257-276, August, 2005.

1100 0040-5779/05/1442-1100 © 2005 Springer Science+Business Media, Inc.



Without loss of generality, we chose the constant ;1 = 0 (the generic case is reconstructed via the Galileo
invariance of (1.1)). The spectral theory for the simplest example of such potentials in (1.2) was developed
in [5], where the Cauchy problem for the KPI equation was considered with initial data of type (1.3) with
ui(x1) being the value at time ¢ = 0 of the one-soliton solution of the KdV equation and uz(z) being a
smooth, real, rapidly decaying function on the plane (z1,22). In [5], the direct problem was studied using
a modified integral equation, and it was shown that the modified Jost solution, in addition to the standard
jump across the real axis of the spectral parameter k, has a jump across a segment of the imaginary axis
of the complex k plane. But some essential properties of the Jost solutions and relations between spectral
data were stated without proof in [5]. In [6], in the framework of the extended resolvent approach, the
problem was completely solved for the case where u; is a pure one-soliton potential. Here, we present a
generalization of these results to the case where u;(z1) in (1.3) is an arbitrary smooth real one-dimensional
potential rapidly decaying with respect to x;. For brevity, some results are stated here without proof, which
we will give in [7], where we also derive characterization equations for the spectral data and study their
properties.

2. Case of a one-dimensional potential

2.1. Basic objects of the resolvent approach. In this section, we briefly review the basic elements
of the extended resolvent approach (see [4] for further details). Let A(z,2’;q) belong to the space S’ of
tempered distributions of the six real variables x = (z1, z2), 2’ = (2}, 2}), and ¢ = (g1, ¢2). We call A(q) an
operator with the kernel A(x,2’;q) € S’. For generic operators A(q) and B(q) with the kernels A(x,z’;q)
and B(x,2’; q), we introduce the standard composition law

(AB)(z,2";q) = /dx”A(x,x”;q)B(x”,x’;q) (2.1)

if the integral exists in terms of distributions. An operator A can have an inverse in the sense of this
composition, AA™r = T or A='A = I, where I is the unit operator in &', I(x,2';q) = §(x — 2’), where
d(x) = 0(x1)d(x2) is the two-dimensional d-function. A subclass essential for us in this space of operators is
obtained as follows. Let A = A(z, 9,) be a differential operator with the kernel A(z, 2') = A(x, 05)0(z—2a').
In what follows, we consider differential operators whose coeflicients are smooth functions of . We introduce
an extension of differential operators, i.e., with any differential operator A, we associate the operator A(q)
with the kernel

Az, 2'5q) = Az, 0, + q)0(x — 2') = e~ == Az, '), (2.2)
where z,2',q € R? and ¢r = ¢121 + gaw2. Such a kernel obviously belongs to the space S'(RS).
With any operator A(q) with the kernel A(z,2’; q), we associate its “hat kernel”
Az, 2’5 q) = 1) Az, 2 q). (2.3)

If A(q) is a differential operator then this procedure is inverse to (2.2), A(z,’;q) = A(z,z'), and for any
(not necessary differential) operator B(q), the relations

— ~

(AB)(z,2';q) = A(x,0,)B(x,2';q),

(2.4)
(BA)(z,2';q) = A%(«',8,) B(x,2'; )
hold, where A9 is the operator dual to A. In what follows, we use the notation
— — ~ — ~—
AB=AB, BA=DB (2.5)



for equalities of type (2.4).
The operator extension L(g) of L(x,0;) in (1.2) is given by

L(q) = Lo(q) - U, (2.6)
where L by (2.2) has the kernel
Lo(z,2';q) = [i(0z, + q2) + (02, + 91)2}5(33 —a') (2.7)
and the kernel of operator U is
Ulz,2';q) = u(z)d(z — a'), (2.8)

where u(z) is always assumed to be real. The main object in our approach is the (extended) resolvent M(q)
of the operator L(q), which is defined as the inverse of the operator L:

LM =ML=1. (2.9)

For brevity, we do not here specify the additional conditions that guarantee the uniqueness of the extended
resolvent as a solution of (2.9) (see, e.g., [6]). The hat version (cf. (2.3)) of the resolvent of the “bare”
operator Ly is given by

Mo(z,2'; q) = 2%” /k(\: dky [0(z2 — 24) — 0(las (k) — g2)] Po(z, k) Po(2', k), (2.10)

where ®g(z,k) = e 87 Wy (z, k) = % and the two-component vector

(k) = (k,k?*), k=kp+ikseC. (2.11)

We use the boldface font to indicate that the corresponding variables are complex. For any k € C, the
functions ®g(x, k) and ¥o(x, k) solve nonstationary Schrédinger equation (1.2) and its dual in the case of a
zero potential and have the conjugation property ®q(z,k) = ¥o(x, k). Using notation (2.5), we can rewrite
Egs. (2.9) for the case of a zero potential in the form ?0]\70((]) = ]\//To(q)fo = I, which shows that J\/Zo(q)
is a two-parameter set of Green’s functions of (1.2) and its dual.

From (2.10), we directly deduce that

OMo(q) _ 1 / dk k(Lo (K) — g2) Do (k) ® To(K), (2.12)
aql T Jkg=q

dMo(q) 1
By~ 3wt ), Bon (02309~ a2) (k) @ To(k) (2.13)

for ¢1 # 0, where fog is the imaginary part of the second component of the vector introduced in (2.11) and
the direct product is standardly defined as an operator with the kernel

(Po(k) ® Wo(k))(z,2") = Do(z, k) Wo (2, k).

In terms of My, the resolvent of the generic operator L in (2.6) can also be defined as the solution of
the integral equations

M = My + MyUM, M = My + MUM,. (2.14)
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Again referring to [4], we here mention that the main tool for investigating the properties of the resolvent
is given by the identity

M — M =—-M'(L - L)M, (2.15)

where I’ is another operator of type (1.2) and M’ is its resolvent. This Hilbert identity (we call it thus in
analogy with the standard spectral theory of operators) is used to investigate the continuity and differen-
tiability properties of the resolvent with respect to ¢ variables.

2.2. Resolvent approach in the case of a one-dimensional potential. In this section, we
consider the embedding of the standard one-dimensional scattering transform (see [8]) in the theory of a
two-dimensional differential operator with a one-dimensional potential. This provides a basic example of
potential (1.3) with ug = 0. We use the results of this construction in the following section, where we study
a generic situation with ug # 0. We here consider the extended differential operator

Li(q) = Lo(q) = U1, Uiz, 2"1q) = wa(a1)d(z — a'), (2.16)

where Lo(q) is defined in (2.7). For the Jost solution of the nonstationary Schrédinger equation and its
dual, we use the notation

o(z,k) = e 2P (1, k) = e~ ko1 w2y (4 K), (2.17)
P(x, k) = eikzm‘l’l(l“hk) = eikzﬁikszl(ﬂ?l, k), (2.18)

where ®;(z1,k) and ¥;(z1,k) are the Jost solutions of the one-dimensional Sturm-Liouville operator,
namely, x1 is defined by the integral equation

T e21'1((9517111) -1
k)=1
x1(71,k) +/ dy: 57k

—kgoo

w1 (y1)x1(y1, k), (2.19)

and & (z1,k) is defined by a similar equation. The functions p(z, k) and ¥(z, k), as well as their boundary
values at the real axis, p* (z, k) = ¢(x, k £i0) and ¢+ (z, k) = ¢(x, k £140), have the conjugation properties

o(x, k) = ¥(x,k), keC, oE(x, k) =9yT (2, k), keR, (2.20)

and satisfy orthogonality and completeness relations of the forms

1 1)
o /dxl Yz, k+p)p(x, k) = %, peR, keC, (2.21)
[tz it it = [ doyute Kipla,izg) =0, [ka| < (2.22)
[ ot isg)ota,ing) = L, (2.23)
J

1 /
% — dk% t(k)w(xa k)’@/](ﬁ 7k) -

N

— iy ;00 — [ks|)p(x, i (2 ise;) vy, = 001 =), (2.24)
j=1
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where t(k) is the transmission coefficient of the one-dimensional problem with poles at the points +is;,
j=1,...N (for definiteness, we assume s¢; > 0 for all j). We let the residues of t(k) in the upper half-plane
be denoted by
t; = res t(k). (2.25)
k:i%j
Another set of discrete spectral data for the one-dimensional problem is given by the coeflicients b; defined
by one of the equalities

<I>1(x1,i%j) :bj<I>1(x1,—i%j), \Ill(xl,—i%j) = bj\Ifl(ﬁl,i%j). (226)
These coefficients are real and nonzero, and sgn(it;b;) = —1. By (2.20),
oz, i) = bjp(x, —ix;), o(z, i) = bj(x, is). (2.27)

It is easy to verify by (2.24) that the hat kernel (cf. (2.3)) of the resolvent M (g) of the two-dimensional
operator L1(g) is given in terms of the above notation by

My(z,2;q) = 2%” /k\_ dks [0(z2 — 75) — 0(2krks — q2)] t(k)p(z, k)p(z', k) —
- Z 005 — a1)t;[0(x2 — @) — 0(—q2)] p(a, i) (a’is2;), (2.28)

i.e., that in notation (2.5),
— ~ — —
L1Mi(q) = Mi(q) L1=1, (2.29)

which is equivalent to (2.9). Moreover, returning to the kernel M;(z,z’;q) and using properties of the
one-dimensional Jost solutions and definitions (2.18), we find that M;(z,2’;¢) € S'.

The behavior of M (z,2';q) with respect to the g variables is determined by a combination of 6-
functions and the pole behavior of ¢(k). Introducing terms compensating these pole singularities in the
integrand, we decompose the resolvent into the sum

Mi(q) = M\l,rcg )+ ZF @(ir;) @ Y(isg), (2.30)

where MLreg(Q) is a regular function of ¢ and I';(¢) are z-independent functions,

tjsgnq o 27T 2iqr(q1 — »;j)

F : P
i) 2mi 8 g2 + 2iq1(q1 + »;)’

j=1,...,N, (2.31)

where the logarithm has a cut along the negative part of the real axis of its argument. This proves that
the extended resolvent in the case of a one-dimensional potential has logarithmic singularities at the points
g = (£;,0) and a cut along g» = 0. For the discontinuity of the resolvent at go = 0, we obtain

M (q1,+0) — My (g1, —0) = Zta — |qu]) plize;) @ (ise) (2.32)
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from (2.28). For all other values of ¢, resolvent (2.28) has derivatives with respect to ¢ of form (2.12), (2.13).
For instance,

OMi(q) _ 1
dqe  2mi

| k(e ) = ) 10000 00 (2:33)

which must be considered in the distributional sense in the vicinity of the point g1 = 0. The Green’s
function Gy (z,2’,k) of Eq. (1.2) is introduced using a reduction,

G1 (k) = ]/\4\1 (q)‘q:@g(k) (234)

(see (2.11)), the same as in the case of a decaying potential [6]. From (2.28), we then obtain the bilinear
representation

(0 k) = %/da [0(2s — o) — O(ka (o — k)] e + iks)p(e, a + iks (e, a + iks) —
— the(%j — [ks|) [0(z2 — ah) — O(—knks)|p(x, is;)p (2, isx;), (2.35)

which generalizes the Green’s function used in [5] and [6] for a pure one-soliton potential to the case of
a generic potential u;. This Green’s function has the conjugation property G;(z,2’,k) = Gi (2, z,k) and
the product gi(z, 2', k) = M@=, (2 1/ k) decays as k — co. Taking into account that the resolvent
satisfies (2.29), we find that the Green’s function satisfies the integral equations

Gi(k) = Go(k) + Go(k)U1G1(k), Gi(k) = Go(k) + G1(k)U1Go(k), (2.36)
it is analytic for kgkg # 0, and we have

8g1 (k) o sgn kg

k)p(k k 2.
) S 969 @ vk (237)
in this region. Because of (2.34), decomposition (2.30) gives an analogous decomposition for the Green’s
function:
G1(k) = Grreg(k) + D 75 (K)p(isey) ® ¢(iz)), (2.38)

J
where by (2.31),

_ tjsgn kg k —isx;

. 2.39
omi Skt i (2:39)

This proves that the Green’s function, in addition to the standard discontinuity at the real axis, has
logarithmic singularities at the points k = =+is; and a discontinuity at the imaginary axis for |kg| <
max; s;, which generalizes the behavior discovered in [5] for the case of a one-soliton potential u;.

In [4], we showed that in the case of a decaying potential, the Jost solutions themselves result as special
truncations and reductions of the Green’s function. But when applied to the above Jost solutions ¢ and
1, these procedures, as expected, lead to divergent expressions. They can be regularized for kg # 0 by the
limiting procedure

pla.k) = lim [ do’ (Gi(k)Lo)(a,a)e 0 e, (2.40)
(o k) = lim [ da’ 007+l (710G (K)) (2! ), (2.41)
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which gives identities when G; (k) given by (2.35) is substituted.
The transmission coefficient, Green’s function, and Jost solutions are discontinuous at the real k axis.
In what follows, we use the notation

t£ (k) = im t(k+iks), kER,

+ _ . . “ + _ . . «
pr(k) = Jim ok +ike),  ¢=(k) = lim ok +ike), (2.42)

S

gf(k): lim gl(k+zk<»)

kg—

for their boundary values. By definition t*(k), ¢*(k), and ¢*(k) are finite smooth functions of k, while
the boundary value of the Green’s function is discontinuous at k = 0, as follows from (2.35).

Because of (2.28), the resolvent M;(q) is discontinuous at ¢ = 0 and ¢o = 0. We first consider the limit
g2 — 0 when ¢; # 0. From (2.34), we obtain

L (M1(9)lq=ks) = G1(£0 + ikg), (2.43)
and from (2.32), we have
G1(+0 + ikg) — G1(—0 + iks) = —sgnkoZt e Yepliseg) @ (i) (2.44)

for the discontinuity of the Green’s function.
The discontinuity of the resolvent M;(g) with respect to g2 at zero for g1 = 0 leads to introducing
advanced /retarded Green’s functions as in the case of a decaying potential, i.e.,

Gi,4(z,2") = lim hm Ml(x 2’5 q), (2.45)

g2—=+0 q1—0

where the limit ¢; — 0 is independent of the sign. By (2.28), we then obtain the bilinear representation for
these Green’s functions in terms of the Jost solutions on the real axis:

G+ (z,2") = £0(£(z2 — 5)) (ﬁ/da t7 (@)% (z, a)y? (2, ) th@ @, i) Y(x ,z’%j)>, (2.46)

where 0 = 4, — and notation (2.42) is used for the boundary values of the Jost solutions and t(k). It is
clear that the advanced/retarded Green’s functions are independent of the sign of o in (2.46) and have the
conjugation property Gi +(z,z’) = G1 +(a',z). The advanced/retarded solutions of (1.2) are defined as in
the case of a decaying potential, i.e.,

+(z, k) = /da:' (gl,ifo)(x,x/)efw(k)m/, (2.47)

(2, k) /da:/ w(k)r ogl,i)(x’,x). (2.48)

Using notation (2.42) we obtain
1
G7 (1)~ G1. = 5 [ dabo(a— D)7 (@) (0) 90 (@) £

0(Fok) thgp(mj) @Y(ixg), o=+,—, (2.49)
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from (2.35) and (2.46).
The advanced/retarded solutions and the limiting values of the Jost solutions at the real axis are
related to each other by

%wszw@qux fwwwsz%@@mm, (2.50)
where

r(p, k) = 5(k — p) [0(£0k) + O(Fok)t(ok)] + 6(Fok)5(k + p)r® (k) (2.51)

and ¥ (k) are the standard (left and right) reflection coefficients (see (2.53) below). The analogous relations
for the dual solutions follow from (2.20) and the conjugation property,

px(k) = ¥z (k). (2.52)

In the standard theory of the Sturm-Liouville equation, the advanced /retarded solutions are not used,
in contrast to the case of the nonstationary Schrodinger equation. We introduce them here for the conve-
nience of future reference. The standard relations between boundary values of the Jost solutions on the
real axis (see [8]) follow by substituting the first equation in (2.50) in the second one:

V@M%@=/@w”@ﬁ”mmaa=+r, (2.53)

where we introduce the spectral data

(kK = /dk” re (K" k)l (K" K)=6(k —K')+d(k+ K')r=7 (k) (2.54)
and (2.51) is used in the last equality.

3. Inverse scattering transform on a nontrivial background:
Two-dimensional perturbation of the one-dimensional potential

3.1. Resolvent. We now study the spectral properties of the operator £ given by (1.2) with the
potential given by (1.3). Its extension L(q) is defined in (2.6), and the operator inverse to L(g), i.e., the
resolvent M (q), is defined by one of the integral equations

M(q) = Mi(q) + Mi(q)U2M (q), M(q) = Mi(q) + M(q)U2M(q), (3.1)

where Us(x,2';q) = ua(x)d(xz — 2'). We assume that ug(z) is real, smooth, and rapidly decaying with
respect to both variables (z1,x2). Moreover, we assume that it is “small” in the sense that the solutions
M (z,2';q) of both equations in (3.1) exist in &’(R%) and coincide. It then obviously follows from (3.1)
that the resolvent satisfies (2.9). Its properties with respect to the ¢ variables are inherited from the
corresponding properties of the resolvent Mj(q). For instance, M(q) is a continuous function of ¢ when
q# 0 and g2 # 0.

As already mentioned, to investigate the properties of the resolvent, we use Hilbert identity (2.15),
which we write in the form

M(q") — M(q) = M(¢')L1(¢") (M1(q") — M1(q))L1(q)M(q), (3.2)
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and for the derivatives of hat kernel (2.3) of the resolvent, we then obtain

—

M) _ 37T, 25D 7 i), j=1,2 @ #£0.

=M(q) L

Using (2.33) in the r.h.s., we obtain the equalities

OM(q) i _

B0~ x /k - dkg kd(las (k) — q2) t(k)®(k) ® ¥ (k), (3.3)
OM(g) 1

b~ i /k - dks 6(l2g (k) — g2) t(k)® (k) @ ¥(k) (3.4)

(see (2.11)), which hold for g2 # 0, where we set
O(z,k) = /dx' (C‘f(x’,aw/)g(x,x’,k))@(x',k), (3.5)

W' k) = /dw(x,k) L1 (2, 0,) Oz, 2', K), (3.6)

L{ is the operator dual to £, and the Green’s function G(z,2’,k) is defined as a specific value of the
resolvent itself (cf. (2.34)),

—

G(z,2' k) = ]\//.T(xw’;q)‘ = M (x,2'; kg, 2kgks). (3.7)

q=ts (k)

In what follows, we consider the function G(z, 2, k) as the kernel of the operator G(k) and the functions
®(x,k) and ¥U(2', k) as the “vector” ®(k) and “covector” ¥ (k). For brevity, we write equations of type (3.5)—
(3.7) omitting the dependence on x and z’ as

o(k) = G(k) Lrpk),  W(k) = (k) LiG(K), (3.8)

—

g(k) = M(Q)|q:g8(k)' (39)

Taking £ = £1 — U, into account, we verify that G(k) satisfies the differential equations Z)g(k) = g(k)f =
1, as follows from (2.9) and (2.4). By (3.8), we then have f(b(k) =0= \Il(k)f, k € C, i.e., the functions
®(z,k) and ¥(x, k) introduced in (3.5) and (3.6) are the respective Jost solutions of operator (1.2) and its
dual. We note that these definitions already do not need any regularization of type (2.40), (2.41).

The resolvent M(q), as well as M;(q), is discontinuous at ¢ = 0 and g2 = 0. In the case where the limit
g1 — 0 is performed first, we introduce the advanced/retarded Green’s functions by analogy with (2.45) by
the relations

Gi(z,2') = lim lim M(z,2';q). (3.10)
q2—+0¢q1—0

On the other hand, if ¢; # 0, then by (3.9), the limit values of the resolvent are given (cf. (2.43)) in terms
of the limit values of the Green’s function on the imaginary axis:

—

qzlifékg, (M(q)}qlzkg) = G(£0 + ikg). (3.11)
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3.2. Discontinuity of the Green’s function at the imaginary axis. By (3.1) and definition (3.9),
the Green’s function satisfies the integral equations

G(k) =Gi1(k) + Gi(k)U2G(k),  G(k) = Gi(k) + G(k)U2G: (k) (3.12)
and has the conjugation property
G(z,2' k) = G(2', z,k). (3.13)

The analytic properties of the Green’s function follow from the properties of Gi(k) and our assumption
that the perturbation ug is “small.” In particular, this means that G(k) is analytic in the region kgkg # 0,
where it satisfies

0G(k)  sgnkg 0G(k)  sgnkg
Oky 2w ks 2w

by (3.3) and (3.4). The Green’s function has the standard cut at kg = 0 and an additional cut at kg = 0
when |kg| < max; ;.

o (k) ® ¥(k), o(k) ® ¥(k) (3.14)

To describe the discontinuity at the imaginary axis, we use Hilbert identity (3.2), using (2.43) and (3.11)
to write it in terms of the Green’s functions. Because of (2.44), we then obtain

G(4+0 + iks) — G(—0 + ikg) = —sgnkc\Zt 0(5¢; — kg

X (G(+0 + iks) L 1p(i4)) @ ((ise;) £1G(F0 + iks)), (3.15)

where the expressions in parentheses are understood in the sense of (3.8). Equality (3.15) suggests intro-
ducing the functions ®;(z,kg) and ¥;(x, ks) by the relations

®;(ks) = G(+0 + iks) L19(isg),  Uj(ks) = ¥(is;) £1G(+0 + iks). (3.16)

By (3.15) (bottom sign), we now derive the expression
G(40 + ikg) — G(—0 + ikg) = Za (a — ks )@ (kg) (A(kg) ™D im © U, (k) (3.17)

for the discontinuity, where we introduce the matrix A(kg) with the elements

6lm

T O(min{sa, sem } — |ks|) ((i20) £ 1G(+0 + iks) L 10(i%m)), (3.18)

A (kg) =

where the “expectation” in parentheses denotes

/da:/dx’¢($,i%l)<p(x’,z'%m)/ll(a:,31)5‘11(33’,8;)9(33,33/,—#0—I—ikg)

(cf. notation (3.8)), i.e., a function of only kg.
Under the assumption that the integral equation for the Green’s function has a unique solution, the
matrix A(kg) is nonsingular, and because of (2.27) and (3.13), it is easy to see that

A(ks)" = BA(~kg)B ™1, (3.19)

where we introduce the diagonal matrix B = diag{b1,...,bx}. We note that B is Hermitian because the
b; in (2.26) are real.
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3.3. Discontinuity of the Jost solutions at the imaginary axis. Because of (3.12), the Jost
solutions ®(z,k) and ¥(x,k) introduced in (3.8) satisfy the integral equations

(k) = p(k) + G (k)U22(k), (k) =(k) + ¥ (k)U261(k), (3.20)
and by (3.8) and (3.13), we have
®(z,k) = ¥(z,k). (3.21)

Because of the properties of the Green’s function G(k), the Jost solutions are analytic functions of
k € C when kykg # 0 and in the generic situation have the standard discontinuity at the real axis, kg = 0,
and an additional discontinuity at the segment kn = 0, |kg| < max; s, of the imaginary axis. Taking into
account that the functions (k) and ¥(k) are continuous at kg = 0 and applying the operation fw)(ikg)
to (3.15), from (3.8), we obtain

O(x,+0 + ikg) — ®(x, —0 + iks) = > _ 003 — [ka|)®i(x, ks Jwi(ks) (3.22)
l

for this discontinuity, where we introduce the functions w;(kg) as

wi(ks) =t sgnks (0(i2) £16(—0 + iks) L 19(iks)) (3.23)

and the expression in parentheses is understood as in (3.18). The functions w;(kg) are the spectral data
describing the discontinuity of the Jost solution at the imaginary axis. An analogous relation for the dual
solution ¥(z, k) can be obtained from conjugation properties (3.21) and the conditions

Oi(z, ks) = 0;9;(x, —kg), Ui(x, kg) = (3.24)
which in turn follow from (2.27) and (3.13). By (3.22), the discontinuity of the Jost solution at the imaginary
axis is thus given in terms of the functions ®;(z, kg) and ¥;(z, kg) introduced in (3.16). In the same way
as for the Jost solutions, we prove that they satisfy the differential equations Z)(I)l(kg) = \I/l(kg)f =0.
These functions generalize the functions ¢(isg) and 1 (isq) to the case ug # 0, while in the contrast to the
latter ones, ®;(z,kg) and ¥;(x,kg) are not equal to the values of the Jost solutions at some points and
depend on kg nontrivially. By (3.15), we need these functions only on the interval |kg| < 5. In what
follows, we call them the auxiliary Jost solutions. These solutions are discontinuous at kg = 0, as follows
from the properties of the total Green’s function.

3.4. Behavior of the Green’s function, Jost solutions, and spectral data at the points
Fis;. In (2.38), it was shown that G; (k) has logarithmic singularities at all points k = +is¢;, j =1,..., N.
We consider how these singularities affect the properties of the total Green’s function G(k) and the objects
constructed using it. We choose some sz; and let k belong to some neighborhood of a point is¢; or —is;
that does not include other points +is, [ # j, or points on the real axis. We introduce

91,i(k) = Gi(k) —v;(k)e(k) @ ¢ (k), (3.25)

which is finite in the vicinities of is¢; by (2.38) but can be discontinuous there in accordance with (2.44).
This disadvantage of regularization (3.25), if compared with G ,eg(k) in (2.38), is compensated by the
product e”(k)(m’ml)gl,j(x, 2’, k) being bounded on the z plane. We now define a new Green’s function of
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the nonstationary Schrédinger equation with potential (1.3) via the integral equation G;(k) = G ;(k) +
G1,;(k)U2G; (k) or its dual. Then G;(k) is a regularization of G(k) in neighborhoods of +is; and is such
that

G(k) = Gj(k) +;(k) ®; (k) @ ¥(k), (3.26)

where we use notation (3.8) for the Jost solutions and analogously introduce

Bi(k) = G0 Lipk),  Ti(k) = v(k) L1, (k). (3.27)

The functions ®;(k) and ¥ (k) are also solutions of the nonstationary Schrédinger equation and its dual.
These functions are bounded in vicinities of the points +is; but can be discontinuous in these vicinities.
The same properties hold for the functions

g;(k) = (¥(k) £16,; () L 19(k)), (3.28)

where the expression in parentheses is understood as in (3.18). Applying w(k)fl to (3.26) from the left, we

find from (3.8) and (3.27), (3.28) that W(k) = W(k)(1 — 7vj(k)g;(k))~!, and (3.26) can therefore be written
as

609 = 6,010 + 758,00 © T, k). (3.29)

We now see that the behavior of the Green’s function and of the Jost solutions in vicinities of the
points iz is determined by the behavior of the functions g,(k). If

g;(k) = o(1), k ~ iz, (3.30)

then the Green’s function has logarithmic singularities at the points +is;, and the Jost solutions are
bounded at these points. On the other hand, if

g9i(k) =O(1),  k~ +ix; (3.31)

o(k) =o(1), W(k)=o(1), kn~ Fix, (3.32)

and we have terms of the order 1/log(|k F is;|) in the r.h.s.
In what follows, we assume that condition (3.31) is satisfied for all j = 1,..., N (there is only one
condition for any j because g;(k) = g;(k) by (2.20) and (3.13)). In particular, under this condition,

q)j(ﬂ:%j) :\I!j(j:%j):o, j: ].,...7]\f7 (333)

while the values ®,,(+;) and ¥,,(£5;) of the auxiliary solutions for m such that s, > 34 are finite and

nonzero, and
W(is)) £ 1@ () =0, Up(dse;) L 10(in¢;) = 0. (3.34)
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Under condition (3.31), the matrix elements A, (kg ), as follows from (3.18), have finite limits when kg =
+5¢;. In particular, by (3.27) and (3.34), we have

+6im
tj

A(i%j)jm = A(i%j)mj = 5 (335)

which coincides with the values of Ajy,(kg) and A,,;(ks) when kg > min{s;, 2, }. Finally, by (3.23), we
can prove that under condition (3.31),

wi(£s¢)jm =0 for all j and I: 3 < 2. (3.36)

The properties of the Jost solutions and spectral data so far derived allow reconstructing the auxiliary
Jost solutions in terms of the boundary values of the Jost solutions. Indeed, integrating (3.14) at kg = +0
and using notation (2.42) for the limit values of the total Green’s function on the real axis, we obtain

G(£0 + ikg) = G7(+0) +

kg [k
Sgg / dat(io) ®(£0 + ia) ® U(£0 + i), (3.37)
0

where o = sgnkg. In the same way, by (3.16), (3.18), (3.23), and (3.33), we obtain

kg [*° —
B, (k) = 252 / dart(ia)B(+0 + ia) 3 b (—a) Ay () (3.38)
27 i sgn kg 1

in the region |kg| < s¢;. This expression generalizes one-dimensional relations (2.27). From (3.14), (3.18),
(3.23), and (3.35), we also obtain

kg
(A7 (ka))jm = b s80 K 8jn + O(min{ e, 2} — ko) B, x
ke -
x / dat(io)w;j()wnm (—a), (3.39)
min{se,,,2¢; } sgn kg

which gives an expression for the spectral data A,,j(kg) in terms of wj(kg). It is straightforward to
verify that the properties of the Jost solutions and spectral data described above are compatible with
representations (3.38) and (3.39).

3.5. Bilinear representation for the resolvent and relations between the Green’s func-
tions. Let ¢; # 0. The derivative of ]\//T(q) with respect to g2 when g2 # 0 is given by (3.4), and the
discontinuity at g2 = 0 follows from (3.11) and (3.17). These equalities allow reconstructing the hat kernel
M (x,2';q) of the resolvent up to a term independent of ga. This term is fixed by the condition that the
kernel M (z,2;q) (defined by (2.3)) belongs to S'(R®). Omitting the details of this construction (see [7]),
we here present the final expression:

— 1

M(z,2';q) = 5— dky [0(z2 — 23) — 0(2knks — ¢2)] (k)@ (2, k) ¥ (2, k) —

27Ti kg=q

—sgngr [0(xs — a5) — 0(—q2)] Y O(min {52, 55m} — 1)) (Alar) ™), ¥

l,m

X (I)l(xaql)\ljm(x/7Q1)v (340)
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which gives a bilinear representation of the resolvent in terms of the Jost solutions. We note that because
the kernel M (z,2';q) is bounded in ¢ and is continuous in ¢; for g2 # 0, representation (3.40) holds for

any g.
This bilinear representation for the resolvent leads via (3.7) to the bilinear representation for the
Green’s function:

G(z,2' k) = /;—::Z [0(z2 — ab) — O(ksk')] t(K' + k) (2, k' + k)U (2, k' + k) —
—sgnkg [0(zs — 24) — 0(—kpks)] x

X Z G(min{m, %m} - |kg|)(A(kg)_1)lmq>l($, kg)\I/m(ZIJ/, kg), (341)
l,m

which generalizes (2.35). Moreover, because of (3.10), bilinear representation (3.40) also gives a represen-
tation for the advanced/retarded Green’s functions in terms of the Jost solutions:

G (z,2") = £0(£ (22 — zb)) (% /dk 17 (k)® (, k)07 (2, k) — UZ(AU)l,gcpf(m)qf;(x')), (3.42)

l,m

where 0 = 4, — and, by analogy with (2.42), we introduce the notation (k € R)

o k)= lim &(z,k+ ikg v = lim P(z,k+ kg 4

*(x, k) kgl o (x, ikg), *(x) kgl o (x, ikg), (3.43)
= 1 x = 1 x .

@li(x) kilm 0 O (z, kg), \I/li(x) kilm o Uz, ks) (3.44)

for the values of the Jost solutions on the real axis. Because of (3.21) and (3.24), these limit values have
the conjugation properties

OE(x, k) = UF (2,k),  Of(x) =b¥f(x), keR, I=1,...,N. (3.45)

We mention without proof here that the Lh.s. of (3.42) is independent of the sign o.
— —
It is straightforward to verify that the functions G+ satisfy the differential equations LG =G L =1,
the conjugation property

gi(ZIJ,x/) = g?(xlvx)v (346)

the integral equations G+ = G + + G1,+U2G+, and their dual.
The standard and auxiliary advanced/retarded solutions are defined as (cf. (3.8) and (3.16))
— —
Py(k) =0x Lapsr(k), Py ;=G Lap(isg), (3.47)
— —
Vi(k)=vs(k) L1Gx, Vi j=(isg) L1Gx. (3.48)

These functions satisfy the nonstationary Schrodinger equation with the potential w and the conjugation
properties

(I)j:(ﬂf, k) = \111(33, k), (I)j;j = bj\I/1)j. (349)
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The limit values of the Green’s function on the real axis, as follows from (3.7), also give limits of M (q)
as ¢ — 0, which are different from (3.10). For these boundary values, we use the notation G* (k) as in (2.42).
Because the r.h.s. of equalities (3.41) and (3.42) are given in terms of the Jost solutions, taking the limit
as k — k + 400 in (3.41), we then obtain

Fl1

G7 (k) = Gz = 5 di' 0(x£o (k' — k) t7(K)®7 (k') @ W (k') +
+o0(Fok) > (A7) 07 ® U, (3.50)
lm

from (3.43) and (3.44). Another expression for this difference follows from Hilbert identity (3.2). For this,
we use (3.7) (again in the limit as k — k + i00) and relations (3.14), (2.49), and (2.50). Then

07~ G = 5 [ dab(zola~b) [ dp@sp)rt () @ 07 (@) 22070
+0(Fok) Y t;01 ; ®(isg) £ 167 (k), (3.51)

J

where r9 is defined in (2.51).

3.6. Spectral data. The last equality gives the difference between the Green’s functions in terms
of the advanced/retarded solutions. It thus leads directly to the expression for the Jost solution in terms
of the advanced/retarded solutions. Indeed, by definitions (3.8) and (3.16) ((3.43) and (3.44) in the limit
case) and equalities (3.47) and (3.48), we obtain

00 (K) = [ dpepIRL () + 3 Be R, (K, o=+ (3.52)

o7, = /dp O1(P)REL 1 (p) + 0(£0) s o F O(F0) Y _ 1,0 AT, (3.53)
J

where we use (3.18) in the limit as kg — 00 in the last line, we introduce the spectral data R, Rij? and

~

i)m as
RL(p, k) = /da e (p, @) RS (o, k), (3.54)

where R is a triangular operator, RS (p, k) = d(p — k) F 0(£o(p — k))R% (p, k), with

7 (k)
211

R (p,k) = (47 (0) £1G° (k) L 16 (k)), (3.55)

and the expression in parentheses is again understood as in (3.18). Next, RZ ;(k) = +0(Fok)R? (k), where

RE (k) = 1,27 (k) (¥ (i) £1G° (k) L 19 (k)), (3.56)

J

and

RL(p) = / dar?.(p, )BT, (00, (3.57)
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where RZ (k) = F0(xok)R7, (k), and

1

— (7 (k) £1G° (+0) L 167 (i36m)). (3.58)

AGE omi

The inverse relations that give the advanced/retarded solutions in terms of the Jost solutions follow in
the same way, but by reducing (3.50). By the above definitions of the spectral data, we obtain

@i(k):/dk’qf’( YRI%(k, k') — 2mic Y ®F (A”);, lmb R1% (k) (3.59)

l,m

Oy = /dk 7 (K YRL% (K') + O(%0) @ (A7) (3.60)

2mit

Finally, substituting these equalities in (3.52) and (3.53), we obtain the relations between the limit
values of the Jost solutions on the real axis:

1
= d 2 o " 61

/dp (p)F~ )+ mcrz lmb F..2(k), (3.61)
<I>;.f:/dpcb*“(p)ﬁj—ﬂ(p)+2m’an>l—”(A* lmb F, (3.62)

which generalize (2.53). By analogy with (2.54), we here introduce the alternative spectral data by the

equalities
—0 o g b] o [eg
Fo(k, k) = / dk" RL (K", k)RL (K", k') — Ej 2mthi)j(k)Ri)j(k'), (3.63)
_ 0(0)b; 0(Fo) <~ _ =
o N o o o " o o 1 /
Fro(k) =— s R (k) + = — m§:1b1Alm i7m(k)+/dk RL(K"RL(K" ), (3.64)
T—0c 0(:': )] o o IPo / S0 !
Fio(k) =~ ot R, (k § GRL (k) + [ d'RL(K, k) RS ;(K), (3.65)
l
o 9(:|:U)bl ot Ao =,
F7=- —n Sij + § b A, Tt AS, /dk’Ri’l(k’) 7K. (3.66)

4. Conclusion

The existence of bilinear representation (3.40) is a main advantage of the resolvent approach. This
relation gives the extended resolvent in terms of the Jost solutions. These solutions themselves, like any
other relevant solutions of the scattering problem under consideration and its dual, are given as specific
reductions of the corresponding Green’s functions. The Green’s functions in turn are values of the resolvent
at some specific points. This property provides a simple and regular way to derive relations between
different kinds of solutions of the linear problem as well as between the spectral data. The properties of
both sets of the spectral data ((3.54)—-(3.58) and (3.63)—(3.66)) deserve special study. The same holds for the
characterization equations for them, which follow from the combination of (3.52), (3.53) and (3.61), (3.62)
and also from the r.h.s. of (3.63)—(3.66) being independent of the signs +. These relations, as well as
formulation of the inverse problem based on the above results, will be given in [7].
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