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§2.9 Implicit and Logarithmic Differentiation

To this point we’ve done quite a few derivatives, but they have all been derivatives of functions of the form
y = f(z). Unfortunately, not all the functions that we’re going to look at will fall into this form.

Let’s take a look at an example of a function like this.

Example 2.9.1
Find @ forxy = 1.
dx

Solution:
There are actually two solution methods for this problem.

Solution 1:
This is the simple way of doing the problem. Just solve for y to get the function in the form that we're
used to dealing with and then differentiate.

v= x de 22
So, that’s easy enough to do. However, there are some functions for which this can’t be done.
That’s where the second solution technique comes into play.

1 d 1
= Y-

Solution 2:

In this case we're going to leave the function in the form that we were given and work with it in that
form. However, let’s recall from the first part of this solution that if we could solve for y then we will
get y as a function of z. In other words, if we could solve for y (as we could in this case but won't
always be able to do) we get y = y(z). Let’s rewrite the equation to note this.

zy=zxy(z)=1

Be careful here and note that when we write y(z) we don’t mean y times x. What we are noting
here is that y is some (probably unknown) function of z. This is important to recall when doing this
solution technique.

The next step in this solution is to differentiate both sides with respect to = as follows,

L fay @) = ().

The right side is easy. It’s just the derivative of a constant. The left side is also easy, but we’ve got
to recognize that we’ve actually got a product here, the = and the y(z). So, to do the derivative of
the left side we’ll need to do the product rule. Doing this gives,

1)y (@) + o (y (@) = 0.

Now, recall that we have the following notational way of writing the derivative.
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Using this we get the following,

Note that we dropped the "(x)” on the y as it was only there to remind us that the y was a function
of z and now that we’ve taken the derivative it's no longer really needed. We just wanted it in the
equation to recognize the product rule when we took the derivative.

. _.od .
So, let’s now recall just what were we after. We were after the derivative, —y, and notice that there

dx

is now a Z—Z in the equation. So, to get the derivative all that we need to do is solve the equation for
dy
e

dy __y

dx T
There it is. Using the second solution technique this is our answer. This is not what we got from the
first solution however. Or at least it doesn'’t look like the same derivative that we got from the first
solution. Recall however, that we really do know what y is in terms of = and if we plug that in we will

get,

dy L/e 1

de a2
which is what we got from the first solution. Regardless of the solution technique used we should
get the same derivative.

The process that we used in the second solution to the previous example is called implicit differentiation
and that is the subject of this section. In the previous example we were able to just solve for y and avoid
implicit differentiation. However, in the remainder of the examples in this section we either won’t be able to
solve for y or, as we’ll see in one of the examples below, the answer will not be in a form that we can deal
with.

We have actually done a small amount of implicit differentiation in previous sections, but without calling it as
such. In the section on exponential and logarithm derivatives, we used implicit differentiation to determine
the derivative of inverse functions (the Inverse Function Theorem).

In the second solution above we replaced the y with y(xz) and then did the derivative. Recall that we did
this to remind us that y is in fact a function of . We’ll be doing this quite a bit in these problems, although
we rarely actually write y(x). So, before we actually work anymore implicit differentiation problems let’s do
a quick set of "simple” derivatives that will hopefully help us with doing derivatives of functions that also
contain a y(z).
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Example 2.9.2

Differentiate each o5f the following.

a. (52° — 7z +1)°, [f (@)% [y (2)]°
b. sin (3 — 6z), sin (y (x))

C. e:vzfgx! ey(m)

Solutions:
a. With the first function here we're being asked to do the following,

Chain Rule

d 5 d A
— [(5933 — Tz +1) ] = 5(52% = To + 1)* - (50" — T + 1)

—5(52% — 7z +1)" (1522 — 7)

and this is just the chain rule. We differentiated the outside function (the exponent of 5) and then
multiplied that by the derivative of the inside function (the stuff inside the parenthesis).

For the second function we’re going to do basically the same thing. We’re going to need to use
the chain rule. The outside function is still the exponent of 5 while the inside function this time is
simply f(z). We don’t have a specific function here, but that doesn’t mean that we can't at least
write down the chain rule for this function. Here is the derivative for this function,

d
@) =50 @) ().
We don't actually know what f(x) is so when we do the derivative of the inside function all we
can do is write down notation for the derivative, i.e. f/(x).

With the final function here we simply replaced the f in the second function with a y since most
of our work in this section will involve ¥’s instead of f’s. Outside of that this function is identical

d
to the second, though we will use the notation d—y for the derivative of y(z). So, the derivative is,
Xz

d

Ly @) =sly @'

dz’

b. The first function to differentiate here is just a quick chain rule problem again so here is it’s
derivative,

Chain Rule
d 1
e [sin (3 — 6x)] = cos(3 — 6x) - ((—T(ZS —62)
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= —6cos (3 —6z).

For the second function we didn’t bother this time with using f(z) and just jumped straight to y ()
for the general version. This is still just a general version of what we did for the first function. The
outside function is still the sine and the inside is given by y(z) and while we don’t have a formula
for y(x) and so we can’t actually take its derivative we do have a notation for its derivative. Here
is the derivative for this function,

Chain Rule
d i
(@) = cos(y(@) -
- % cos (y (z))

c. In this part we’ll just give the answers for each and leave out the explanation that we had in the
first two parts.

d z2—9z 2_ d dy

@ — (94 — 9) e®> 0 7<y<m>>:7y<x)

dz (e ) (2z—9)e dz \° ©

These are written a little differently from what we'’re used to seeing. This is because we want to match up
these problems with what we’ll be doing in this section. Also, each of these parts has several functions to

differentiate starting with a specific function followed by a general function. This again, is to help us with
some specific parts of the implicit differentiation process that we’ll be doing.

So, in this set of examples we were just doing some chain
rule problems where the inside function was y(z) instead of a
specific function. This kind of derivative shows up all the time in
doing implicit differentiation so we need to make sure that we
can do them. Also note that we only did this for three kinds of
functions but there are many more kinds of functions that we
could have used here.

What we’re doing in this
section is the Chain
Rule, but with y(x) as
the ”inner” function in-
stead of a specific func-

So, it’s now time to do our first problem where implicit differentia- tion.

tion is required, unlike the first example where we could actually
avoid implicit differentiation by solving for y.
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Example 2.9.3
. dy . :
Find ar for the following function.
i

a:2+y2:9

Solution:
Now, this is just a circle and we can solve for y which would give,

y=+v9 — 22

Prior to starting this problem, we stated that we had to do implicit differentiation here because we
couldn'’t just solve for y and yet that's what we just did. So, why can’t we use "normal” differentiation
here? The problem is the "+”. With this in the "solution” for y we see that y is in fact two different
functions. Which should we use? Should we use both? We only want a single function for the
derivative and at best we have two functions here.

So, in this example we really are going to need to do implicit differentiation so we can avoid this.
In this example we’ll do the same thing we did in the first example and remind ourselves that y is
really a function of x and write y as y(z). Once we've done this all we need to do is differentiate
each term with respect to z.

(Pt @P) = 2 )

As with the first example the right side is easy. The left side is also pretty easy since all we need
to do is take the derivative of each term and note that the second term will be similar the previous
example. All we need to do for the second term is use the chain rule.

After taking the derivative we have,

1y _
dx

At this point we can drop the (z) part as it was only in the problem to help with the differentiation

2z + 2[y (x)] 0.

d
process. The final step is to simply solve the resulting equation for —y.

dx
d
2z + 2y—y =0

dx
dy

2y— = =2

yda: o

dy —2x
dr 2y
dy _ =
der vy

Unlike the first example we can't just plug in for y since we wouldn’t know which of the two functions
to use. Most answers from implicit differentiation will involve both x and y so don’t get excited about
that when it happens.
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As always, we can’t forget our interpretations of derivatives.

Example 2.9.4
Find the equation of the tangent line to 22 + y = 9 at the point (2, v/5).

Solution:

First note that unlike all the other tangent line problems we’ve done in previous sections we need
to be given both the x and the y values of the point. Notice as well that this point does lie on the
graph of the circle (you can check by plugging the points into the equation) and so it's okay to talk
about the tangent line at this point.

Recall that to write down the tangent line all we need is the slope of the tangent line and this is
nothing more than the derivative evaluated at the given point. We've got the derivative from the
previous example so all we need to do is plug in the given point.

dy 2
m = — [ —
dx :B:Q,y:\/g \/5
The tangent line is then
2

Now, let’s work some more examples. In the remaining exam-
ples we will no longer write y(x) for y. This is just something
that we were doing to remind ourselves that y is really a function
of = to help with the derivatives. Seeing the y(z) reminded

us that we needed to do the chain rule on that portion of the In implicit differentiation,
problem. From this point on we'll leave the y’s written as y’s and when we differentiate
in our head we’ll need to remember that they really are y(x) anything involving a y,
and that we’ll need to do the chain rule. we'll need to multiply by

4v  This is multiplying
There is an easy way to remember how to do the chain rule in g; the derivative of the
these problems. The chain rule really tells us to differentiate “inner”, per the Chain
the function as we usually would, except we need to add on a Rule.

derivative of the inside function. In implicit differentiation this
means that every time we are differentiating a term with y in it
d
the inside function is the y and we will need to multiply a d—y onto
x

the term since that will be the derivative of the inside function.

Example 2.9.5: Using implicit differentiation

d
Find dﬁ for each of the following
T
a. 22y° +3x =8> +1
b. 2% tan (y) + y'¥sec (z) = 2z
c. e = g2 —In (zy?)
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Solutions:

a. First differentiate both sides with respect to = and remember that each y is really y(x) we just
aren’t going to write it that way anymore. This means that the first term on the left will be a
product rule.

We differentiated these kinds of functions involving y’s to a power with the chain rule previously.
Also, recall the discussion prior to the start of this problem. When doing this kind of chain rule

d
problem all that we need to do is differentiate the y’s as normal and then add on a d—y which is
X
nothing more than the derivative of the "inside function”.

Here is the differentiation of each side for this function.

d d
3z2y® + 5m3y4—y +3= 24y2—y
dx dx

d
Now all that we need to do is solve for the derivative, —y. This is just basic solving algebra that
X
you are capable of doing. The main problem is that it’s liable to be messier than what you're used

d
to doing. All we need to do is get all the terms with d—y in them on one side and all the terms
X

d d
without d—y in them on the other. Then factor d—y out of all the terms containing it and divide both
X X
d
sides by the "coefficient” of the —y.
dx
d d
322y’ + 3 = 24y2—y - 5x3y4—y
dr dz
dy

325 3: 242_5347
2?y’ + 3 = (24y xy)dx
dy 3z2y° +3

dr  24y? — badyd

The algebra in these problems can be quite messy so be careful with that.

b. We've got two product rules to deal with this time. Here is what we get when we take the
derivative of both sides.

d d
21 tan (y) + z%sec? (y) d—y + 10y9d—y sec (z) + y'% sec (z) tan (z) = 2
x x

Notice the derivative tacked onto the secant! Again, this is just a chain rule problem similar as
before.

d
Now, solve for the derivative, d—y
XL

d
(z?sec? (y) + 10y” sec (z)) ﬁ =2 — y'¥sec (z) tan (x) — 2z tan (y)
dy 22— y'0sec (z) tan (z) — 2 tan (y)

dx z?sec? (y) + 10y? sec (x)
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c. We're going to need to be careful with this problem. We’ve got a couple chain rules that we're
going to need to deal with here that are a little different from those that we’ve dealt with prior to
this problem.

In both the exponential and the logarithm we’ve got a “standard” chain rule in that there is
something other than just an x or y inside the exponential and logarithm. So, this means we’ll
do the chain rule as usual here and then when we do the derivative of the inside function for
each term we’ll have to deal with differentiating ’s.

Here is the derivative of this equation.

dy
3 2
+ 3xy“—=
e2x+3y 2_'_3% :2x_y Y dx
dx xy3
d
In both of the chain rules note that the d—y didn’t get tacked on until we actually differentiated the
X
y’s in that term.

Now we need to solve for the derivative and this is liable to be somewhat messy. In order to get

d
the el on one side we’ll need to multiply the exponential through the parenthesis and break up

x .
the quotient.

3 3xy2@
22713y 4 Sd—yeh‘*'gy =2z — y—g — 73dx
dzx Ty Ty
3 W
2e2x+3y + 3@e2l‘+3y = 9r — l — ﬂ
dzx x Y
(3e23Y + 3y~ 1) %‘y =2 —x 1 — 2203
T

dy 2z — x~1 — 2e27H+3y
dr  3e2+3y 4 3y-1

Note that to make the derivative at least look a little nicer we converted all the fractions to
negative exponents.

[ Check Point 2.9.1: Practice implicit differentiation }

. dy .
Find 2 given , .
eyt +x° =¢e¥

Okay, we’ve seen one application of implicit differentiation in the tangent line example above. However,
there is another application that we will be seeing in every problem in the next section.

In some cases we will have two (or more) functions all of which are functions of a third variable. So, we
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might have z(¢) and y(¢), for example and in these cases, we will be differentiating with respect to ¢. This
is just implicit differentiation like we did in the previous examples, but there is a difference however.

In the previous examples we have functions involving x’s and y’s and thinking of y as y(z). In these
problems we differentiated with respect to x and so when faced with x’s in the function we differentiated

d
as normal and when faced with y’s we differentiated as normal except we then added a d—y onto that term
XL

because we were really doing a chain rule.

In the new example we want to look at we’re assuming that = = z(¢) and that y = y(¢) and differentiating
with respect to t. This means that every time we are faced with an x or a y we’ll be doing the chain

dx
rule. This in turn means that when we differentiate an x we will need to add on an ax and whenever we

d
differentiate a y we will add on a dit/

These new types of problems are really the same kind of problem we’ve been doing in this section. They
are just expanded out a little to include more than one function that will require a chain rule.

Let’s take a look at an example of this kind of problem.

Example 2.9.6

Assume that x = z(t) and y = y(¢) and differentiate the following equation with respect to ¢.

239y% + e!™% — cos (5y) = o>

Solution:
So, just differentiate as normal and add on an appropriate derivative at each step. Note as well that
the first term will be a product rule since both x and y are functions of ¢.

dz dy dz _, dy
dat a " @ tPa
There really isn’t all that much to this problem. Since there are two derivatives in the problem we
won'’t be bothering to solve for one of them. When we do this kind of problem in the next section the
problem will imply what we need to solve for.

d
322 =% + 623y° sin (5y) = anTZZ

At this point there doesn’t seem be any real reason for doing this kind of problem, but as we’ll see in the
next section every problem that we’ll be doing there will involve this kind of implicit differentiation.

Higher Order Implicit Derivatives

We can also use implicit differentiation to find higher order derivatives of implicit functions. As with regular
higher order derivatives, we’ll first start by finding the first derivative. Then if we want to find the second
derivative, we’ll take the derivative again on both sides with respect to the appropriate variable.

The process will still work the same, but we’ll do a bit of extra work in the “simplifying” steps. It is best to
see this with an example.
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Example 2.9.7
L d%y
Find 2 for
2 + y4 =10

Solution:
We know that in order to get the second derivative we need the first derivative and in order to get
that we'll need to do implicit differentiation. Here is the work for that.

d
2x+4y3—y =0

dx
dy _ =
de 23

Now, this is the first derivative. We get the second derivative by differentiating this, which will require

d
implicit differentiation again. Of course, on the left side, the derivative of d—y with respect to = will
X

2

d d
just be d—g And again, any time we get to the derivative of just ¥, it will be d—y
X X

d2y d{ x]

dz? ~ dx | 23
d
2y3 —x <6y2y)
_ dx
(2y3)°
d
23 — nyz—y
_ dx
496
dy
— 32
_
294

This is fine as far as it goes. However, we would like there to be no derivatives in the answer. We
don’t, generally, mind having z’s and/or y’s in the answer when doing implicit differentiation, but we
really don’t like derivatives in the answer. We can get rid of the derivative however by acknowledging
that we know what the first derivative is and substituting this into the second derivative equation.
Doing this gives,

322
2 — 3z—=
a7y _ _y dx
dz? 294
_ v (—g)
= 2
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2y* + 322
=

Check Point 2.9.2: Practice implicit differentiation for higher order derivatives

. d2y
Find T for

V4 Yy =12

Logarithmic Differentiation

Taking the derivatives of some complicated functions can be simplified by using logarithms. This is called
logarithmic differentiation. It's easiest to see how this works in an example.

Take the function

o)

(1-10z) Va2 +2

y:

Differentiating this function could be done with a product rule and a quotient rule. However, that would be
a fairly messy process. We can simplify things somewhat by taking logarithms of both sides. We use the
natural logarithm as its derivative is more simple than other based logarithms, but we technically could use
any based logarithm.

Of course, this isn’t really simpler. What we need to do is use the properties of logarithms to expand the
right side. Let’s remind ourselves of those properties. We give these properties for the natural logarithm,
but the properties are the same for any based logarithm.

We can apply these properties to our equation above, step by step until we can no longer expand fur-
ther.
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_ x5
(y) = (g2vers)
In(y ( —In ((1 —10z) Va2 + 2) Logarithm Property (2)

(y)
(y) )
In(y) =1n(z%) — (m (1-10z) +In ( 22 2)) Logarithm Property (1)
(y) )
(y)

J—

n (2° —ln(l—le)—ln( x2+2>
=5In(z) —In(1 —10z) — 3 In (22 + 2) Logarithm Property (3)

In(y

In(y

Note that there is no property to simplify logarithms with addition or subtraction on the inside, thus all terms
above are expanded as much as possible.

This doesn’t look all that simple. However, the differentiation process will be simpler. What we need to do
at this point is differentiate both sides with respect to . Note that this is really implicit differentiation. So
we will need to be careful as the left hand side is In(y), not just y.

Chain Chain Chain Rule

1 d 1 1 1 1 1 d
Y ¢ 5

- — =5-—— —1-10z) =z 5——= - —(@"+2
y dx z 1—10z dil,‘( 2 2 x24+2 dw(l +2)

1 dy 1 1 1

i A (~10) — = - (22

y dx z 1—10z ( ) 2 x2242 (22)

Ly 5 10

y de =« 1—10z 2242

d
Now we are not done yet. Remember, the goal is to figure out what d—y is equal to. So we need to take this
X
d
equation and solve for d—y To finish the problem all that we need to do is multiply both sides by y to isolate
X

dy . - . . 5 -
the dr and then plug in the original equation for y since we do know y = 100)vaoT2 from the original
equation.

dy 5 . 10 T
Y_, (2 _
dr I \z T 110z 2+ 2

_ b 5 n 10 T
C(1—-102)Va?+2 \z  1-10z a?+2

Depending upon the person, doing this would probably be slightly easier than doing both the product and
quotient rule. The answer is almost definitely simpler than what we would have gotten using the product
and quotient rule.

For problems such as these, logarithmic differentiation is just a tool or method to help with derivatives of
certain complicated functions. It is not a differentiation rule such as others we have learned previously. This
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method is particularly helpful when your function has products, quotients, and powers, as these related to

the properties of logarithms.

Example 2.9.8: Using logarithmic differentiation

Use logarithmic differentiation to find the derivative of

x® sin(4x)
3—a2

fz) =

Solution:
Start by taking the natural logarithm on both sides.

In (f(x)) = In ( el ﬁ”)

Now use the properties of logarithms to expand the right side. Note that we will start with the
property involving powers as the main inside is a square root, or power of % We show the expanding
step by step.

In(f(z)) =3ln (’”5;1:‘3:”)) Logarithm Property 3
In(f(z)) =3 (In(2%sin(4z)) —In (3 — 2?)) Logarithm Property 2
In(f(z)) =3 (In(2°) +In(sin(4z)) — In (3 — 2%)) | Logarithm Property 1

In(f(z)) =3 (5In(z)+In(sin(4z)) — In (3 — 2?)) | Logarithm Property 3

In(f(z)) =3In(z)+ 3In(sin(4z)) — 1 1n (3 — 2?)

Note that the % from the first step needs to be multiplied by everything that comes after it. Be very
careful with using those logarithm properties and use parentheses to help keep things straight.
Since we can’t expand any further, we can go ahead and take the derivative on both sides. Again,
we are really using implicit differentiation with the left side.

1, - 51 1 1 1 1
7 @ = 25t Syt o) — 53 (722)
1

mf’(x) = % + 2 cot(4x) + 3 _xe

Finally, we solve for f’(z) by multiplying both sides by f(x) and substituting the original function
back.

@ ) 2 sin(4z)

, 5
— (2 +2cot(4
f'(z) (2a:+ cot( ac)—i-g_x2 Ty
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[ Check Point 2.9.3: Practice logarithmic differentiation 1

[ Let f(x) = “f‘(iigfg)—;‘ Use logarithmic differentiation to find the derivative.

While logarithmic differentiation can be a helpful tool to avoid messy product and quotient rules, it is some-
times necessary to use. For example, take functions of the form

y = (f(x))"“.

This is not a power function as the exponent is not constant, so we can not use the power rule. Nor is
this an exponential function as the base is not a constant, so we can not use the derivative for exponential
functions. However, logarithms can help simplify expressions with exponents, so let’s see how logarithmic
differentiation can help.

Let’s take a quick look at a simple example of this.

' Example 2.9.9 |

g 1 f N\

Differentiate y = x*.

Solution:
First take the logarithm of both sides as we did in the first example and use the logarithm properties
to simplify things a little.

Iny =Inz”

Iny=zlnz

Differentiate both sides using implicit differentiation.

& 1
dz. :ln:v—l—a:<> =lnx+1
Yy T
Multiply by y and substitute back in for .
d
% =y(l+Inz)
d
% =z (1+Inx)

Now let’s take a look at a more complicated example.
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[ Example 2.9.10 }

cos(x)

Differentiate y = (1 — 3x) :

Solution:

simplify the right side.

Iny =1In [(1 — 33:)“’5(7”)] = cos (z)In (1 — 3x)

Next, do some implicit differentiation.

d
Finally, solve for d_y and substitute back in for y.
X

Z_@; — .y <Sin () In (1 — 3x) + cos () § _333)

= (1 - 3x)@ <Sin (@) 10 (1 = 32) +cos (a) 1 3x>

Now, this looks much more complicated than the previous example, but is in fact only slightly more
complicated. The process is pretty much identical, so we first take the log of both sides and then

dy

-3 3
dr _ _ o _ — _qi — —
m sin (z) In (1 — 3z) + cos (x) T3, sin (z) In (1 — 3z) — cos (x) T3,

| Check Point 2.9.4 |

If y = (42)*67), find %

\.

J

We'll close this section out with a quick recap of all the various ways we’ve seen of differentiating functions

with exponents. It is important to not get all of these confused.

_ Definition 1 |

di (ab) =0 Constant Rule

dj (") = na" ! Power Rule

dj (a®)=da"Ina Derivative of Exponentials
g (z%)=2"(1+1nx) Logarithmic Differentiation
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Practice Problems

For problems 1 — 3 do each of the following.

d
a. Find d—y by solving the equation for y and differentiating directly.
i

d
b. Find d—y by implicit differentiation.
T

c. Check that the derivatives in (a) and (b) are the same.

1. % =1
2. 22+ =4
3. 22+ =2
For problems 4 — 9 find j—i by implicit differentiation.
4, 0P + 422 —y =25 7. 4a?y" — 2x = 2 + 493
5. Ty? + sin (3z) = 12 — ¢* 8. cos (z? + 2y) + eV’ =1
6. €’ —sin(y) == 9. tan (:1:2y4) =3z + ¢?

For problems 10 11 find the equation of the tangent line at the given point.

10. 2t +y? =3 at (1,—V2) 1. y2e? =3y + 22 at (0, 3)

For problems 12 & 13 assume that x = z(t), y = y(t), and z = z(t) then differentiate the given
equation with respect to ¢.

12. 22 — 3+ 24 =1 13. 2? cos (y) =sin (y* + 42)

d2
For problems 14 & 15 determine d—g with the given equation.
€T

14. 223 + 2 =1 — 4y 15. 6y —axy? =1
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For problems 16 — 18 use logarithmic differentiation to find the first derivative of the given func-
tion.

16. f(z)=(5— 3;U2)7 V6?2 + 8z — 12

sin (32 + z2)

17. oy =
T 6=
18, h(t) VBt +8 /1 —9cos (4t)
V2 + 10t

For problems 19 & 20 find the first derivative of the given function.
19. g (w) = (3w — 7)™

20. f(x) = (22 — &)™)

Assignment Problems

For problems 1 — 6 do each of the following.

d
a. Find d—y by solving the equation for y and differentiating directly.
x

d
b. Find aTy by implicit differentiation.
x

c. Check that the derivatives in (a) and (b) are the same.

1. 22y? =2 4. 8x —y?> =3
2.67324 5. 4z — 6y? = xy?
Y
6. In(zy) ==

3. 1=2a*+ 593

d
For problems 7 — 21 find d—y by implicit differentiation.
Xz

7. y? — 1223 =8y 12. z 4+ In(y) = sec (y)

8. 3y + 20 =y 2 — 62> +2 13. y2(4—:v2):y7+9x

9. y 3 +4x =8y ! 14. 6272 —2%y? + 42 =0
10. 10z* —y =6 =792 + 4273 15. 8xy + 2xty =3 = 23

11. sin (z) + cos (y) = e 16. ya® — cos (z)sin (y) = Tz
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17. €% cos (y) + sin (zy) =9 20. e ty? — er?y? 41
18. 22+ /23 + 2y = 12 21_Sin<w>+x3:2_y4
Yy

19. tan (3z + Ty) = 6 — 4oz ~1

For problems 22 - 24 find the equation of the tangent line at the given point.
22. 3x+y? =22 —19at (—4,3)
23. 22y = y? — 6r at (2,6)

24. 2sin (z)cos (y) =1 at (% _%>

For problems 25 — 27 determine if the function is increasing, decreasing or not changing at the
given point.

25. 22 —yP =4y +9at(2,-1)
26. e!"7e¥” = 23 4 yat (1,0)

27. sin (7 — ) + y%cos (v) = y at (g, 1)

For problems 28 - 31 assume that = = z(t), y = y(¢), and z = z(¢) then differentiate the given
equation with respect to ¢.

28. 2% — 62 =3 — 9> 30. 278 = (y2 - 8:6) 1y

29. zyt = %23 31. cos (222%) + /y? + 22 =0
For problems 32 - 35 determine zl;g with the given equation.

32. 6y —y? = 32* 4+ 9z 34. ¥ +4x =93 -1

33. 3® —4x? = 112 — 2¢? 35. ycos(r) = 3+ 4y?

For problems 36 — 41 use logarithmic differentiation to find the first derivative of the given func-
tion.

36. h(x) = 2% cos (37) (6+3m2)4 38. h(z) (1+722)3
Chiz) =
(24 32 4 422)*
37. f(w) = V4 + 2w — 9w? V7w + 2w3 + wd
1+ sin (2
39. ¢ (z) = + sin (2z)

2z — tan ()
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(9 — 3t)'° 4. y= 3+8x cos(l—x)

40. h(t) = ein (71) (1+222)" (bz +a?)

For problems 42 — 45 find the first derivative of the given function.
42. y = xln($) 44. h (w) _ (6 . w2)2+8w+w3
43. R(t) = [sin (4t)]%" 45. g(2) = 223 4+ 2]

Section 2.9 Solutions

1. a. First, we just need to solve the equation for y.

<
I
8
<
I
8
ol

Now differentiate with respect to x.

dy _
de

_ 2
X 3

W=

. First, we just need to take the derivative of everything with respect to « and we’ll need to recall
that y is really y(z) and so we’ll need to use the Chain Rule when taking the derivative of terms
involving y. Also, prior to taking the derivative a little rewrite might make this a little easier.

:By_3 =1

Now take the derivative and don’t forget that we actually have a product of functions of x here
and so we’ll need to use the Product Rule when differentiating the left side.

Ly

0
dx

y 3 —3xy

d
Finally, all we need to do is solve this for d—y
X

dy  y? y

de  3zy=* 3z

. From (a) we have a formula for y written explicitly as a function of x so plug that into the derivative
we found in (b) and, with a little simplification/work, show that we get the same derivative as we

gotin (a).
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dy _y s
dr 3z T

So, we got the same derivative as we should.

2. a. First, we just need to solve the equation for y.

W=

Y =4 —2? = y:(4—x2)

Now differentiate with respect to x.

=gl

b. First, we just need to take the derivative of everything with respect to z and we’ll need to recall
that y is really y(z) and so we’ll need to use the Chain Rule when taking the derivative of terms
involving y. Taking the derivative gives,

d
22 + 32 = 0.
dr
. . . dy
Finally, all we need to do is solve this for dr
X
dy %
de  3y?

c. From (a) we have a formula for y written explicitly as a function of x so plug that into the derivative
we found in (b) and, with a little simplification/work, show that we get the same derivative as we
gotin (a).

dy 2x 2x
R I B (B
dz 3y 3(4 — x2)3

Wit

So, we got the same derivative as we should.

3. a. First, we just need to solve the equation for y.

=

y=2-2> = y=+(2-2%
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Note that because we have no restriction on y (i.e. we don’t know if y is positive or negative) we
really do need to have the "+” there and that does lead to issues when taking the derivative.

Now, because there are two formulas for y we will also have two formulas for the derivative, one
for each formula for y. The derivatives are then,

y:(2—x2)% = %:—x@—ﬁ)_% (y > 0)
y:—(2—x2)% = %:x(Z—xQ)_% (y <0)

As noted above the first derivative will hold for y > 0 while the second will hold for y < 0 and we
can use either for y = 0 as the plus/minus won't affect that case.

. First, we just need to take the derivative of everything with respect to « and we’ll need to recall
that y is really y(x) and so we’ll need to use the Chain Rule when taking the derivative of terms
involving y. Taking the derivative gives,

d
2z 4+ 2y & _ 0
dx
. . . dy
Finally, all we need to do is solve this for e
X
dy _ =
de vy

. From (a) we have a formula for y written explicitly as a function of x so plug that into the derivative
we found in (b) and, with a little simplification/work, show that we get the same derivative as we

gotin (a).
Also, because we have two formulas for y we will have two formulas for the derivative.

First, if y > 0 we will have,

[SIE
|
|
\
|
|
Il
|
S
—~
[\)
|
S
()
~—
|
=

y:(2—m2)

Next, if y < 0 we will have,

D=
I
|
(S

y=—(2-27
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So, in both cases, we got the same derivative as we should.

4. First, we just need to take the derivative of everything with respect to = and we’ll need to recall that
y is really y(z) and so we'll need to use the Chain Rule when taking the derivative of terms involving
1. Differentiating with respect to x gives,

dy dy
2 aY _Y _ a5
6y T + 8x . 6x°.
. . _ dy
Finally, all we need to do is solve this for ar
X
dy dy  6x° — 8z
6y” — 1) —= = 62" — 8 = =
(6 ) dx * . dr  6y2 —1

5. First, we just need to take the derivative of everything with respect to z and we’ll need to recall that
y is really y(z) and so we'll need to use the Chain Rule when taking the derivative of terms involving
y. Differentiating with respect to x gives,

dy

d
14y Y 1 3cos (3x) = —4y3%

dx

d
Finally, all we need to do is solve this for d—y
X

dy

d -3 3
(14y + 4y3) pt —3cos (3x) = dy _ —3cos(3r)

de 14y + 493

6. First, we just need to take the derivative of everything with respect to z and we’ll need to recall that
y is really y(z) and so we'll need to use the Chain Rule when taking the derivative of terms involving
1. Differentiating with respect to x gives,

e’ — cos (y) j—i =1.

d
Don't forget the %Y on the cosine after differentiating. Again, y is really y(x) and so when differenti-
X
ating sin(y) we really differentiating sin[y(z)] and so we are differentiating using the Chain Rule!

d
Finally, all we need to do is solve this for d—y
X

@7 1—¢€"

de Ts(y) = (e” — 1) sec (y)
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7. First, we just need to take the derivative of everything with respect to z and we’ll need to recall that
y is really y(x) and so we'll need to use the Chain Rule when taking the derivative of terms involving
1. This also means that the first term on the left side is really a product of functions of x and hence
we will need to use the Product Rule when differentiating that term. Differentiating with respect to x

gives,

d d
8xy’ + 28:U2y6—y —2=>5zt+ 12y2—y.
dx dz

d
Finally, all we need to do is solve this for d—y
X

o dy dy  Sxy” — 5zt -2
7 4 2 2,6
Seyt —het 2= (-2 G 2 T T amy

8. First, we just need to take the derivative of everything with respect to x and we’ll need to recall that y
is really y(x) and so we’ll need to use the Chain Rule when taking the derivative of terms involving y.
This also means that the second term on the left side is really a product of functions of x and hence
we will need to use the Product Rule when differentiating that term. Differentiating with respect to x
gives,

d d
— 2x—|—2—y sin(:zj2—|—2y)—|— ey2—|—2y—yxey2:0.
dx dx

d
Finally, all we need to do is solve this for d—y (with some potentially messy algebra).
X

d d
—2x sin (:c2 + 2y) — 2% sin (wQ +2y) + ev’ + 2y ﬁgﬂey2 =0
2 . 2 dy . 2 2
<2yxey — 2sin (z +2y)> o =0+ 2zsin (z° + 2y) — €Y
x
dy  2xsin (2% +2y) — eV’
dr  2yzev® — 2sin (z2 + 2y)

9. First, we just need to take the derivative of everything with respect to z and we’ll need to recall that
y is really y(z) and so we'll need to use the Chain Rule when taking the derivative of terms involving
y. This also means that the when doing Chain Rule on the first tangent on the left side we will need
to do Product Rule when differentiating the “inside term”. Differentiating with respect to x gives,

d d
(Zx yt + 43323/3(&) sec? (x2y4) =342y ﬁ

d
Finally, all we need to do is solve this for d—y (with some potentially messy algebra).
X



Chapter 2:

d
Qy—y

22 ytsec? (3323/4) + 4x2y3d—isec ( .

d

Y =

2,3...2(.2 4 dy _ 2,4
(4xysec (xy) 2y)d =3 nysec( y)
dy 33— 2z y%sec (m2y4)
do — 4a?yBsec? (x2yh) — 2y

d
10. The first thing to do is use implicit differentiation to find d—y for this function.
X

dy dy 223
4o + 2y = =0 ==
Ty dx dx Y
Evaluating the derivative at the point in question to get the slope of the tangent line gives,

_dy

=2 =——_ ="
dzx V2

z=1, y=—/2 _\/i

Now, we just need to write down the equation of the tangent line.
y—(-v2)=Vv3(@—1) OR  y=V2(r-1)-Vv2=V2(z-2)
o , L - L dy : .
11. The first thing to do is use implicit differentiation to find ar for this function.
T

dy &2 262 dy dy 2z —2y°e*
2 €T X — _< Y —
Vi T2y 3dx 2 = dx 2ye?r — 3

Evaluating the derivative at the point in question to get the slope of the tangent line gives,

_dy 18
m= - = > = _6.
d | y—, y—3 3

Now, we just need to write down the equation of the tangent line.

y—3=—-6(x—-0) OR y=-6x+3

12. Differentiating with respect to ¢ gives,
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13.

14.

dx o dy 3 dz
T V5 AR P )
Ta TV w T

Note that because we were not asked to give the formula for a specific derivative we don’t need to go
any farther. We could however, if asked, solved this for any of the three derivatives that are present.

Differentiating with respect to ¢ gives,

dx 2 . dy Qdy dz 3
@ — cos (y) — x*sin (y) o (3y o + o) <o (y° +4z)

Note that because we were not asked to give the formula for a specific derivative we don’t need to go
any farther. We could however, if asked, solved this for any of the three derivatives that are present.

Not much to this problem other than to take two derivatives so each step will show each succes-
sive derivative until we get to the second. Note however that we are going to have to do implicit
differentiation to do each derivative. Here is the work for the first derivative.

dy dy
622 4+ 2y —= = —4—~
T ydx dx

dy 9 dy —622 —322
2y +4) -2 = — W _ _
(2y+4) 5, = 62 = dr  2y+4  y+2

Now, the second derivative will also need implicit differentiation. Note as well that we can work with
the first derivative in its present form which will require the quotient rule or we can rewrite it as,

dy 2 -1
< =-3 2
I x“(y +2)

and use the product rule.

These get messy enough as it is so we’ll go with the product rule to try and keep the "mess” down a
little. Using implicit differentiation to take the derivative of first derivative gives,

dy _d (dy 1 o2 —ady
Yy _ (W) 2 9)-2%Y.
dz?  dx (dx) 6aly+2) " +327(y +2) dx

d . .
Finally, recall that we don’t want a d—y in the second derivative so to finish this out we need to plug
X

d
in the formula for d—y (which we know) and do a little simplifying to get the final answer.
X
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d? _ _ _ _ _
d—x‘g = —6z(y +2) Ly 3:1:2(y +2) 2 (—33:2(3/ +2) 1) = —6x(y +2) L. 9x4(y +2) 3

15. Not much to this problem other than to take two derivatives so each step will show each succes-
sive derivative until we get to the second. Note however that we are going to have to do implicit
differentiation to do each derivative. Here is the work for the first derivative.

dy 2 dy
6= —y° —2zy—= =0
dzr Y $ydw
dy dy y?
6—2 — = — =
( xy)dx 4 = de 6 —2xy

Now, the second derivative will also need implicit differentiation. Note as well that we can work with
the first derivative in its present form which will require the quotient rule or we can rewrite it as,

dy 2 -1
— = 6—2
o =Y ( Ty)

and use the product rule.

These get messy enough as it is so we’'ll go with the product rule to try and keep the "mess” down a
little. Using implicit differentiation to take the derivative of first derivative gives,

d? d (d d d
Y <y> =2y —y(6 —2zy) ' — 42(6 — 2ay) 2 (—Qy - 2xy>

de? ~ dr \dz dx dx
, , dy . - . : , :
Finally, recall that we don’t want a dr in the second derivative. So, to finish this out let’s do a little
e

d
"simplifying” of the to make it "easier” to plug in the formula for %

d2y dy —1 3 -2 o dy -2
“ 2 =2y —2(6—2 2y%(6 — 2 2xy° —2 (6 — 2
g2 = 2y (6 = 2xy)" + 2y°(6 — 2zy) " + 2ay” (6 — 2ay)

dy _ _ _
=2y %(6 —2zy)~! (1 + zy(6 — 2zy) 1) +23(6 — 2zy) 2

d
The point of all of this was to get down to a single d—y in the formula for the second derivative, which

X
won’t always be possible to do, and a little factoring to try and make things a little easier to deal with.

d
Finally, all we need to do is plug in the formula for d—y to get the final answer.
X
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d%y

i 2y [y2(6 - 2$y)71] (6 — 2zy) " (1 + zy(6 — 2953/)71) +2%(6 — 22y) 2

= 2%(6 — 2xy) > (1 + zy(6 — 2xy)71> +23(6 — 2zy) 2
Note that for a further simplification step, if we wanted to go further, we could factor a

2y%(6 — 2ay)
out of both terms to get,

d*y 3 —2 1
i 2y°(6 — 2zy) (2 + zy(6 — 2zy) ) .

16. Take the logarithm of both sides and do a little simplifying.

In[f ()] = In [(5 — 32%)" m}
= [(5-32%)"| +1n [(6:}52 + 8z — 12)5}

= 7In (5 — 32%) +  In (62° + 8z — 12)
Use implicit differentiation to differentiate both sides with respect to x.

I () —6x 1 12248 —42z 6x + 4
=7 5 T 56,2 - 5 T 6.2
f(z) 5—3z% 262°+4+8x—12 5—32% 62°+8x—12

Finally, solve for the derivative and plug in the equation for f(x).

, 42 6z + 4
/ (x):f(x)<53f32+6x2f8x12>

—42 4
:(5—3x2)7 \/6m2+8m—12< x + bz + >

5—3z2  6x2+8x—12

17. Take the logarithm of both sides and do a little simplifying.



28 | Chapter 2:

sin (3z + 2?)
In(y) =1In [(6—24)3

=1In [Sin (3z + 22)] —3In [6 - 24]

=1In [sin (32 +2%)] —In [(6 - 24)3}

Use implicit differentiation to differentiate both sides with respect to z.

dy
dr _ (3+2z)cos (32 + 2?) N 9 1223
y = Sn (21 ) e —(3+22)cot(3z+z)+6_z4

Finally, solve for the derivative and plug in the equation for y.

dy _
de

3 : 2
y<(3+22)cot (3z+22)+ 122 ) _ 51n(3z+z)

1223
2
" 6 A7 <(3—|—2z)cot(3z+z)—|— )

6 — 24

18. Take the logarithm of both sides and do a little simplifying.

In [k (£)] = In [ V5E+8 { 1—9608(4t)]

i V2 + 10t

=1In |5t + 8 {’/1—9COS(475)} —111[\4/7524-104
::ln,k5t%—8)%}—%ln[(l——9005(4w)%}-—ln,“t24—10t)i}
=1In(5t+8) + 11In (1 —9cos (4t)) — +1n (£* + 10t)

Note that the logarithm simplification work was a little complicated for this problem, but if you know
your logarithm properties you should be okay with that.

Use implicit differentiation to differentiate both sides with respect to ¢.

Wity , 5 36sin (4t) | 2t +10

1 1 _1
h(t) 25t+8 31 —9cos(4t) 42410t

Finally, solve for the derivative and plug in the equation for h(t).
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5 : 1 5

3 12sin (4t) st+ 3

h (t)=h(t 2 -2 2
®) ()<5t+8+1—9005(4t) t2+10t>

VBt +8 /1 —9cos (4t) 5 n 12sin (4¢)  t+5
B Yot 10t4+16 1 —9cos(4t)  2t2 +20¢

19. We just need to do some logarithmic differentiation so take the logarithm of both sides and do a little
simplifying.

In[g (w)] =In [(3w — 7)4w] =4w In(3w —7)

Use implicit differentiation to differentiate both sides with respect to w. Don’t forget to product rule
the right side.

g (w) 3 12w
=4lnBw—-7)+4 =4In(Bw -7
g (w) B (3w —7)+ Y3w_7 n (3w )+3w—7

Finally, solve for the derivative and plug in the equation for g(w).

) =gw) (1w -7+ 22

= (3w —T7)*" <4 In(Bw—17) + 31102107)

20. We just need to do some logarithmic differentiation so take the logarithm of both sides and do a little
simplifying.

In[f(xz)]=In {(295 - esx)sm(%)} = sin (2z) In (2z — esx)

Use implicit differentiation to differentiate both sides with respect to w. Don’t forget to product rule
the right side.

[ (x)
f ()

2 _ 8
= 2cos (2z) In (22 — e®") + sin (22) QA

xz —es

8z . 2 — 88
= 2cos (22) In (22 — ") + sin (2x) Dy
r—e
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Finally, solve for the derivative and plug in the equation for f(x).

_ eSz
f (z) = f(x) <2 cos (2z)In (2z — esx) + sin (2z) 28)

2z — e8¢

sin(2x 2 - 8z
= (22 — ) (2z) (2 cos (2z) In (22 — ) + sin (22) 2:10_8(2835>
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