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§3.4 The Mean Value Theorem
In the last two sections, we saw several theorems about the shapes of graphs whose proofs needed the
Mean Value Theorem. The Mean Value Theorem provides the connection between the derivative (which at
heart is a physical concept, the rate of change of a function) and applications of the derivative to geometry
(the shape of graphs). It is one of the major theorems of calculus.

Before we can state and prove the Mean Value Theorem, we need to look at another theorem, called
Rolle’s Theorem.

Rolle’s Theorem
Informally1, Rolle’s Theorem states that if the outputs of a differentiable function f are equal at the end-
points of an interval, then there must be a point c in the interior of the interval where f ′(c) = 0. The figures
below illustrate this theorem.

Theorem 3.4.1: Rolle’s Theorem
Let f be a function that is continuous over the closed interval [a, b] and differentiable over the
open interval (a, b). Also suppose that f(a) = f(b). Then there exists at least one number c with
a < c < b such that f ′(c) = 0.

A proof can be found in the Appendix.

An important point about Rolle’s theorem is that the differentiability of the function f is critical. If f is not
differentiable, even at a single point, the result may not hold. For example, the function f(x) = |x|−1 is
continuous over the interval [−1, 1] and f(−1) = 0 = f(1), but f ′(c) ̸= 0 for all c ∈ (−1, 1). In other
words, there is no point on the graph at which the tangent line is horizontal. This is shown in the following
figure:

1Note: The following content is adapted from OpenStax and is licensed under a Creative Commons Attribution-
NonCommercial-ShareAlike 4.0 International License.

Access for free at https://openstax.org/books/calculus-volume-1/pages/1-introduction.
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Notice that the theorem only states that some value c exists, but does not tell us what that number is. Let’s
now consider functions that satisfy the conditions of Rolle’s theorem and calculate explicitly the points c
where f ′(c) = 0.

Example 3.4.1
For each of the following functions, verify that the function satisfies the criteria stated in Rolle’s
theorem and find all values c in the given interval where f ′(c) = 0.
a. f(x) = x2 + 2x over [−2, 0]
b. f(x) = x3 − 4x over [−2, 0]

Solution:
a. Since f is a polynomial, it is continuous and differentiable everywhere. In addition,

f(−2) = 0 = f(0). Therefore, f satisfies the criteria of Rolle’s theorem. We conclude
that there exists at least one value c ∈ (−2, 0) such that f ′(c) = 0.

Since f ′(x) = 2x+ 2 = 2(x+ 1), we see that f ′(c) = 2(c+ 1) = 0 implies that c = −1. This
is shown in the graph below.

b. As in part a, f is a polynomial and is therefore continuous and differentiable everywhere. Also,
f(−2) = 0 = f(2). That said, f satisfies the criteria of Rolle’s theorem.

Differentiating, we find that f ′(x) = 3x2 − 4. Therefore, f ′(c) = 0 when x = ± 2√
3
.
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Both values are in the interval [−2, 2], and therefore both numbers satisfy the conclusion of
Rolle’s theorem as shown in the graph below.

Check Point 3.4.1

Consider f(x) = −x2 + 8x − 14. Is Rolle’s Theorem applicable over [0, 8]? Why or why not? If
Rolle’s Theorem applies, determine the value(s) of c that it guarantees.

Check Point 3.4.2

Consider g(z) = z + 1
z . Is Rolle’s Theorem applicable over

[
−1

5 ,−5
]
? Why or why not? If Rolle’s

Theorem applies, determine the value(s) of c that it guarantees.

Note: The following content is adapted from Paul’s Online Math Notes, with permission, and is not shared
under the Creative Commons license.
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Example 3.4.2
Show that f(x) = 4x5 + x3 + 7x− 2 has exactly one real root.

Solution:
Using a principle from algebra (called the Fundamental Theorem of Algebra), we know that since
f(x) is a 5th degree polynomial, it will have five roots. We are being asked to show that only one
of those roots is a real number (meaning that the other four must be complex numbers).

First, we need to show that the function has at least one real root. To do this, note that f(0) = −2
and f(1) = 10. So we can see that f(0) < 0 < f(1). Now, because f(x) is a polynomial, we know
that it is continuous everywhere, and so by the Intermediate Value Theorem there is a number c
such that 0 < c < 1 and f(c) = 0. In other words, f(x) has at least one real root.

Now we need to show that this is in fact the only real root. To do this, we will use an argument style
that is called ”proof by contradiction.” We will assume that f(x) has two real roots. This means that
we can find real numbers a and b (there might be more, but all we need for this argument is two)
such that f(a) = f(b) = 0. But if we do this, then Rolle’s Theorem tells us that there must be some
number c between a and b such that f ′(c) = 0.

This is a problem, though. The derivative of this function is

f ′(x) = 20x4 + 3x2 + 7

Now because the exponents on the first two terms of f ′(x) are even and their coefficients are
positive, the first two terms must always be greater than or equal to zero. Adding 7 then means
that f ′(x) is never less than 7. But this contradicts the statement above that says there must be a
number c such that f ′(c) = 0.

We reached these contradictory statements by assuming that f(x) has at least two real roots.
Since this assumption leads to a contradiction, the assumption must be false. Therefore, we
conclude that f(x) has at most one real root.

Combining the facts that f(x) has at least one real root and that it has at most one real root, we
have shown that f(x) has exactly one real root.
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The Mean Value Theorem
The Mean Value Theorem is very similar to Rolle’s theorem, but does not require that the function have
equal value at the endpoints of the interval. So it allows us to consider functions over many more in-
tervals. One reason we introduced Rolle’s theorem is that it is needed in the proof of the Mean Value
Theorem.

Theorem 3.4.2: Mean Value Theorem
Suppose that f is a function that is continuous over the closed interval [a, b] and differentiable over
the open interval (a, b). Then there is at least one number c such that a < c < b and

f ′(c) =
f(b)− f(a)

b− a
.

Or
f(b)− f(a) = f ′(c)(b− a).

A proof can be found in the Appendix.

The Mean Value Theorem may seem a bit abstract right now. We will see some applications of this theorem
in the examples, but first let’s think about what the theorem means geometrically.

Suppose f is a function that satisfies the two hypotheses of the theorem, and define the points A =
(a, f(a)) and B = (b, f(b)) to be the points on f that correspond to the endpoints of the interval. The
theorem says that there is a c such that a < c < b and that

f ′(c) =
f(b)− f(a)

b− a
.

Now, the secant line connecting the points A and B has slope

f(b)− f(a)

b− a
.

Also, from the definition of the derivative at a point, we know that the slope of the tangent line to the graph
of f at x = c is f ′(c).

What the Mean Value Theorem tells us is that these two slopes are equal, or that the secant line connecting
A and B and the tangent line at x = c must be parallel. We can see this in the following sketch.
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It2 is also worth noting that the theorem guarantees at least one point on the graph where the tangent line
is parallel to the secant line. There may be more than one such point, as shown in this sketch:

Examples
Just3 as with Rolle’s theorem, the Mean Value Theorem only tells us about the existence of the number c.
In this example, we will see how to find the value(s) of c guaranteed by the theorem.

2Note: The following content is adapted from OpenStax and is licensed under a Creative Commons Attribution-
NonCommercial-ShareAlike 4.0 International License.

Access for free at https://openstax.org/books/calculus-volume-1/pages/1-introduction.
3Note: The following content is adapted from Paul’s Online Math Notes, with permission, and is not shared under the Creative

Commons license.
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Example 3.4.3
Given the function f(x) = x3 + 2x2 − x.
a. Verify that the Mean Value Theorem applies to f on the interval [−1, 2].
b. Find the average rate of change of f on this interval. That is, find

f(b)− f(a)

b− a
.

c. Determine all of the numbers c that satisfy the conclusion of the theorem.

Solution:
a. Since f is a polynomial, it is both continuous and differentiable everywhere, so the theorem

applies to this function on any interval.

b. To find the average rate of change of f on this interval, we’ll just substitute and simplify:

f(b)− f(a)

b− a
=

f(2)− f(−1)

3
=

14− 2

3
= 4

c. To find the number(s) that satisfy the conclusion of the theorem, we need to first find the deriva-
tive of f.

f ′(x) = 3x2 + 4x− 1

To find c, we need to solve the quadratic equation

3c2 + 4c− 1 = 4,

or
3c2 + 4c− 5 = 0.

Using the quadratic formula, we find that

c =
−4±

√
16− 4(3)(−5)

6
=

−4±
√
76

6
.

Thus, there are two values of c:
c = −4+

√
76

c ≈ 0.7863 c = −4−
√
76

6 ≈ −2.1196
Notice that only one of these is actually in the interval given in the problem. Excluding the second
value, then, we have

c ≈ 0.7863.

Be careful not to assume that there will always be only one solution, though. It is possible that two
or more values will work. It just depends on the function and the interval.

Check Point 3.4.3

Consider the function f(z) = −8z3 − 4z2 − 9z + 2. Determine the intervals over which f is con-
tinuous and differentiable. Can the Mean Value Theorem be applied over [−1, 2]? If so, determine
the value(s) of c guaranteed by the Mean Value Theorem.
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Check Point 3.4.4

Consider the function f(x) = −8e−4x. Determine the intervals over which f is continuous and
differentiable. Can the Mean Value Theorem be applied over [0, 8]? If so, determine the value(s) of
c guaranteed by the Mean Value Theorem.

Example 3.4.4
Suppose that f is differentiable (and therefore continuous) on the interval [6, 15]. Let’s also suppose
that f(6) = −2 and that f ′(x) ≤ 10. What is the largest possible value for f(15)?

Solution:
Since f satisfies the hypotheses of the Mean Value Theorem, we know that the conclusion of the
theorem holds. So there is a number c ∈ (6, 15) such that

f(15)− f(6) = f ′(c)(15− 6).

Rearranging and substituting the known values gives us

f(15) = f(6) + f ′(c)(15− 6) = −2 + 9f ′(c).

Now, we know that f ′(x) ≤ 10, so f ′(c) ≤ 10 as well. This gives us

f(15) = −2 + 9f ′(c)

≤ −2 + (9)10

= 88

We replaced f ′(c) with its largest possible value, so 88 is the largest possible value of f(15).

Example 3.4.5
Suppose that f is a function that is continuous and differentiable everywhere. Suppose also that f
has two roots. Show that f ′(x) must have at least one root.

Solution:
Since we know that f has two roots, let’s call them a and b. Now, by assumption, f is continuous
and differentiable everywhere, so it is continuous on [a, b] and differentiable on (a, b).
Therefore, by the Mean Value Theorem, there is a number c between a and b such that

f ′(c) =
f(b)− f(a)

b− a
.

But since a and b are roots of f, f(a) = 0 and f(b) = 0. We then have

f ′(c) =
0− 0

b− a
= 0.

In other words, f ′(x) has a root at x = c.
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It is important to note that we don’t have a value for c, we have only shown that it exists. We also
haven’t said anything about c being the only root. It is possible for f ′(x) to have more than one root.

It is possible to generalize the previous example significantly. For instance, if we know that f is continuous
and differentiable everywhere and that it has three roots, we can show that not only will f ′ have at least
two roots, but f ′′ will have at least one root. We will leave it to you to verify this, but the ideas involved are
identical to those in the previous example.

The next example4 provides an application of the Mean Value Theorem to moving objects. For example,
suppose that we drive a car for one hour down a straight road with an average velocity of 45 mph. Let
s(t) and v(t) denote the position and velocity of the car, respectively, for 0 ≤ t ≤ 1. Assuming that the
position function s(t) is differentiable, we can apply the Mean Value Theorem to conclude that, at some
time c ∈ (0, 1), the speed of the car was exactly

v(c) = s′(c) =
s(1)− s(0)

1− 0
= 45 mph.

Example 3.4.6
If a rock is dropped from a height of 100 ft, its position t seconds after it is dropped until it hits the
ground is given by the function s(t) = −16t2 + 100.
a. Determine how long it takes before the rock hits the ground.
b. Find the average velocity vavg of the rock over the interval between when the rock is released

and when it hits the ground.
c. Find the time t guaranteed by the Mean Value Theorem at which the instantaneous velocity of

the rock is vavg.
Solution:
a. When the rock hits the ground, its position is s(t) = 0. Solving the equation

−16t2 + 100 = 0

for t, we find that t = ±5
2 seconds. Since in this problem we only consider t ≥ 0, the ball will hit

the ground two and a half seconds after it is dropped.
b. The average velocity is given by

vavg =
s(5/2)− s(0)

5/2− 0
=

0− 100

5/2
= −40 ft/sec.

c. The instantaneous velocity is given by the derivative of the position function. Therefore, we need
to find a time t such that v(t) = s′(t) = vavg = −40 ft/sec. Since s is continuous over the
interval

[
0, 52

]
and differentiable over the interval

(
0, 52

)
, by the Mean Value Theorem, there is

guaranteed to be a number c ∈
(
0, 52

)
such that

s′(c) =
s(5/2)− s(0)

5/2− 0
= −40.

Taking the derivative of the position function s, we find that s′(t) = −32t. Therefore, the equation
reduces to s′(c) = −32c = −40. Solving this equation for c, we have c = 5

4 .

4Note: The following content is adapted from OpenStax and is licensed under a Creative Commons Attribution-
NonCommercial-ShareAlike 4.0 International License.

Access for free at https://openstax.org/books/calculus-volume-1/pages/1-introduction.
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Therefore, 5
4 seconds after the rock is dropped, the instantaneous velocity equals the average

velocity of the rock during its fall: −40 ft/sec.

Check Point 3.4.5
True or False? To get on a toll road with a 100 km per hour speed limit, a driver has to take a card
that lists the entrance point. The card also has a timestamp. When going to pay the toll at the exit
10 kilometers from the first toll and 5 minutes later, the driver is surprised to receive a speeding
ticket along with the toll.
There is sound evidence that the driver was speeding at some point on the toll road.

Corollaries to the Mean Value Theorem
We are now going to look at three corollaries of the Mean Value Theorem. These results have important
consequences, which we will use in upcoming sections.

At this point, we know that the derivative of any constant is zero. The Mean Value Theorem allows us to
conclude that the converse of this statement is also true: if f ′(x) = 0 for all x in some interval I, then f(x)
is constant over that interval. This result may seem intuitively obvious, but it has important implications that
are not obvious, and we will discuss these shortly.

Theorem 3.4.3: Corollary 1: Functions with a Derivative of Zero
Let f be a function that is differentiable over an interval I. If f ′(x) = 0 for all x ∈ I, then f(x) is
constant for all x ∈ I.

Since f is differentiable over I, f must be continuous over I. Suppose that f(x) is not constant for all x in
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I. Then there are a, b ∈ I where a ̸= b and f(a) ̸= f(b). Since one of a or b is larger than the other (but it
doesn’t matter which), we choose the notation so that a < b. Therefore,

f(b)− f(a)

b− a
̸= 0.

Since f is a differentiable function, by the Mean Value Theorem, there exists c ∈ (a, b) such that

f ′(c) =
f(b)− f(a)

b− a
.

Therefore, there is some c in I such that f ′(c) ̸= 0, which contradicts the hypothesis that f ′(x) = 0 for all
x ∈ I. See the assumption that f(x) is not constant for all x ∈ I led to a contradiction, this assumption is
incorrect, and f(x) is, in fact, constant for all x in I.

Note that we previously proved this corollary as a theorem in a previous section. The proof above is slightly
different.

Theorem 3.4.4: Corollary 2: Constant Difference Theorem
If f and g are functions that are differentiable over an interval I and f ′(x) = g′(x) for all x ∈ I,
then f(x) = g(x) + C for some constant C.

Let h(x) = f(x)− g(x). Then h′(x) = f ′(x)− g′(x) = 0 for all x ∈ I. By Corollary 1, there is a constant
C such that h(x) = C for all x ∈ I. Therefore, f(x) = g(x) + C for all x ∈ I.

Theorem 3.4.5: Corollary 3: Increasing and Decreasing Functions
Let f be a function that is continuous over the closed interval [a, b] and differentiable over the open
interval (a, b). Then

i. If f ′(x) > 0 for all x ∈ (a, b), then f is an increasing function over [a, b].
ii. If f ′(x) < 0 for all x ∈ (a, b), then f is a decreasing function over [a, b].

Note that we previously proved this corollary as a theorem in a previous section. We give a slightly different
proof of statement (i) here. The proof of statement (ii) can be done in a similar way.

Suppose that f is not an increasing function on I. Then there exist a and b in I such that a < b, but
f(a) > f(b). Since f is a differentiable function over I, by the Mean Value Theorem there exists c ∈ (a, b)
such that

f ′(c) =
f(b)− f(a)

b− a
.

Since f(a) > f(b), we know that f(b) − f(a) < 0. Also, a < b tells us that b − a > 0. We conclude
that

f ′(c) =
f(b)− f(a)

b− a
< 0.
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However, f ′(x) > 0 for all x ∈ I. This is a contradiction, and therefore f must be an increasing function
over I.

§3.4.1 Practice Problems
For problems 1 and 2, determine all the number(s) c that satisfy the conclusion of Rolle’s theorem
for the given function and interval.

1. f(x) = x2 − 2x− 8 on [−1, 3] 2. g(t) = 2t− t2 − t3 on [−2, 1]

For problems 3 and 4, determine all the number(s) c that satisfy the conclusion of the Mean Value
Theorem for the given function and interval.

3. h(z) = 4z3 − 8z2 + 7z − 2 on [2, 5] 4. A(t) = 8t+ e−3t on [−2, 3]

For problems 5 and 65, determine over what intervals (if any) the Mean Value Theorem applies to
the given function. Justify your answer.

5. f(x) =
1

x3
6. f(x) =

√
x2 − 4

7. Let f(x) =
∣∣x− 1

2

∣∣ . Show that there is no c such that f(1) − f(−1) = 2f ′(c). Explain why the
Mean Value Theorem does not apply over the interval [−1, 1].

Note: The following content is adapted from Paul’s Online Math Notes, with permission, and is not shared
under the Creative Commons license.

8. Suppose we know that f(x) is continuous and differentiable on the interval [−7, 0], that f(−7) = −3
and that f ′(x) ≤ 2. What is the largest possible value for f(0)?

9. Show that f(x) = x3 − 7x2 + 25x+ 8 has exactly one real root.

Assignment Problems
For problems 1 - 4 determine all the number(s) c that satisfy the conclusion of Rolle’s theorem for
the given function and interval.

1. f(x) = x3 − 4x2 + 3 on [0, 4]

2. Q(z) = 15 + 2z − z2 on [−2, 4]

3. h(t) = 1− et
2−9 on [−3, 3]

4. g(w) = 1 + cos(πw) on [5, 9]

5Note: The following content is adapted from OpenStax and is licensed under a Creative Commons Attribution-
NonCommercial-ShareAlike 4.0 International License.Access for free at https://openstax.org/books/calculus-volume-1/pages/1-
introduction.
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For problems 5 - 8 determine all the number(s) c that satisfy the conclusion of the Mean Value
Theorem for the given function and interval.

5. f(x) = x3 − x2 + x+ 8 on [−3, 4]

6. g(t) = 2t3 + t2 + 7t− 1 on [1, 6]

7. P (t) = e2t − 6t− 3 on [−1, 0]

8. h(x) = 9x− 8 sin
(
x
2

)
on [−3,−1]

For problems 9 - 116, determine over which intervals (if any) the Mean Value Theorem applies.
Justify your answer.

9. f(x) = sin(πx)

10. f(x) =
√
4− x2

11. f(x) = ln(3x− 5)

For problems 12 and 13, show that there is no c such that f(1) − f(−1) = 2f ′(c). Explain why the
Mean Value Theorem does not apply over the interval [−1, 1].

12. f(x) = 1
x2 13. f(x) =

√
|x|

Note: The following content is adapted from Paul’s Online Math Notes, with permission, and is not shared
under the Creative Commons license.

14. Suppose we know that f(x) is continuous and differentiable on the interval [−2, 5], that f(5) = 14
and that f ′(x) ≤ 10. What is the smallest possible value for f(−2)?

15. Suppose we know that f(x) is continuous and differentiable on the interval [−6,−1], that f(−6) =
−23 and that f ′(x) ≥ −4. What is the smallest possible value for f(−1)?

16. Suppose we know that f(x) is continuous and differentiable on the interval [−3, 4], that f(−3) = 7
and that f ′(x) ≤ −17. What is the largest possible value for f(4)?

17. Suppose we know that f(x) is continuous and differentiable on the interval [1, 9], that f(9) = 0 and
that f ′(x) ≥ 8. What is the largest possible value for f(1)?

18. Show that f(x) = x7 + 2x5 + 3x3 + 14x+ 1 has exactly one real root.

19. Show that f(x) = 6x3 − 2x2 + 4x− 3 has exactly one real root.

20. Show that f(x) = 20x− e−4x has exactly one real root.

6Note: The following content is adapted from OpenStax and is licensed under a Creative Commons Attribution-
NonCommercial-ShareAlike 4.0 International License.Access for free at https://openstax.org/books/calculus-volume-1/pages/1-
introduction.
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Note: The following content is adapted from OpenStax and is licensed under a Creative Commons Attribution-
NonCommercial-ShareAlike 4.0 International License.Access for free at https://openstax.org/books/calculus-
volume-1/pages/1-introduction.

21. At 10:17 a.m., you drive past a police car on the side of the freeway. You pass a second police car
at 10:53 a.m. At both times you note that your speed is 55 mph. If the second police car is located
39 miles from the first police car and if the speed limit is 60 mph, can you be cited for speeding?
Explain.

22. Two cars drive from one stoplight to the next, leaving at the same time and arriving at the same time.
Is there ever a time when they are going the same speed? Justify your answer.

23. Show that y = sec2 x and y = tan2 x have the same derivative. What can you say about y =
sec2 x− tan2 x?

24. Why do we need continuity to apply the Mean Value Theorem? Construct an example that shows
that the conclusion of the Mean Value Theorem need not hold for a function that is not continuous.

25. Why do we need differentiability to apply the Mean Value Theorem? Find an example that shows
that the conclusion of the Mean Value Theorem need not hold for a function that is not differentiable.

26. When are Rolle’s theorem and the Mean Value Theorem equivalent?

27. If f is a function with a discontinuity, is it still possible to have f ′(c)(b − a) = f(b) − f(a)? Draw
such an example or explain why it is not possible.
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