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§2.5 Product and Quotient Rules
Product Rule

Previously, we noted that we had to be careful when differentiating products or quotients. It's now time to
look at products and quotients and see why.

First let’s take a look at why we have to be careful with products and quotients. Suppose that we have the
two functions f (z) = 23 and g (x) = 2°. Let's start by computing the derivative of the product of these
two functions. This is easy enough to do directly.

d d d
e [fg] = e [x?’xﬁ] = [xg] =928,

Now let’s compare this with the product of the individual derivatives.

We can certainly see that the product of the individual derivatives is NOT the same as the derivative of the
product of the original functions. In other words,

(f9) # -4

We need a way to handle taking derivatives of products properly as we can not always simplify every
product to a single basic function. Thus we require the Product Rule.

Definition 1: The Product Rule

If two functions, f (x) and g (x), are differentiable, then their product is differentiable and

2 f@g(a)) = 1 (@) g (@) +9' (@) ] (@)

The proof can be found in the appendix.

If we use our functions f and g from before, we can see how the Product Rule gives us the derivative we
would expect, that is, 92%:

Taking f (z) = 2%, we know that f’ (z) = 32”. And for g (z) = 25, we know that ¢’ (z) = 62°. Using the
Product Rule to take the derivative of fg, we get,
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(f9) (x) = f" (x)g (x) + ¢’ (x) f (x)
=322 2%+ 62° - 23
= 32% 4 628

= 93:8,

as expected. Let's see some more examples of using the product rule.

' Example 2.5.1: Using the Product Rule |

Take the derivative of each function.
a. y= Va2 (2z — 2?)
b. f(t) =tsin(t)

Solutions: ,

a. Note that this function is a product of two functions, which we will call f () = V22 = (x)§ and
g (x) = 2z — 2%. While we could simplify the equation so that it is no longer a product, we will
leave it so we can practice the new rule. Now [’ (z) = 2,73 and g () =2 —2x. We see we

3
now have all the pieces needed to take the derivative of the original equation.

% = f'(x)g(z) + ¢ (2)f (x)
= %x‘% (22 — 2?) + (2 — 22)a5.

While this is a perfectly fine derivative, we should get used to seeing these in different forms. We
could fully expand this derivative and combine like terms:

d 2
% = é3;_3 (Qx xz) +(2- 2.212) x%
4 2 2 5
:5;133——333 + 23 — 213
10 2 8 s
= —Ir3 — —XI3.
3 3

We could even factor this last version, which may come in helpful later on when we start to do
things with these derivatives:

dy 103 8.3

dr 3 3"
2
2533%(5—4:5)

b. We see that f (¢) is a product of two functions, which we will call j (¢) = ¢ and k (t) = sin (z).
Additionally, j’ (t) = 1 and &’ () = cos (t). Following along with the Product Rule,

f'(t)=1-sin(t) +cos(t)-t
=sin(t) +tcos(t).
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Note that for our "side work” at the beginning of this problem we did not name any of the individual
functions f (t). This is because f (¢) is already the name of the overall function.

It is important to not get too attached to the names of f and
g given in the definition of the Product Rule as many overall
functions may be given the names of f or g, as seen in the last
example. Instead, try to realize that the product rule says to
take the derivative of the first function times the second function
and add that to the derivative of the second function times the
first function. The more one keeps this in mind, the easier the
product rule will be to use and the more correct a write up of a
solution will be.

Try to practice some on your own.

Product Rule
Derivative of first times
second, plus derivative
of second times first.

| Check Point 2.5.1 |

Differentiate each function.
a. f(z) = 3z*(sin(x) = cos(x))
b. f(t) = (£ + 3t + 6) (6t + 2)

Quotient Rule

Just as the derivative of a product is not the same as the product of derivatives, the same can be said for
quotients. Take again f () = 23 and g (z) = 5. First see the derivative of their quoteint:

d1fl_d 3 4
Now look at the quotient of their derivatives:
i lf] _ & [=] 3 _1
&l Ef 620 20

And so we see that

(5)#%
g g’

and so we will need a way of appropriately dealing with derivatives of quotients.
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Definition 2: The Quotient Rule

If two functions, f (x) and g (x), are differentiable and ¢ (x) is nonzero, then their quotient is differ-

entiable and

dx | g (x)

The proof can be found in the appendix.

It is important to be very careful with the numerator in the quo-
tient rule. While it has a similar feel to that of the Product rule,
order matters with subtraction, so you need to ensure every-
thing is in the correct order. One way to keep everything straight
is to make sure that the numerator starts with the derivative of
the original numerator times the original denominator. Then you
should be able to see that you need to then subtract the deriva-
tive of the original denominator times the original numerator. Re-
membering this will come easier with more practice.

If we use our functions f and g from the beginning of the section, we can see how the Quotient Rule gives

us the derivative we would expect, that is, 3z

Again, for f (z) = 2 and g (z) = 2%, we know that f’ ()
Rule to take the derivative of g, we get,

d [f(w)} _['(@)g(@) —g (2) f(z)

The order of the sub-
traction in the numer-
ator of the Quotient
Rule MATTERS!

322 and ¢/ (r) = 62°. Using the Quotient

as expected. Let’'s see some more examples of using the quotient rule. In this case, unlike the product rule
examples, a couple of these functions will require the quotient rule in order to get the derivative. For the

last two however, we can avoid the quotient rule if we'd like to as we’ll see.
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Example 2.5.2: Using the Quotient Rule

Differentiate each of the following functions.

z
aIV&)_zvij
x
b. h(z) = l;f —5
c. f(l‘);ﬁ 26
d y= +
Solutions:

a. There isn’t a lot to do here other than to use the quotient rule. Here is the work for this function.

32—2)—(324+9)(—1)
(2—-2)?
15
(2 2)2
b. Again, not much to do here other than use the quotient rule. Don’t forget to convert the square
root into a fractional exponent.

W'(z) =

1) b

1
—2) —4zx2(2x)
b (z) =
3 1 3
_ 2z2 —4xT2 —8x2
T @-2p
—6x2 — 4z 3
(a2 - 2)2
—2(32% + 2
This can be factored and simplified further to yield h'(x) = M as an alternate form
(% = 2)*V

of this derivative.

c. It seems strange to have this one here rather than being the first part of this example given that
it definitely appears to be easier than any of the previous two. In fact, it is easier. There is a point
to doing it here rather than first. In this case there are two ways to do compute this derivative.
There is an easy way and a hard way and in this case the hard way is the quotient rule. That's
the point of this example.

Let’s do the quotient rule and see what we get.
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Now, that was the “hard” way. So, what was so hard about it? Well actually it wasn’t that hard,
there is just an easier way to do it that’s all. However, having said that, a common mistake here is
to do the derivative of the numerator (a constant) incorrectly. For some reason many people will
give the derivative of the numerator in these kinds of problems as a 1 instead of 0! Also, there
is some simplification that needs to be done in these kinds of problems if you do the quotient rule.

The easy way is to do what we did in previous sections.

24

flz)=42%  fl(z)=—-242"" = el

Either way will work, but we may rather take the easier route if given the choice.
d. This problem also seems a little out of place. However, it is here again to make a point. Do not

confuse this with a quotient rule problem. While you can do the quotient rule on this function
there is no reason to use the quotient rule on this. Simply rewrite the function as

L 6
y= 5w
and differentiate as always:
dy 6 4
de 50"

Now try some on your own.

| Check Point2.5.2 |

sin(x)

a. Find % fory = =%

b. If f(z) = g:; find f'(x)

Other Trigonometric Derivatives

Recall that we have derivative rules for sine, cosine, secant, and cosecant. All that remains is the rules for
taking the derivative of the tangent and cotangent functions. As these can both be described as a quotient
with sine and cosine, we can follow the quotient rule to get their derivatives.

Let’s take a look at the tangent function. Tangent can be written as

sin(x)

tan(z) = con(z)’

Since we have the derivatives of sine and cosine all that we need to do is use the quotient rule on this.
Let’'s do that.
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iz [tan(z)]

d [sin(x)
dx [cos(:c)]
cos(z) cos(x) — sin(z)(—sin(x))
(cos?(x))
cos?(x) + sin?(x)
cos?(x)
1
cos?(x)

= sec?(z).
Note that we used information from trigonometry to simplify this; in particular, that cos?(z) + sinz(x) =1
and the definition of secant in terms of cosine.

Determining the derivative of cotangent is done in a similar way and left as an exercise. Here are the
derivatives of all six of the basic trigonometric functions.

Definition 3: Derivatives of Trigonometric Functions

— [sin(x)] = cos(z) — [cos(z)] = —sin(x)

dcf - t dcic - t
= [sec(x)] = sec(x) tan(x) = [csc(x)] = — cse(x) cot(x)
o [tan(z)] = sec?(x) T [cot(z)] = — esc?(z)

At this point we should work some examples.

Example 2.5.3: Using Trigonometric Derivatives

Differentiate each of the following functions.
g (x) = 3sec(z) — 10cot (x)

h(w) = 3w™* — w? tan (w)

.y = 5sin () cos (x) + 4 csc (z)

_ sin(?)
P(t) = 3 —2cos (t)

L

a oo

Solutions:
a. There really isn’t a whole lot to this problem. We’'ll just differentiate each term using the formulas
from above.

g (x) = 3sec (x) tan (z) — 10 (—CSC2 (z))
= 3sec (z) tan (z) + 10csc? ()
b. In this part we will need to use the product rule on the second term. We will also need to be

careful with the minus sign in front of the second term and make sure that it gets dealt with
properly. There are two ways to deal with this. We can use a set of parentheses as follows,
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B (w) = —12w™° — (2w tan (w) + wsec® (w))
= —12w " — 2wtan (w) — w?sec?® (w).

Because the second term is being subtracted off of the first term then the whole derivative of
the second term must also be subtracted off of the derivative of the first term. The parenthesis
make this idea clear.

c. As with the previous part we’ll need to use the product rule on the first term. We will also think of
the 5 as part of the first function in the product to make sure we deal with it correctly. Alternatively,
you could make use of a set of parentheses to make sure the 5 gets dealt with properly. Either
way will work, but we'll stick with thinking of the 5 as part of the first term in the product. Here’s
the derivative of this function.

y' = 5cos () cos () + 5sin (z) (—sin (z)) — 4 csc (z) cot ()

= 5cos? (x) — 5sin? () — 4 csc () cot ()

d. In this part we'll need to use the quotient rule to take the derivative.

P () = cos (t) (3 —2cos (t)) — sin2(t) (2sin (t))
(3 —2cos(t))
_ 3cos (t) — 2cos® (t) — 2sin® (t)
B (3 —2cos (t))?

Be careful with the signs when differentiating the denominator. The negative sign we get from
differentiating the cosine will cancel against the negative sign that is already there.

This appears to be done, but there is actually a fair amount of simplification that can yet be done.
To do this we need to factor out a ”-2” from the last two terms in the numerator and then make
use of the fact that cos?(6) + sin?(6) = 1.

P 1) = 3cos (t) — 2 (cos? (t) + sin? ()
(3 —2cos (t))?
~ 3cos(t) —2
~ (3—2cos(t))?

{ Check Point 2.5.3: Practice Trigonometric Derivatives J

Find an equation of the tangent line to the curve y = 4 tan(z) at the point where = = T
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Combining Rules

Now that we have the Product and Quotient Rules, we don’t want to forget about the Chain Rule. There
are many instances where the Product and Quotient Rules need to be used in conjunction with the Chain
Rule. Or we may find that the Product and Quotient Rules must be used within one another. Perhaps all
three need to be used! The possibilities are truely endless, and so we want to be sure we are comfortable
working with these three rules, as well as keep up with our basic rules we’ve covered so far.

One good way of getting comfortable with these is to just do lots of examples.

Example 2.5.4: Using Product, Quotient, and Chain Rules
Differentiate each of the following.
a. T (x) =tan (2x) V1 — 322
b. f(z) =sin(2v2z+1)

(2* +4)°
C.y=—-——"3
(1 —222)
2t +3)°
oy — 36 csc(0)
VTPt
Solutions:

a. Let’s first notice that this problem is first and foremost a product rule problem. This is a product
of two functions, the tangent and the root and so the first thing we’ll need to do in taking the
derivative is use the product rule. However, in using the product rule and each derivative will
require a chain rule application as well.

XT

T (z) = [dd(tan(Q:L‘))} /1= 322 + [ddl m] - tan(27)

d d .
= SeC2 (zx) 7(21}) . 3 1— 3:1:2 + | — (1 o 31’2)1/3 . tan(2x)
Chain Rule Rewrite

1 1 .
=sec?(2z) - (2) (1 —32%)° + 3(1 — 322)7%/3. i(1 — 32%) - tan(22)

dx
Chain Rule

— sec?(22) - (2) (1—322)% + tan (2¢) ;) (1-322)7% (—62)

_2
3

=2(1- 3:62)% sec?(2z) — 22(1 — 32%) Stan (2z)

b. Now contrast this with the previous problem. In the previous problem we had a product that
required us to use the chain rule in applying the product rule. In this problem we will first need
to apply the chain rule and when we go to differentiate the inside function we’ll need to use the
product rule.
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Here is the chain rule portion of the problem.

F/(2) = cos (2v/z 7 1) % PVeEs

In this case we did not actually do the derivative of the inside yet. We just left it in the derivative
notation to make it clear that in order to do the derivative of the inside function we now have a
product rule.

Here is the rest of the work for this problem.

f'(2) = cos (z\/m)d% 2o (2412
——

Rewrite the root

1 d
= cos (2vVz + 1) 1~\/z+1+z-§(z+1)_%-d—(z+l)
;,_/
Chain Rule

)

N

= cos (z2vz + 1) <1.\/m+2.;(2+1)
= cos(zvVz + 1) <m+ g(z + 1)—1/2>

c. For this problem we clearly have a rational expression and so the first thing that we’ll need to do
is apply the quotient rule. In the process of using the quotient rule we’ll need to use the chain
rule when differentiating the numerator and denominator.

/ [@

A +4)7)] - (=207 = [ (1= 2277 - (2 4+ 4)°
3

. (1= 222)32
Chain Chain
d d
5(x3 +4)* . %(aﬁ +4)-(1—222)% - 3(1 —222)2 - —(1 — 22?) -(2® + 4)°
= X
- [(1 = 222)3]?

5(a3 +4)* (322) (1 —222)° — (2® +4)° (3) (1 — 222)* (—4x)
((1 — 23;2)3) ’

These tend to be a little messy. Notice that when we go to simplify that we’ll be able to a fair
amount of factoring in the numerator and this will often greatly simplify the derivative.

First, we can factor out the common (x3 +4) from each big term in the numerator. That will leave
behind a 1 in the first term, and a single 23 + 4 in the second.
5(x3 + 4)*(322) (1 — 222)3 — (2 + 4)°(3)(1 — 22%)?(—4x)
((1—222)3)
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(2% +4)* [5 1(32%)(1 - 202)% — (28 +4)" (3)(1 - 2952)2(—4:10)}
(1 —222)6

Now we can factor out the common (1 — 2z%)2. That will leave an extra 1 — 222 in the first term
and a 1 in the second term.

(2% + 4)* [5(322) (1 — 227)% — (2® 4+ 4)(3)(1 — 227)*(—4x)]
(1 —222)6

(23 +4) (12027 [5(322) (1 — 22%) — (2% +4) (3) - 1 (—4a)]
(1—242)°

Finally, factor out the common 3z, leaving an z in the first term and a -4 in the second.

(23 +4)*(1 —22%)%Bz) [5-a- (1 —222) — (23 +4) - 1 —4]
(1 —222)6

3z (2% + 4)1(1 — 222)? [5a — 1023 + 4(23 + 4)]
(1 —222)6

3w(2® + 4)4(1 — 222)? [5w — 1023 + 42° + 16]
(1 —2x2)6

3z (23 + 4)" [5z — 627 + 16]
(1 —222)*
After factoring we were able to cancel some of the terms in the numerator against the denom-

inator. So even though the initial chain rule was fairly messy the final answer is significantly
simpler because of the factoring.

. Unlike the previous problem the first step for derivative is to use the chain rule and then once
we go to differentiate the inside function we’ll need to do the quotient rule.

Here is the work for this problem.

h()_3<2t+3>2d [2)&—1-3}

6—12) dt |6—t2
- 2t—|—3 2(6 —t?) — (2t + 3) (—2t)
— _t2 -

_g(2+3 2t2+6t+12

- \6-¢2 (6 — t2)?
As with the second part above we did not initially differentiate the inside function in the first step
to make it clear that it would be quotient rule from that point on.
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e. For this problem we certainly have a rational expression and so the first thing that we’ll need
to do is apply the quotient rule. In the process of using the quotient rule we’ll need to use the
product rule when differentiating the numerator. Once appropriate, we will need to use the chain
rule on the root function.

= (3 csc(0) — 36 csc(f) cot(0)

Rewrite
d —
Product Rule-v/62 + 5 — | —((6> +5)'/?)| - 36 cse(0) gors

de

Chain Rule
——

=(3csc(6) — 360 csc(8) cot(6))vVO2 + 5 — 5(67 + 5)~1/2. 6%(92 +5) - 30 cse(0) oz
5

0
=(3csc(f) — 36 csc(f) cot(0))VO2 + 5 — L(6% +5)71/2 .20 - 30 csc()
V0% + 5 [(3csc(6) — 30 csc(8) cot(8))] — 362 esc(f) (62 + 5)7% E

0%2+5

In a similar manner to previous parts, we did not initially differentiate the numerator in the first
step to make it clear that it would the product rule for that piece.

. v

There were several points in the last example. First is to not forget that we’ve still got other derivatives
rules that are still needed on occasion. Just because we now have the product and quotient rule does not
mean that the chain rule will no longer be needed.

In addition, as the last example illustrated, the order in which they are done will vary as well. Some
problems will be product or quotient rule problems that involve the chain rule. Other problems however,
will first require the use the chain rule and in the process of doing that we’ll need to use the product and/or
quotient rule.

[ Check Point 2.5.4: Practice Combining Rules J

a. Ifr(z) = —5a?sin(z2 + 3), find r/(z).

b. Find 4 fory = S0

[

oy
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Practice Problems

For problems 1-16, find the derivative of the given function.

1.

17.

18.

19.

20.

21.

22.

)= (42 —t) (3 — 82 + 12) 9. h(t)=1Vbt2—t
Ly = (1+J973) (273 — 2¢/x) 10. g (w) = cos (3w) sec (1 — w)
Ch(z) = (1422 +322) (52 + 822 — 29) 1. y= Sinﬁ?
g (x) = 2655 12. f(x) = cos (22 tan(z))
3w + wh 13. z = /52 + cot (4z)
)= quraT 14. f (w) = tan (w) sec (w)
f(x)zm 15. y = 6 + 4,/z csc (z)
G (x) = 2sin (32 + tan (z)) 16. 7 (v) = m
. h(u) = tan (4 + 10u)

If £(2) = =8, f'(2) = 3, g(2) = 17, and ¢(2) = —4, determine the value of (fg)’ (2).

If f(z) = 23g(x), g(—7) = 2, and ¢'(—7) = —9, determine the value of f/(—7).
Find the tangent line to f(z) = tan(x) 4+ 9 cos(x) at x = 7.

Find the equation of the tangent line to f (z) = (1 + 12y/z) (4 — z?) atz = 9.

2

Tr—x° . .
5 Is increasing and decreasing.

Determine where f () = Tras?
xr

Determine where V (t) = (4 — t?) (1 + 5t?) is increasing and decreasing.

For problems 23-25 determine the second derivative of the given function.

23.

24.

25.

g (z) =sin (223 — 9z)

2
O ey
H (t) = cos?® (Tt)
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Assignment Problems

For problems 1-20, find the derivative of the given function.

1. h(z) = z* — 9sin (z) + 2tan () 11. y = cot (1 4 cot (x))

2. y=6cot (w) —8cos (w)+9 12. f(z) = tan* (z) + tan (z*)

3. h(t) =8 —t’tan () 18. T'(z) = (23 —1)°(5 — 32)*
_ sec (w) cw = (22 +4z2)sin(1 -2z

4.f(w)—3w—1+Tan(w) 14 (2% + 42) sin (1 — 22)

15. Y (t) = t8cos? (t)
5. h(2) = (2— v2) (3+8 V22)

16. A(z) = sec (4z) tan (2?)

oo

7.y = (2= 5w +1) (124 2z — 2°) B
8.9(;5):1?;32 18.v(2):1imcos(22)

9 Z(y):4g 52 19.9(15):2201(?

10, v(t):1;;2?;;;2 20. f(w):(l—gzi)éiw)

For problems 21-25, use the fact that f(3) = 12, f(3) =9, 9(3) =4, ¢(3) =7, h(3) = 2and h(3) = 5,
determine the value of the indicated derivative.

21. (f9)' (-3)
22, (g)l(—:ﬂ)

s (49

24. lfy =[x — f (x)] h (z), determine j—i

m:—g

25 Ify =
> Ity x+ f(x) dx

r=-3
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For problems 26-29, determine an equation of the tangent line to the given function at the given
point.

26. f(zr)=2tan(z) —4zatz =0
27. f(z) =xsec(z)atz =27

28. f(z)=(8—2%) (1+a+2?) atz =2

29. f(:n)zixatx:

2—z
30. Determine where g (z) = 5 is increasing at decreasing.

12+ 2

31. Determine where R (z) = (3 — ) (1 — 2z + 2?) is increasing at decreasing.

2

5 Is increasing at decreasing.

32. Determine where h (t) = 1o

1
33. Determine where f (x) = 1 Rk is increasing at decreasing.

34. Determine where A (t) = t3(9 — t)* is increasing at decreasing.

35. Derive the formula for the Product Rule for four functions;

(fghw)/:f'ghw+fg/hw+fgh’w+fghw’

For problems 36-42 determine the second derivative of the given function.

36. Q (w) = cos (2 — Tw?) 40. f (x) = [3sin () + 8cos (2z)]*
37. y = tan (3z) 41. f(t) = sin® (2t)
38. z = csc (8w) 42. A(w) = tan* (w)
1
A

For problems 43 — 44 determine the third derivative of the given function.
43. g (x) = sec(3x)

44. h(w) = cos (w — w?)
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Note: The following content is adapted from OpenStax and is licensed under a Creative Commons Attribution-
NonCommercial-ShareAlike 4.0 International License.

Access for free at https://openstax.org/books/calculus-volume-1/pages/1-introduction.

For the following exercises, assume that f(x) and g(x) are both differentiable functions with values
as given in the following table. Use the following table to calculate the following derivatives.

c |1 ]2]3]4

f(x) 5/-210

glx) | 2 |3]—-4] 6

flx) | -1]7 -3

Jg)| 4 1] 21]9
45. If h(z) = x.f(z) + 4g(x), find K/ (1). 48. 1 h(z) = - + ?ESU; find 1 (4).
46. If h(z) = gég’ find '(2). 49. If h(z) = f(22)g(3), find 1 (1).
47. It h(z) = 2z + f(x)g(z), find h'(3). 50. If h(z) = f(zg(x)), find B'(1).

Section 2.5 solutions
1. There isn’t much to do here other than take the derivative using the product rule.

F)=(8t—1)(t — 8% +12) + (4t — t) (3t* — 16t) = 20t* — 132t + 24¢> + 96t — 12

Note that we multiplied everything out to get a "simpler” answer.

2. There isn’'t much to do here other than take the derivative using the product rule. We’'ll also need to
convert the roots to fractional exponents.

Y = (1 +x%) (x_3 — 21%)

The derivative is then,

d 3 2 3 2 11
% = (23:;) (:13_3 - Zm%>+<1 + ZL'%) <—3£L'_4 — gl‘_ §> = —3x_4—§x_ g—gx_ §_?$%

Note that we multiplied everything out to get a "simpler” answer.
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3. There isn’t much to do here other than take the derivative using the product rule.

W (2) = (2+62) (52 +82% — 2%) + (1 + 22 + 32%) (5 + 16z — 327)
=5+ 362 + 902” 4 882" — 152"

Note that we multiplied everything out to get a "simpler” answer.

4. There isn’t much to do here other than take the derivative using the quotient rule.

122 (2 — x) — 622 (—1)

g (z) =

(2-a)
_ 24x — 62
(2-a)

5. There isn’'t much to do here other than take the derivative using the quotient rule.

(3+4uw?) 2w? +1) — (3w + w*) (4w)

R (w) =
w) (2w? 4 1)*
4w 44w — 6w? +3
N (2w? + 1)

6. There isn’t much to do here other than take the derivative using the quotient rule.

<%x7% + 2) (7:U — 4:1:2) - (ac% + 2:L“> (7 — 8x)
(Tz — 422)*

fiz) =

7. For this problem the outside function is the sine function and the inside function is the stuff inside of
the sine function. The derivative is then,

G’ (z) = 2 (34 sec? (z)) cos (3z + tan (z)) .

8. For this problem the outside function is the tangent function and the inside function is the stuff inside
of the tangent function. The derivative is then,

R’ (u) = 10sec? (4 + 10u).
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9.

10.

11.

12.

13.

For this problem we’ll need to do the Product Rule to start off the derivative. In the process we’ll
need to use the Chain Rule when we differentiate the second term. The derivative is then,

h(t) =t° (5t* — t)%

= 6t° (5¢* — t)% +¢0 <;> (56> —t)~ 2 (10t — 1)

_1
2

= 6t° (5> — t)% + %ﬁ (10t — 1) (5¢* —¢)

For this problem we’ll need to do the Product Rule to start off the derivative. In the process we’ll
need to use the Chain Rule when we differentiate each term. The derivative is then,

g (w) = —sin (3w) (3) sec (1 — w) + cos (3w) sec (1 — w) tan (1 — w) (—1)

= —3sin (3w) sec (1 — w) — cos (3w) sec (1 — w) tan (1 — w) .

For this problem we’ll need to do the Quotient Rule to start off the derivative. In the process we’ll
need to use the Chain Rule when we differentiate the numerator. The derivative is then,

dy  3cos(3t) (1+ ) — sin (3¢) (2t)
dt (1+12)°
_ 3cos (3t) (141*) — 2tsin (3t)
a (1+t2)?

For this problem we’ll start off using the Chain Rule, however when we differentiate the inside function
we’ll need to do the Product Rule. The derivative is then,

f (z) = — (2z tan(z) + 2% sec?(z)) sin (2” tan(z)) .

This problem will require multiple uses of the Chain Rule and so we’ll step though the derivative
process to make each use clear.

Here is the first step of the derivative and we’ll need to use the Chain Rule in this step.

z = (b + cot (433))%
dz
dx

= %(53: + cot (4x)) %% (52 + cot (4x))
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In this step we can see that we’ll need to use the Chain Rule on the second term. The derivative is
then,
dz

1 _
e 5(5% + cot (4x))

N

(5 — desc® (4)) .

In this step we were using the Chain Rule on the second term and so when multiplying by the
derivative of the inside function we only multiply the second term by the derivative of the inside

function and not both terms.

14. Not much to do here other than take the derivative, which will require the product rule.

I (w) = [sec2 (w)] sec (w) + tan (w) [sec (w) tan (w)]

= sec® (w) + sec (w) tan? (w)

15. Not much to do here other than take the derivative, which will require the product rule for the second

term.

16. Not much to do here other than take the derivative, which will require the quotient rule.

(1 + sec? (v)) (1 + csc (v)) — (v + tan (v)) (— esc (v) cot (v))
(14 csc (v))?
(1 +sec? (v)) (1 + csc (v)) + esc (v) cot (v) (v + tan (v))
(14 csc (v))?

7' (v) =

17. We know that the product rule is,

(f9) ()= f(2)g(x)+ f(2) g (x).

Now, we want to know the value of this at x = 2 and so all we need to do is plug this into the

derivative. Doing this gives,
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18.

19.

20.

Now, we were given values for all these quantities and so all we need to do is plug these into our
"formula” above.

(F9)(2)=(3)(17) + (=8) (—4) = 83

Even though we don’t know what g(z) is we do have a product of two functions here and so we can
use the product rule to determine the derivative of f(x).

f'(z) = 32%g (z) +2°¢' (x)

Now all we need to do is plug z = 7 into this and use the given information to determine the value

of f(7).

F(=7)=3(=7)%g (=) + (=7)%¢ (=7) = 3(49) (2) + (—343) (—9) = 3381

We know that the derivative of the function will give us the slope of the tangent line so we’ll need the
derivative of the function.

f' (z) = sec? (x) — 9sin ()
Now all we need to do is evaluate the function and the derivative at the point in question.
f(m) =tan(m)+9cos(m) = -9  f (7) =sec? (7) — 9sin(r) = 1
Now all that we need to do is write down the equation of the tangent line.
y+9=(1)(x—-7) OR y=zx—7-9

We know that the derivative of the function will give us the slope of the tangent line so we’ll need the
derivative of the function. We’ll use the product rule to get the derivative.

il
~—~
8
S—
I
/N
D
8

|
|

) 4=+ 41208) (20) = () (4 2) - 20 (14 1203)

Note that we didn’t bother to "simplify” the derivative (other than converting the fractional exponent
back to a root) because all we really need this for is a quick evaluation.

Speaking of which here are the evaluations that we’ll need for this problem.
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21.

f(9) =37 (=77)=—-2849  f'(9) = (2)(—77) — 18(37) = —820
Now all that we need to do is write down the equation of the tangent line.

y+2849 = —820(x —9) OR  y = —820x + 4531

We'll first need the derivative, which will require the quotient rule, because we know that the derivative
will give us the rate of change of the function. Here is the derivative.

(1—2x) (1+82%) — (z —2?) (16z) 1 -2z — 822
(1+ 822)° (14 822)°

fi(z) =

Next, we need to know where the function is not changing and so all we need to do is set the
derivative equal to zero and solve. In this case it is clear that the denominator will never be zero
for any real number and so the derivative will only be zero where the numerator is zero. Therefore,
setting the numerator equal to zero and solving gives,

1-27—82°=—(82°+2r—1)=— (4o —1)(2z+1) = 0.

From this it is pretty easy to see that the derivative will be zero, and hence the function will not be
changing, at,

To get the answer to this problem all we need to know is where the derivative is positive (and hence
the function is increasing) or negative (and hence the function is decreasing). Because the derivative
is continuous we know that the only place it can change sign is where the derivative is zero. So a
quick number line will give us the sign of the derivative for the various intervals.

| |
| |
f(-)=-006 F(0)=1 : F()=-011
J'(x) <0 | F(x) >0 | F(x) <0
| |
]
-125 -1 -0.75 -03 -025 0. 025 0.5 0.75 1.

From this we get the following increasing/decreasing information.
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1 1
Increasing : — 3 <z < 1

, 1
Decreasing : —oo<x<—§, - <zr <00

22. We’'ll first need the derivative, for which we will use the product rule, because we know that the

derivative will give us the rate of change of the function. Here is the derivative.

VI (t) = (—2t) (1 +5¢%) + (4 — %) (10t) = 38t — 20t> = 2¢ (19 — 10t?)

Next, we need to know where the function is not changing and so all we need to do is set the
derivative equal to zero and solve. From the factored form of the derivative it is easy to see that the

derivative will be zero at,
/19
t=0 =44/ — = +1.3784
10

To get the answer to this problem all we need to know is where the derivative is positive (and hence
the function is increasing) or negative (and hence the function is decreasing). Because the derivative
is continuous we know that the only place it can change sign is where the derivative is zero. So a
quick number line will give us the sign of the derivative for the various intervals.

Here is the number line for this problem.

v'(-2)=284

|

|

| v'(1)=18
V'(¢)=0 I V{e) <0

|

|

V()= 0

vi(2)=-84
V() <0

From this we get the following increasing/decreasing information.

Increasing : —oo <t < \/ \/
Decreasing : \/ 10 < t < \/ < t < oo

23. Not much to this problem other than to take two derivatives so each step will show each successive

derivative until we get to the second. The first derivative is then,

g (z)= (6:1:2 —9) cos (23:3 — 92)
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24.

25.

Do not forget that often we will end up needing to do a product rule in the second derivative even
though we did not need to do that in the first derivative. The second derivative is then,

g" (z) = 12z cos (22° — 9z) — (627 — 9)2 sin (22° — 97) .

Not much to this problem other than to take two derivatives so each step will show each succes-
sive derivative until we get to the second. We'll do a quick rewrite of the function to help with the
derivatives and then the first derivative is,

Qv) =2(6+2v —’u2)_4
Q' (v) = —8(2—2v) (6+2v—12)".

Do not forget that often we will end up needing to do a product rule in the second derivative even
though we did not need to do that in the first derivative. The second derivative is then,

Q" (v) = 16(6 + 20 — v?) " +40(2 — 20)* (6 + 2v — v?) "

Not much to this problem other than to take two derivatives so each step will show each successive
derivative until we get to the second. The first derivative is then,

H' (t) = —14cos (7t) sin (7).

Do not forget that often we will end up needing to do a product rule in the second derivative even
though we did not need to do that in the first derivative. The second derivative is then,

H" (t) = 98sin (7t) sin (7t) — 98 cos (7t) cos (7t) = 98sin? (7t) — 98cos? (7t).

Note that, in this case, if we recall our trig formulas we could have reduced the product in the first
derivative to a single trig function which would have then allowed us to avoid the product rule for the
second derivative. Can you figure out what the formula is?



	Product and Quotient Rules

