
Math 413/513 FALL 2010

SOLUTIONS
EXAM II – Linear Algebra I

• Problem 1
Given a linear transformation T on a finite dimensional vector space V , satisfying T 2 = T ,
(1) Show that the only possible eigenvalues of T are λ = 0 and λ = 1, and that N(T ) and R(T ) are the only

possible eigenspaces.

Solution: If λ is an eigenvalue and Tv = λv for some v 6= 0, then λv = Tv = T 2v = T (Tv) = T (λv) =
λ2v, hence λ2 = λ. This implies λ = 0 or λ = 1 are the only possible eigenvalues of T .
If λ = 0 is an eigenvalue, the corresponding eigenspace is E0 = N(T − 0I) = N(T ). If λ = 1 is an
eigenvalue, then E1 = {v ∈ V |Tv = v} = R(T ) (Last equality needs a bit of proof ...)

(2) Show that T is diagonalizable.
[Hint: Use that fact that the relation T 2 = T implies N(T )⊕R(T ) = V and T is the projection on R(T )
along N(T ). You do not need to prove this here!]

Solution: From (1), we know that E0 = N(T ) and E1 = R(T ) are the only possible eigenspaces of T .
Since E0 ⊕ E1 = V , it follows that we can construct α a basis for E0 and β1 a basis for E1, and then
β = α ∩ β1 is a basis for V , consisting of eigenvectors for T . (The cases when α = ∅ or β1 = ∅ are
included above).

• Problem 2

Let A =
(

1 2
4 3

)
∈M2×2(R).

(a) Using Cayley-Hamilton theorem for the matrix A, express An as linear combination of I(= I2) and A.

Solution: We compute the characteristic polynomial for A to be f(t) = t2−4t−5. By the Cayley-Hamilton
theorem, A2 − 4A− 5I2 = O2, or A2 = 5I2 + 4A. Multiplying by A both sides, we obtain

A3 = A(5I2 + 4A) = 5A+ 4A2 = 5A+ 4(4A+ 5I2) = 20I2 + 21A,

and this procedure (multiplying by A repeatedly) leads to any power An.
An alternate way to compute ALL powers of A is to use Cayley-Hamilton method, that is, considering

f(x) = xn, we have
An = f(A) = αI2 + βA

where α and β solve the linear system(
1 λ1

1 λ2

)(
α
β

)
=
(
f(λ1)
f(λ2)

)
or

(
1 −1
1 5

)(
α
β

)
=
(

(−1)n

5n

)
,

Explicitly,

An =
5n + 5(−1)n

6
I2 +

5n − (−1)n

6
A

(b) Determine whether A is diagonalizable or not. If yes, find an invertible matrix Q and a diagonal matrix
D such that A = QDQ−1.

Solution: The characteristic polynomial splits (factors into linear terms) as follows: f(t) = (t + 1)(t − 5),
therefore A has two distinct eigenvalues λ1 = −1 and λ2 = 5. Hence A is diagonalizable. One finds an

1



eigenvector X1 =
(

1
−1

)
corresponding to λ1 = −1 and an eigenvector X2 =

(
1
2

)
corresponding to λ2 = 5.

We conclude that the matrices D =
(
−1 0
0 5

)
and Q =

(
1 1
−1 2

)
do the trick (A = QDQ−1).

(c*) Compute the exponential matrix eA using the Cayley-Hamilton method AND using the representation
in (b).
Solution: Using the same method as indicated in part (a) for f(x) = ex we obtain

eA = f(A) = αI2 + βA

where α and β solve the linear system(
1 λ1

1 λ2

)(
α
β

)
=
(
f(λ1)
f(λ2)

)
or

(
1 −1
1 5

)(
α
β

)
=
(

1/e
e5

)
,

Explicitly,

eA =
5/e+ e5

6
I2 +

e5 − 1/e
6

A

Alternately, one can compute the exponential of A taking advantage of the decomposition A = QDQ−1

in (b). Indeed, we have

eA = QeDQ−1 = Q

(
1/e 0
0 e5

)
Q−1 =

1
3

(
2/e+ e5 −1/e+ e5

−2/e+ 2e5 1/e+ 2e5

)
which matches (after some computation) the expression found above using CH method.
(d*) When does it make sense to talk about log(A), given a matrix A?
Solution:
Using the CH method, it is clear that one can define log(A) using the Taylor expansion of log(1 + x) around
x = 0:

log(I +B) = I −B +B2/2−B3/3 + . . .

and then be led to the formula (B + A − I): log(A) = αI2 + βA where α and β solve a system involving
log(λ1) and log(λ2. Over the field of reals, this is only possible of λi > 0 for all eigenvalues of A, meaning if
A is positive definite. The matrix in (a) is not positive definite, so log(A) does not exist. It is more difficult
(but not impossible) to show that the series that defines this is not convergent....

• Problem 3
Given V = R3, with the (standard) Euclidean inner product,
(a) Determine an orthonormal basis for the subspace W = {(x, y, z) |x− y + 3z = 0}

Solution: First, we pick two linearly independent vectors in W (which will form a basis for W ). Say
w1 = (−3, 0, 1) and w2 = (0, 3, 1). Next, we orthogonalize this basis to obtain: v1 = w1 = (−3, 0, 1)T and
v2 = w2 − <w2,v1>

‖v1‖2 v1 = 3
10 (1, 10, 3). Finally, we orthonormalize this basis to obtain:

u1 =
v1
‖v1‖

=
1√
10

(−3, 0, 1)T , u2 =
v2
‖v2‖

=
1√
110

(1, 10, 3)T .

(b) Find the orthogonal projection of the vector u = (2, 3, 1) on the subspace W as in (a).
[Do not use the cross product!!!]

Solution: Since {u1, u2} is an orthonormal basis for W , the orthogonal projection of any vector u ∈ R3 is
< u, u1 > u1+ < u, u2 > u2. For u = (2, 3, 1)T we compute the orthogonal projection of u onto W to be

−5
10

(−3, 0, 1)T +
35
110

(1, 10, 3)T =
5
11

(4, 7, 1)T .

• Problem 4
Let V = C([−1, 1]) be the space of continuous functions on the interval [−1, 1] over the field of reals.



(a) Show that the following is an inner product on V :

< f, g >=
∫ 1

−1

f(x)g(x)
1√

1− x2
dx

Solution: One verifies the 4 axioms of the inner product on page 330 in the textbook.

(b) Find an orthonormal basis for the subspace W of V , consisting of polynomials of degree at most 2.
[W = P2(R)

⋂
V .] [Hint: Start with the set {1, x, x2} and apply Gram Schmidt orthogonalization process.]

Solution: After applying Gram-Schmidt to the set above one obtains the orthonormal basis

{ 1√
π
,

√
2
π
x,

√
8
π

(x2 − 1
2

)}

[BTW, these are called Chebyshev polynomials and play an important role in numerical analysis, similar to
Legendre polynomials.]

• Problem 5
Let V = P2([−1, 1],C) be the vector space of polynomials of degree at most 2 with complex coefficients, with
the ’standard’ inner product < f, g >=

∫ 1

−1
f(t)g(t) dt.

Find the adjoint transformation T ∗ of the linear transformation T : V → V , defined by

T (f) = if ′ + 2f.

Solution: We will use the fact that [T ∗]β = [T ]∗β if β is an ORTHONORMAL basis for V . Such a basis
can be obtained from the standard basis α = {1, t, t2}, by Gram Schmidt orthonormalization process (see
Example 5 page 345):

β = {u1, u2, u3} = { 1√
2
,

√
3
2
t,

√
5
8

(3t2 − 1)}.

Computing T ( 1√
2
) = 2 1√

2
, T (

√
3
2 t) = i

√
3
2 + 2

√
3
2 t and T (

√
5
8 (3t2− 1)) = 3i

√
5
2 t+ 2

√
5
8 (3t2− 1), we obtain

T (u1) = 2u1, T (u2) = i
√

3u1 + 2u2, T (u3) = i
√

15u2 + 2u3. Hence,

[T ]β =

2 i
√

3 0
0 2 i

√
15

0 0 2

⇒ [T ]∗β =

 2 0 0
−i
√

3 2 0
0 −i

√
15 2



Finally, back in the standard basis α, [T ∗]α = Q[T ∗]βQ−1, where Q =


1√
2

0 −
√

5
8

0
√

3
2 0

0 0 3
√

5
8

 is the change of

basis matrix from α to β.

• Problem 6
(a) Let x, y be linearly independent vectors in an inner product space V,< ·, · > such that ‖x‖ = ‖y‖ = 1.
Prove that ‖(1− t)x+ ty‖ < 1, for all t ∈ (0, 1).

Solution: We have

‖(1− t)x+ ty‖2 =< (1− t)x+ ty, (1− t)x+ ty >

= ‖(1− t)x‖2 + ‖ty‖2 + 2Re < (1− t)x, ty >
= (1− t)2 + t2 + 2t(1− t)Re < x.y >

< (1− t)2 + t2 + 2t(1− t)‖x‖‖y‖ = t2 − 2t+ 1 + t2 + 2t− 2t2 = 1



Here we used the facts that ‖x‖ = ‖y‖ = 1 and the Cauchy Schwartz inequality Re < x, y >≤ | < x, y > | <
‖x‖‖y‖ = 1.(The strict inequality is because of the assumption that x and y are not multiple of each other.)

(b) Let ‖x‖ = |x1|+ |x2| for x = (x1, x2) ∈ R, be the taxi-cab norm on R2 (see general definition of a ’norm’
on page 339). Use (a) to show that there is no inner product < ·, · > on R2 such that ‖x‖2 =< x, x >.

Solution: Let x = (1, 0) and y = (0, 1) and t = 1
2 . In the taxi cab norm, we can see that ‖x‖ = ‖y‖ = 1 but

‖ 1
2x+ 1

2y‖ = 1, so by part (a), this norm cannot originate from an inner product space.

• Problem 7*
Let V be a finite dimensional vector space and T , U linear transformations which commute, i.e. TU = UT ,
and whose characteristic polynomials split.
(a) If λ is an eigenvalue for T , with corresponding eigenspace Eλ, show that Eλ is U -invariant.

Solution: Let v ∈ Eλ, so Tv = λv. Then T (Uv) = U(Tv) = U(λv) = λUv, which means Uv ∈ Eλ, so Eλ is
U -invariant.

(b) Show that T and U must have at least one common eigenvector (in V ).

Solution: Since the characteristic polynomial of T splits, it means that T has at least one eigenvalue λ. For
this eigenvalue, the eigenspace Eλ is U -invariant, according to (a). Denote U ′, restriction of U to Eλ. Then
the characteristic polynomial of U ′ divides the characteristic polinomial of U , hence splits. We conclude that
U ′ admits at least one eigenvalue, and at least one eigenvector, which happens to be also in Eλ, hence it is
a common eigenvalue for both T and U .

(c) If we assume, in addition, that T and U are both diagonalizable, show that T and U are simultaneous
diagonalizable, that is there exists a common basis of eigenvectors for both T and U .
[Hint: If E1, . . . , Ek denote the distinct eigenspaces of T , and F1, . . . , Fl denote the distinct eigenspaces of
U , such that E1 ⊕ . . .⊕ Ek = V = F1 ⊕ . . .⊕ Fl, show that

∑
jW ∩ Fj = W for each W = Ei, i = 1, . . . k.]

Solution: Since T is diagonalizable, V = E1 ⊕ . . . Ek. We will construct a basis for V consisting of eigen-
vectors for both T and U by constructing bases βi for each Ei, i = 1 . . . k, consisting of eigenvectors of U
(and henceforth common eigenvectors for both T and U).

From now on we fix i and denote W = Ei, the ith eigenspace of T . We claim that

W = W ∩ F1 ⊕ . . .⊕W ∩ Fl
Indeed, let w ∈ W . Since w ∈ V = F1 ⊕ . . . ⊕ Fl (U is diagonlizable), it follows that w = v1 + . . . vl for
some eigenvectors (for U) vj ∈ Fj . By the result proved in HMW (Exercise 23, Sect 5.4), (you may include
the proof here) since W is U -invariant, and v1 + . . . + vl = w ∈ W , it follows that each vj ∈ W , hence
vj ∈W ∩Fj , j = 1 . . . l. This proves that w ∈W ∩F1⊕ . . .⊕W ∩Fl. Since the opposite inclusion is obvious,
the claim is proved.

To construct a basis for W (= Ei) consisting of eigenvectors for U (hence common for both T and U), it is
enough to pick an arbitrary basis (say βij) for each W ∩ Fj and take their union after j:

βi =
l⋃

j=1

βij is a basis for Ei, consisting of eigenvectors for both T and U

.
As was mentioned before, β =

⋃k
i=1 βi is then the desired basis for V , consisting of eigenvectors for both T

and U , which proves that T and U are simultaneous diagonalizable.


