SOLU ONS 10
SARPLE EXAMN 2

s« Problem 1
406 1

() Show that the matrix 4 = (l 0 -1} € Max3i{R) is NOT diagonazilable over the field of reals.
o 11
(b) Show that the same matrix, viewed as A € M3x3{C) IS diagonalizable over the complex field.

(c) Find ao invertible matrix @ € M3,3{C) such that Q-1 AQ is diagonal.
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+ Problem 2
Show that if T: V — V is diagonalizable, then V = N(T}@ R(T).
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e Problem 3

Let T : V — V be linear such that 7% = 0 for some positive integer k (such a T is called nilpotent).
(2) Show that 0 is an eigenvalue of T' and no other eigenvalues exists for T

(b) Using the Cayley-Hamilton theorem, show that 7™ =0, where n = dim(V).

(c) Show that T is not diagonalizable (unless T = 0)
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e Problem 4
Let V be an inner product vector space over a scalar field F.

(a) Show that | < z,y > | = ||z|| - |ly|| if and only if one of the vectors x or y is a scalar multiple of the other.

(b) Similarly, show that ||z + y|| = ||z|| + {|y]} if and only if z = 0 or y = Az, for some A € ]ﬂz
[See exercise 15, page 337] +
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e Problem 5

Verify that the following vectors are orthogonal with respect to the standard inner product in R?, and then
extend these to form an orthogonal basis in R*:
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e Problem 6

Let V = C®[—1,1] be the space of complex valued functions, together wih the inner product < f,g >=
L, £(8)9 dr.

(a) Let Wy be the subspaces of even functions (f(~t) = f(t)) and W, the subspace of odd functions

(f(—t) = —f(t)). Show that Wa = Wit and Wy ® Wa = V. What is the orthogonal projection of a
functlon f €V onto Wy?

(b) Consider the linear transformations T f(t) =

if'(t) and U f(t) = tf(t), restricted to the subspace Wy of
all functions satisfying f(—1) = f(1

). Show that both T" and U are self-adjoint (that is T* = 1" and U* = U).
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e Problem 7
Show that, for two linear transformations S and T' from a finite dimensional inner product space V' to itself,
R(S) L R(T) if and only if S*T = 0.
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e Problem 8*
Let V = Myun(C) and for A, B € V, define < A, B >= tr(AB").
(a) Show that < -,- > is an inner product on V.
(b) Show that if A is normal (A*A = AA*) , then

A2 = tr(AA*) = ): A2

where A are the (not necessarily distinct) eigenvalues of A.
(¢) Find the orthogonal complement of the subspace of V consisting of all diagonal matrices.

(0 AR, B = <ARB>FALD
LA By - cdMR>

oy = (B A> L <AAYpo [ At
Con Le Pa/ﬂ% Wm&

A= (), e (ARAT)- Z Elm re.

C°). gﬂ W‘AMA-Q (TF-() ->Atw,ahmw barts

r& Jzzbzwc&m - A;Q DB Whew & o M@ziwfi‘w

(Q -Q )
> AA'= @DQQDQb QD>(Q) Q D> R
=) e () = T (OD7) = a0t

© W W L Besm (0 B byl
pew*’@ (P BO=0 gMJUZ Qe W

=) e (AB)=0 gq\(JLQ Be W

= 4\\3‘«4& - p=te S Aau«vtil%uw *A‘Qh
(f“% e (-1, 1*) =) Gy T T T a, =0

> (\,\; - {A MO }AA\QMM AR o }u.f
[2\






