March 15, 2017

’
MATH 4/5420 - Optimization
Midterm Exam - Spring 2017

1. (a) Given the linear function f(zr) = 67 x, where b € R", compute the gradient 77, using the directional derivative
calculation. [Avoid the use of coordinates in your proof] cR™
3

Foe we RN,

We  Kow ((,,3 s Q“QL) = ((l(x+o<t9L=°': Vf(k)'},
Oy e oflar namdk . - =
(G(-X‘-F“(D}T ‘or(xf“(?}:: bxf-chto‘; $a f&? ((:(x'*“‘fb: b F o
T gk, e, LLeep) =L,
Q‘\Mcg(v,g(x))‘{) = ‘DTF Jn R F@R“ - les ke
= VRS — el
=) Oftx) = b | =

(b) Given the quadratic function f(x) = z7 Az, where A is a symmetric matrix, positive definite matrix, show that z* =
is the unique global minimizer for f.
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2. Using Taylor's Theoremﬁ; .‘1 ‘ - J‘.? - ‘§ *g'- & -‘;‘7‘
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f+9) = (&) + 91@)Tp+ 507 G Sz -+ tp)p, for some ¢ € (0,1)

prove that if x* is such that 7 f(z*) = 0, then: [Choose only one of the two]

(a) [Necessary condition] If mml) minimizer, then 72 f(z*) is positive semidefinite.
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(b) [Sufficient condition] If 572 f(z*) is positive definite, then z* is a (local) minimizer.

{c) What can happen in (b) if the Hessian is not positive definite but only semi-positive definite? Give an example in
1-dim and 2-dim.
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3. Consider the optimization problem
min || 4z - b|*

where A is a (possibly nonsquare) m x n matrix with m > n, and b € R™,

(a) Rewrite the objective function as a quadratic function of z € R™ and write down {without computing) the gradient
and Hessian of this quadratic function.
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(b) Show that if A has maximum rank (all n columns are linearly independent), then the quadratic function is strictly
convex and hence the minimization problem has an unique minimizer.
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(c) Write down the steepest descent method with exact line search. Then perform the first iteration, that is, given a
starting point 2%, compute !,
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4. Consider the least-square approximation problem

min Z y; — (z1 + zaty))”
&1.X3

of finding the line that best fits the data set {¢;,y;} = {(-1,1), (0, -1),(1,0),(2,2)}, which amounts to finding the
solution to the minimization problem

min || Az - b]®
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Following the steps in exercise 3, find the minimizer z* and give a reason for why the steepest descent method converges.
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