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Exercise 1
Consider the linear differential equation

¥ = —2 4+ 2sint

{a} Find the general solution exxplicitly.

{b) Show that there I8 a unique periedic solution.

{¢} Plot the phase portrait in the (¢, #) plane. Explain what does it mean to say that the perlodic
solution is 'asymptotically stable’ and then prowve it.

{d) [Extra eredit: 10 points] Can you redo ANY of the above for the nonlinear aquation
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Exercise 2
Congider the hnear system X' = AX, where

12
A= l-4 —3]

(a} Find a matrix T' that puts 4 in canonical forin B = T AT

(b} Find the general solution of both X' = AX and Y’ = BY and plot the phase portraits of
both svstem.

(¢} Show that Lix, y) = #° 4+ * 1s a Liapunov function for the system Y = BY.

(d) Construct a Liapunov function for the original system X' = AX,
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Exercise 3
Consider the system of differential equations
' =a(—z —y4+1)
v =ul—ar —y+b)
where a, b > U are parameters. Suppose this system is only defined for =,y > O,
{a) Use the nullelines to sketch the phiase portrait for this system for various values of a and b,
() Determine the values of o and & at which a bifurcation ocours.

(e} Sketeh the regions in the (a,b) plane where this system has qualitatively similar phase por-
traits, and describe the biturcations that oconr as parameters cross the boundaries of these regions,
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Exercise 4
Find all the equilibria of the system:

' =1-xy

o= — g
i

Y=z 2z

and determine whether they are stable or unstable.
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Exercise 5

Prowve that all solutions of the equations
I
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Exercise 6

Consider the nonlinear system

=1 -],H.*,r's
i

g ==y
(a) Show that the origin (0,0} s a nonlinear saddle and plot the phase portrait, including the
nullclines. _
(b) Ezpheitly solve the nonlinear system for X(t) = [J.'[-"J.:!.f[f]]rl and compute the How ¢ Xg) =
X(t) for all Xy = [z, L-!.'L_.]'I B
(e} Determine the stable W#(0, 0 and unstable W0, 0) eurves of the saddle poit (0, 0} and then
cotnpare your conclusion with the phase portrait
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|
Exercise T
Consider the system
T = Uy
¥ =xz{z—1)+cy
where ¢ 18 a parameter.
(a) Find all equilibria and discuss their stability in terms of .
(b} Show that for ¢ = 2 there exists a heteroclinic orbit () = {x(#), y(¢)) such that ='(t) > 0
for all t.
[Hint: Show that there exists a triangular region bounded by y =0, x = 1 and y = px, (with g to
be determined) which 18 negatively invariant for the dynamical system)|
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