Experiment #4 Gauss’s Law Prelab Hints

This lab and prelab will make extensive use of Potentials and Gauss’s Law, and using
calculus to recast the electric field in terms of potential ... The intent of this is to provide
some insight and assistance to help you solve the problems for this prelab.

Prelab Question 1: In Prelab questions 2 and 3, the electric fields predicted by Gauss’
Law for the infinite planar and infinite cylindrical change symmetries will be given
to you. Using these results, you will recast the electric fields and charge densities as

potentials. Explain why this recasting is necessary.

From Lab 3, we plotted out the Electric Field using the carbon paper; it is very easy to
measure the Electric Potential using a DMM - but difficult to directly measure the
Electric Field. We in turn used the plot of the Electric Potential lines to effectively draw
in the Electric Field. Similarly, if we can recast everything in terms of the Electric
Potential, it will make the experiment easier to perform and compare to a theoretical
value.

Prelab Question 2: Consider an infinite plane with a uniform surface charge density

of o.

t.oloei Gaussian
Surface

From Gauss’ Law, the electric field of an infinite plane is:
E- %9 4
2¢,

First, | had to re-draw the picture, because the one above was a little confusing to me —in
the sense of “how is that an infinite plane?”.
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Notice that the electric field conveniently points in the + § and — y direction. Also,

notice that we “conveniently” chose the Gaussian Surface to have four of its surfaces
with normals perpendicular to the electric field and two of its surfaces with normals in all
the same direction as the electric field (i.e., parallel).

If we draw in the Gaussian Surface (in blue), the charged plane (in black) and a
coordinate axis frame, we can start to describe the electric field being generated.
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(LMAOQO — and I was just complaining about “bad pictures”...)

Using Gauss’ Law:

§Eod:&=—
S

First, let’s consider the Right Hand Side (RHS) of Gauss’ Law:

(Notice that since o is a “charge density” it has units of [C/m?], so we need to multiply it

times the area we are considering to get simply the charge enclosed in that area.)
Qu _oA
80 80

Next, let’s consider the Left Hand Side (LHS) of Gauss’ Law:

{EOdA
S

First, if we look simply at the Gaussian Surface, we can see that there are 6 effective
areas that we need to consider for the LHS of Gauss’ Law.
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This means that the LHS is basically:
§E0d,&=IEOdAl+IEOdA2+IEOdAS+IEOdA4+J‘EOd/&5+IEOd,&e
S S1 S2 S3 S4 S5 S6

Let’s start with Areas 2-5, since those are “easy””:

Area 3.

For Areas 2-5, notice that the area segment normal for each of these areas is pointing
perpendicular to the direction of the electric field. This means that the angle between
theses area segment normals and the electric field will always be 90 degrees. [PAY

ATTENTION TO DIRECTION: Based upon our coordinate frame above, f,,.,, iS
pointing in the — X direction, i, is pointing in the +Z direction, fi,.,, is pointing in
the + X direction, and i, is pointing in the —Z direction.] This is convenient, because
then the dot product will always be zero for all these surfaces. ©

If we consider an area segment of surface 2, we see that the infinitesimal area is given as:
dA, =dz*dy ; Vy:0<y<h;Vz:0<z<w

Likewise, following in suit, for surfaces 3-5, we see that their infinitesimal areas are
given as:

dA;, =dx*dy ; vx:0<x<I; Vy:0<y<h

dA, =dz*dy ; Vy:0<y<h;Vz:0<z<w

dA, =dx*dy ; Vx:0<x<I; Vy:0<y<h

This means we can now evaluate the integrals for surface 2 (S2) through surface 5 (S5):

EedA, = H E dydz(+ § e —%)cos(¢) = E (0)cos(@ J'dyj dz=

o=

EedA, = ﬁ E dxdy(+ §  2)cos(¢) = E (O)cos(90°)jdsj dz=0

odA, =

O ey

]V E dy dz(+ § « +%)cos(#) = E (0)cos(90° )j' dyT dz=0
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IE dA, = II E dxdy (+ § e —2)cos(¢) = E(O)cos(90°)_lfds_vadz:0

S5

O"—zé

Next, let’s continue with Areas 1 and 6:

For Areas 1 and 6, notice that the area segment normal for each of these areas is pointing
parallel (and in the same direction) to the direction of the electric field. This means that
the angle between theses area segment normals and the electric field will always be 0
degrees. [PAY ATTENTION TO DIRECTION: Based upon our coordinate frame

above, N,.,, IS pointing in the + y direction, and i, is pointing in the — y direction.]

This is convenient, because then the dot product will always be one for all these surfaces.
©

If we consider an area segment of surface 1, we see that the infinitesimal area is given as:
dA =dz*dx; ¥x:0<x<I; vVz:0<z<w

Likewise, following in suit, for surface 6, we see that its infinitesimal area is also given
as:

dA; =dz*dx; ¥x:0<x<I; Vy:0<z<w
This means the integrals are practically identical, and we can now evaluate the integrals
for surface 1 (S1) and surface 6 (S6):

I dA = 'I[T E dxdz (+ § o +9)cos(¢) = E (L)cos(0° [ dy [ dz=E (Iw)
IE A ﬁ E dxdz(— § —9)cos(4) = E (1)cos( °)J|.dyfdz: E(lw)

This means that the LHS of Gauss’ Law is simply:
{EOdA= J.EOdAl+ J.EOdAZ +J.E0d,&3 + J.EOdA4 + J.EOd,&s + JE-dAG
S S1 S2 S3 S4 S5 S6

fEedA=EA +0+0+0+0+EA =2EA
S

Now, setting the LHS equal to the RHS:
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Thus putting everything together and solving for the Electric Field:

E- % p
2¢,

OK, this looks good ... let’s continue with the rest of the problem.
The uniformly charged infinite plane has equipotential surfaces that are parallel to

it. Since we can pick anywhere we want to be zero potential, we will call the

equipotential at x = d the V = 0 equipotential, as shown in the figure below:

a =10

FS
B
w

a.) Using the relationship between potential and electric field:

AV =—|Eeds

O

find the potential difference between the points x =d and x = x.

First, let’s plug in the electric field we found above and the infinitesimal displacement
(pointing in the same direction as the electric field) [IMPORTANT: Note that if we
went with the bounds of x->d for the integral, instead of d>X (as we have) ... then
the displacement vector wouldn’t have the same sign and would be pointing in the
opposite direction as the electric field! This would result in a -1 for the dot product;

but still gives us the same answer. ©]:
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AV=—_X[%dn (Aef)=——"—[dn (1)=-—"[dn

o 2¢

Next, the trick is to use the negative sign to “flip the ratio™:

c o o
AV=——"n|=———(x-d)=——I(d -
2¢, (nls 2¢ (X ) 26‘0( X)

0

This means we can determine the potential at any arbitrary distance x from the surface of

the charged plane.

V(x)= —%(x—d)

0

b.) The potential you found in part (a) has the form:
V =mx+b
where m and b depend on o . Use the fact thatatx =0, V=V, tofind mand b
in terms of V, instead of o . In this lab, you will compare the theoretical

values of m and b to the experimentally measured values of m and b.

It’s easy to see that the form mentioned here and the form we found do match, where:

m= _i and b= G_d
2¢, 2¢,
If we apply the boundary condition at x = 0:
o od
V0)=—I(d-0)=—=V
(0)=57-(a-0)= 7=,

Now, solve for 21 and plug this back into our generic V(x) equation:
&

0
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This means, now:

mz—% and b=V,

We have now successfully recast the electric field of an infinite charged plane into
potential (something we can measure and compare in the lab).

Prelab Question 3: Consider an infinite cylinder of radius a with a uniform charge
per length L of A.

Gaussian

£
—_—
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From Gauss’s Law, the electric field of an infinite cylinder at a radial distance r
from its center is:

2kA

r

E=""C0

First, I had to re-draw the picture, again, because the one above was a little confusing to

me — in the sense of “how is that an infinite cylinder?”. WHO DRAWS THESE
PICTURES?!?
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Notice that the electric field direction is given as radiating off of the infinite cylinder.
Also, notice that we “conveniently” chose the Gaussian Surface to have two of its

surfaces with normals perpendicular to the radiating electric field and one of its surfaces
with normals in all the same direction as the electric field (i.e., parallel).

If we draw in the Gaussian Surface (in blue), the charged cylinder (in black) and a

coordinate axis frame, we can start to describe the electric field being generated.

Gaussian

1
!
! AT l;/ Surface
D) "r -

1

If we take an “edge on” view of this, it is very easy to see that the electric field sits in the

Y-Z plane and radiates away from the cylinder (this is given as the direction+ ).

Yy b

[ H]

Bair 8



Using Gauss’ Law:

=~ Qu
iE-d =t

0

First, let’s consider the Right Hand Side (RHS) of Gauss’ Law:

Next, let’s consider the Left Hand Side (LHS) of Gauss’ Law:

{E’od/&
s

First, if we look simply at the Gaussian Surface, we can see that there are 3 effective
areas that we need to consider for the LHS of Gauss’ Law. This means that the LHS is

basically:

{EOdA=J.EOdAl+IEOdA2+J.EOdA3

Let’s start with Areas 1 and 3, since those are “easy’”:

Area s LI

For Areas 1 and 3, notice that the area segment normal for each of these areas is pointing
perpendicular to the direction of the electric field. This means that the angle between
theses area segment normals and the electric field will always be 90 degrees (for area 3 or
270 degrees — for area 1). [PAY ATTENTION TO DIRECTION: Based upon our

A

coordinate frame above, fi,.,, is pointing in the — X direction and fi,,, is pointing in
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the + X direction.] This is convenient, because then the dot product will always be zero
for both surfaces. © If we consider an area segment of surface 1 (which is identical to
surface 3 — just pointing in the opposite direction), we see that the infinitesimal area is

given as:

ar
N

Areal

dA , =dr*dg; vr:0<r<R;V0:0<0<2r,

This means we can now evaluate the integrals for surface 1 (S1) and surface 3 (S3):

[EedA = TZjE drd6(f e —%)cos(4) = E (0)cos(270° )Tdrzfdez 0
[EedA, = TTE drdé(f e X)cos(¢) = E (0)cos(90°)jidrzjird6: 0

Next, let’s continue with Area 2:
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For Area 2, notice that for the Gaussian Surface we selected, the area segment normal (on
the surface around the cylinder) is always pointing in the same direction as the electric
field. [AGAIN, PAY ATTENTION TO DIRECTION: Based upon our coordinate
frame above, f,.,, is pointing in the + f direction.] This means that the angle between
the area segment normal and the electric field will always be 0. This is convenient,

because then the dot product will always be one for the surface. © If we consider an area

segment of surface 2, we see that the infinitesimal area is given as:

dA, =dl*rdé@; vl:0<I<L; VO:0<0<2r;

This means we can now evaluate the integrals for surface 2 (S2):

TEd rdocos(@) (¢« F)=E roos(0)@)[ ol [d6

0 0

EedA, =

N
o'—.l—

fEedA, =Erl[;0[F"=Er(L-0)(22r -0)=27rEL

Phew, now we case see that the LHS is simply:

fEedA=[EedA + [EedA, + [EedA =0+27rEL+0=27rEL
S S1 S2 S3

Now, setting the LHS equal to the RHS:

27ZfEL=&

&
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Thus putting everything together and solving for the Electric Field:

E-_% ¢
2nr g,
Using the relationship that:
L
80
= 4zkA . 2kA
E=—1F=—-T¥
2ar r

OK, this looks good ... let’s continue with the rest of the problem.

The uniformly charged infinite cylinder has equipotential surfaces that are also
cylinders and concentric with the charged cylinder. We will call the equipotential at

r="bthe
V (b) =0and at r = a the V(a) = V,:

a.) Using the relationship between potential and electric field:
b —
AV = —I Eeds
R

find the potential difference between the pointsr=R and r = b.
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First, let’s plug in the electric field we found above and the infinitesimal displacement
(pointing in the same direction as the electric field) [IMPORTANT: Note that if we
went with the bounds of b>R for the integral, instead of R>b (as we have) ... then
the displacement vector wouldn’t have the same sign and would be pointing in the
opposite direction as the electric field! This would result in a -1 for the dot product;

but still gives us the same answer. ©]:

% 2k (7o) "1
AV_—lerr f _—2k/1j dr :—ZkA'R[Fdr

Next, the trick is to use the negative sign to “flip the log”:

AV = 2k (In(r) ;= —2k2 (In(b)— In(R)) = 2kA (In(R)~ In(b) = 2k '”@

This means we can determine the potential at any arbitrary distance R from the surface of

b
- j&d _2k/1|( j
r b

R

the charged rod.

b.) The potential you found in part a has the form:
V =AIn (Br)
where A depends on lambda and B is a geometric parameter. Use the fact
thatatr =a, V(a) = V, to find A and B in terms of V,, a and b instead of
lambda. In this lab, you will compare the theoretical values of A and B to the

experimentally measure values of A and B.

It’s easy to see that the form mentioned here and the form we found do match, where:

V = Aln(Br) = 2k/1|n(%j
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A=2k1 and B :%
If we apply the boundary condition at R = a:

V(a)= ZkAIn(%j V.

0

Now, solve for 2kA and plug this back into our generic V(R) equation:

This means, now:

We have now successfully recast the electric field of an infinite charged cylinder into

potential (something we can measure and compare in the lab).

~~TOLD YOU THIS WOULD NOT BE EASY!! ~~
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