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ABSTRACT

Through high-fidelity numerical simulation based on the lattice Boltzmann method, we have conducted an in-depth study on the heat and
mass transport from an oblate spheroid neutrally suspended in a simple shear flow. In the simulation, the temperature and mass concentra-
tion are modeled as a passive scalar released at the surface of the spheroid. The fluid dynamics induced by the interaction between the carrier
fluid and the suspended spheroid, as well as the resultant scalar transport process, have been extensively investigated. A coupled transport
mechanism comprising several components of the flow around the oblate spheroid has been identified. The effects of the Reynolds number
and the aspect ratio of the spheroid on the flow characteristics and scalar transport rate are examined. The variation of the nondimensional
scalar transport rate suggests that the effect of spheroid shape on scalar transfer rate can be decoupled from the effects of Peclet and
Reynolds numbers, which facilitates the development of a correlation of scalar transfer rate for oblate spheroids based on the well-developed
correlations for a sphere.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0140778

I. INTRODUCTION

Heat and mass transport from neutrally suspended solid particles
in shear flows have fundamental importance in both scientific and
industrial applications, from traditional drug delivery1 and metal ore
heap leaching2 to emerging renewable biomass energy3 and dissolvable
microrobots.4 At the small Prandtl (Pr) and Schmidt (Sc) numbers,
heat and mass diffusion play a dominant role in the transport pro-
cesses. A large number of studies on diffusion-based transport pro-
cesses have been carried out, and many analytical and theoretical
models have been developed and widely used.5–7 In many applications,
such as the dissolution of drug particles, the Schmidt number for the
diffusion of drug molecules in water can be up to O(104).8 Under this
condition, the diffusive transport of the molecules becomes inefficient,
and the effect of hydrodynamics becomes important. The interaction
between the ambient fluid and the suspended particles induces com-
plex hydrodynamics, which in turn create an additional heat and mass
transport mechanism. The hydrodynamics are composed of the con-
vection due to the relative velocity between the particle and the sur-
rounding fluid and the flow shear due to the relative motion of
adjacent flow layers. It was found by Wang and Brasseur9 that flow
shear plays a more important role in mass transport for small particles.

The spinning motion of the particle creates a local recirculating flow,
which helps advect dissolved mass away from the particle surface.

In nondimensional form, the transfer rates are described by the
Nusselt number (Nu) for heat and the Sherwood number (Sh) for
mass, which are defined, respectively, as the ratios of the advective
heat and mass transfer rates to diffusive transfer rate. In the situations
with fixed temperature or species concentration on the particle surface,
Nusselt and Sherwood numbers are determined by the Reynolds (Re)
and Peclet (Pe, which is equal to RePr or ReSc) numbers, defined based
on the particle size and flow shear rate. Since the 1960s, considerable
effort has been put into the characterization of the heat and mass
transfer from spherical particles, and the construction of the depen-
dence of Nu and Sh on Re and Pe. Frankel and Acrivos10 derived an
asymptotic formula for the Sherwood number in terms of the Peclet
number in the limit of Pe! 0 at Re ¼ 0 as Sh ¼ 1þ 0:257Pe1=2. For
large Peclet numbers, Acrivos11 took advantage of the analogy between
the sphere and the cylinder in a simple shear flow and solved the
transfer problem using an approximate method. He found that the
freely suspended sphere is completely surrounded by a region of closed
streamlines at Re ¼ 0, across which heat and mass can only be trans-
ferred by diffusion, thereby making the Nu or Sh asymptotically
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approach a constant (�4.5) as Pe goes to infinity. Batchelor12 followed
these important works with an extensive analysis of the transfer rate of
heat or mass from a suspended particle in a steady flow with linear
velocity distribution in the limit of Pe � 1 and Pe � 1. He derived
the same asymptotic equation as Frankel and Acrivos,10 but with a dif-
ferent proportionality constant. The theoretical studies mentioned
above established the basis for subsequent studies on this subject.
Using an advanced method of asymptotic interpolation on a pre-
scribed form of the formula for Sh and Pe, Polyanin and Dil’man13

obtained an approximate formula for the Sherwood number over the
entire range of Peclet number at Re ¼ 0. Subramanian and Koch14,15

proved that the flow inertia caused by non-zero Reynolds number
breaks the closed streamlines around the particle in a simple shear
flow and creates an additional mechanism of heat and mass transfer
from the particle. They derived a correlation of Sh as a function of Re
and Pe, which is applicable in the asymptotic limits of Re � 1 and
Re� 1=Pe2=5. Due to the intrinsic complexity of transport problems,
however, these purely theoretical studies cannot effectively deal with
the effect of the Reynolds number and do not provide a good predic-
tion of Nusselt and Sherwood numbers at finite Reynolds numbers.

With the rapid development of computational fluid dynamics
methods in recent decades, large-scale numerical simulation now ena-
bles the in-depth study of heat and mass transport around moving
particles under a wide range of flow conditions. The published studies
on flow-shear-driven enhancement of heat and mass transport from
spherical particles are still, however, very sparse. A numerical model
based on the lattice Boltzmann method based was developed by Wang
and Brasseur;9 they extensively analyzed the hydrodynamic enhance-
ment of heat and mass release from a spherical particle suspended in a
simple shear flow, with Reynolds numbers up to 10 and Schmidt num-
bers up to 100. Based on numerical results, they developed an accurate
correlation for shear enhancement of Nusselt or Sherwood number as
a function of Reynolds and Peclet numbers.

In realistic applications, more than 70% of solid particles are
believed to be non-spherical, and morphology plays a key role in parti-
cle scale heat and mass transfer characteristics.16,17 Furthermore, non-
spherical particles present some interesting characteristics and behav-
iors, such as good margination in shear flow, that make them broadly
useful in bioparticle separation18 and drug delivery.19 As a simplified
model of non-spherical particles, the rotational dynamics of a single
spheroidal, i.e., oblate or prolate, particle, freely suspended in a shear
flow, have been extensively investigated since the 1920s, and several
distinctive states have been identified, depending on the Reynolds
number and particle aspect ratio.20–25 In the past decade, the effects of
fluid and particle inertia have become the focus of research. Using lat-
tice Boltzmann-based numerical methods, Mao and Alexeev24 and
Ros�en et al.25 independently examined the effects of fluid inertia and
particle rotary inertia on the dynamics and trajectory of spheroid par-
ticles at low and moderate Reynolds numbers. They found that the
particle behaviors are significantly influenced by particle inertia, which
is characterized by the Stokes number (St). Through theoretical analy-
sis, Marath and Subramanian26,27 systematically studied the effects of
fluid and particle inertia on the rotational dynamics of oblate and pro-
late spheroids, and analyzed the dependence of particle orientation
and rotation period on Reynolds and Stokes numbers.

Despite the considerable efforts devoted to the rotational dynam-
ics of oblate and prolate spheroids, however, the mechanisms for heat

and mass transport induced by the interaction of carrier fluid and sus-
pended non-spherical particles under shear conditions are still not
well understood. In the case where the Peclet number is significantly
greater than 1, the fluid and particle dynamics play an important role
in transporting heat and mass through advection, which combines
with diffusion transport to form a coupled transport mechanism.
Understanding the fluid dynamics of the interaction between the car-
rier fluid and the suspended particles is the key to revealing the advec-
tive transport mechanism for heat and mass.

Compared with prolate spheroids, the motion of oblate spheroids
is relatively simple. Qi and Luo22 found that in the low Reynolds num-
ber range 0 < Re < Rec � 220, the oblate spheroid tends to spin at a
constant speed about its minor axis, where Rec is a critical Reynolds
number. These conclusions have since been confirmed by other stud-
ies.28–30 As an initial exploration of the complex transport mechanisms
in non-spherical particle systems, therefore, this paper focuses on the
heat and mass transport from a single oblate spheroid neutrally sus-
pended in a simple shear flow. The primary goal is to identify the com-
plex transport mechanisms of non-spherical particles. To this end, we
develop a high-fidelity numerical model based on the multigrid lattice
Boltzmann framework, and we extensively examine the transport pro-
cess of a passive scalar from a neutrally suspended oblate spheroid.
We consider spheroids of various aspect ratios in the ranges of Re � 1
and Pe � 100. The paper is organized as follows. The physical model
is presented in Sec. II. The numerical methods are described in Sec. III.
The result validation is given in Sec. IV. The results are analyzed in
Sec. V, and conclusions are presented in Sec. VI.

II. PHYSICAL MODEL

The surface of a spheroid is described by

x02

a2
þ y02

b2
þ z02

c2
¼ 1; (1)

where a, b, and c denote the lengths of three semi-principal axes, and
(x0; y0; z0) are the surface coordinates of the spheroid in the body-fixed
system. For an oblate spheroid, a ¼ b > c. In this study, the equivalent
spherical radius of the spheroid is defined as the radius of a sphere of
the same volume as the oblate spheroid

R ¼ abcð Þ1=3: (2)

As shown in Fig. 1, an oblate spheroid is placed symmetrically on
the central plane of an incompressible flow confined by two parallel
planes moving in opposite directions with speed U0. The distance
between the two plates is 2H, and the length and width of the planes
are 2L and 2W, respectively. The background flow shear rate (G) is
adjusted by U0 and H. The minor axis of the oblate spheroid is parallel
to the vorticity vector of the flow, and the particle is allowed to rotate in
response to surface pressure and shear stress exerted by the surround-
ing fluid. The density of the particle is the same as that of the fluid. The
outflow condition is applied at the streamwise and spanwise bound-
aries. The undisturbed shear rate of the simple shear flow is defined as

G ¼ U0

H
: (3)

For oblate spheroids of different aspect ratios, the Reynolds number is
defined uniformly based on the equivalent spherical radius R and the
background flow shear rate G,
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Re ¼ GR2

�
; (4)

where � is the kinematic viscosity of the carrier fluid.
To predict heat and mass transport, temperature and mass con-

centration are modeled as the concentration (/) of a passive scalar
released at particle surface, where / is fixed at /s ¼ 1. The Peclet
number, which characterizes the effect of flow shear on scalar trans-
port, is defined as

Pe ¼ GR2

D
¼ ReSc; (5)

where Sc ¼ �=D is the Schmidt number of the passive scalar in the
fluid and D is the mass diffusivity. To compare the scalar release rate
of oblate spheroids of different aspect ratios, it is convenient to use the
nondimensional release rate, i.e., the Sherwood number (Sh), which is
defined based on the radius and surface area of the sphere of the same
volume,

Sh ¼ QR
DA/s

; (6)

where Q is the release rate of the passive scalar from the particle sur-
face, A ¼ 4pR2ð Þ the surface area of the sphere, and /s ¼ 1ð Þ the con-
centration of passive scalar at particle surface.

A complete description of the problem includes the Reynolds
number (Re), the Schmidt number (Sc), the particle aspect ratio
(K ¼ a=c), and the ratios of the height (2H), width (2W), and length
(2L) of the computational domain to the radius of sphere of the same
volume (2H=R, 2W=R, and 2L=R). The diffusion-controlled transport
process was addressed by Wang et al.,7 so the focus of this study is
the advective enhancement of heat and mass transport. Following
the parameters of realistic applications, such as drug dissolution, the
Reynolds number range is O(10�3) to O(1). Considering grid resolu-
tion required for the simulation of transport process of large Sh,

the Schmidt number is limited to the range from O(101) to O(102). To
minimize the influence of boundaries, the height, width, and length of
the computational domain are over an order of magnitude larger than
the radius of the sphere.

Here, we only consider the transport process in the stable state,
in which the oblate spheroid spins with a constant speed about its
minor axis. The minor axis of the spheroid is initially parallel to the
vorticity vector of the background shear flow, and then, the spheroid
moves freely, driven by the surrounding fluid. After an initial evolving
period, the fluid and particle motion as well as the scalar transport
enter a steady state. When the scalar release rate is sufficiently close to
a constant value, the analysis is conducted.

III. NUMERICAL METHODS

We developed a 3D numerical method based on a multigrid
strategy within the lattice Boltzmann (LB) framework. The LB method
is highly parallelizable and highly capable in dealing with stationary
and moving solid boundaries with complex geometries. The depen-
dent variable is the particle distribution function f x; tð Þ, which quanti-
fies the probability of finding an ensemble of molecules at position x
with velocity e at time t (Refs. 31–33). Continuum-level velocity
u x; tð Þ and density q x; tð Þ are obtained from moments of f x; tð Þ over
velocity space. In three dimensions, the velocity vector e can be discre-
tized into 15, 19, or 27 components in what are referred to as the
D3Q15, D3Q19, and D3Q27 approaches.31 Here, we apply the D3Q19
approach, largely to minimize computational load, with the recogni-
tion that the flow Reynolds number is relatively low.

The LB equation with the Bhatnagar–Gross–Krook34 representa-
tion for the collision operator32 is written as

f x þ edt ; t þ dtð Þ � f x; tð Þ ¼ �
1
s

f x; tð Þ � feq x; tð Þ
� �

; (7)

where the discretized velocity vector e for D3Q19 is

ea ¼

0;0;0ð Þ
61;0;0ð Þ; 0;61;0ð Þ; 0;0;61ð Þ
61;61;0ð Þ; 61;0;61ð Þ; 0;61;61ð Þ

a¼ 0;

a¼ 1;2;…;6;

a¼ 7;8;…;18;

8>><
>>: (8)

where a is the index of components of velocity vector e. The left-hand
side (LHS) of Eq. (7) describes “streaming,” the exchange of momen-
tum between neighboring lattice nodes as a result of bulk advection
and molecular diffusion. The right-hand side (RHS) describes the mix-
ing, or collision of molecules that drive the distribution function
(f x; tð Þ) toward the equilibrium distribution function (f eq x; tð Þ), with
a relaxation timescale, s. The relaxation time is linearly related to the
fluid kinematic viscosity � by

� ¼ 2s� 1ð Þcdx=6; (9)

where dx is the lattice spacing and c ¼ dx=dt is the basic speed on the
lattice. In the low Mach number limit, the equilibrium distribution for
the D3Q19 model is31

feq x; tð Þ ¼ waq x; tð Þ 1þ 3
ea � u
c2
þ 9
2

ea � uð Þ2

c4
� 3
2
u � u
c2

� �
; (10)

where wa are weighting factors, w0 ¼ 1=3, wa ¼ 1=18 for a ¼ 1� 6,
and wa ¼ 1=36 for a ¼ 7� 18. The continuum-level fluid density

FIG. 1. Physical model of an oblate spheroid suspended in a simple shear flow
with passive scalar released from particle surface. Zero scalar flux condition is
applied on the top and bottom planes as well as the lateral domain boundaries. The
minor axis is parallel to the vorticity vector of the background flow. A fine grid of ver-
tical dimension 2h is used in the middle region to resolve the detailed fluid and par-
ticle dynamics and transport of passive scalar.
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q x; tð Þ and momentum qu x; tð Þ are obtained from the discretized
moments of the particle distribution function

q x; tð Þ ¼
X

a

fa x; tð Þ; q x; tð Þu x; tð Þ ¼
X

a

fa x; tð Þea: (11)

In the treatment of moving particle surfaces, we used the second-
order accurate scheme of Lallemand and Luo.35 This method is based
on the simple bounce-back boundary scheme and interpolations. If
the distance fraction of the first fluid node from the solid boundary is
less than half of one lattice space, the computational quantities are
interpolated before propagation and bounce-back collision. If the dis-
tance fraction is greater than a half lattice space, interpolation is per-
formed after propagation and bounce-back collision. The momentum
exerted by the moving boundary is given by these terms, which were
developed by Ladd36 and Bouzidi et al.37

The motion of the particle is obtained by solving Newton’s equa-
tions of motion

MdU tð Þ=dt ¼ F tð Þ; (12)

I � dX tð Þ=dt þX tð Þ � I �X tð Þ½ 	 ¼ T tð Þ; (13)

whereM is the mass of a solid particle, I is the inertial tensor, U is the
translational velocity, X is the angular velocity, and F and T are the
total force and torque on the particle, respectively. At each fluid
boundary node xb, the force is calculated by the exchange of distribu-
tion function between the fluid and solid.

Fb xb; tð Þ ¼ �
X

a

fa xb; t þ dtð Þ � f̂ a xb; tþð Þ
h i

; (14)

where fa is the distribution transferred from the solid boundary,
including the additional momentum due to boundary motion, and f̂ a
is the post-collision distribution transferred from the flow to the
boundary. According to Aidun et al.,38 the total force includes three
components, the force due to the communication of distribution func-
tion (Fb xb; tð Þ), the force due to momentum transfer from fluid to
solid when some grid nodes are covered by solid (Fc x; tð Þ), and the
force due to momentum transfer from solid to fluid when some grid
nodes are uncovered by solid (Fu x; tð Þ). The latter two are given as

Fc xc; tð Þ ¼ �
X

a

fa xc; tð Þea
� �

; (15)

Fu xu; tð Þ ¼ �q xu; tð Þu xu; tð Þ: (16)

The total force and torque are calculated by summing the force and
torque at each fluid boundary node and each covered and uncovered
fluid node

F tð Þ ¼
X
FBN

Fb xb; tð Þ þ
X
CN

Fc xc; tð Þ þ
X
UN

Fu xu; tð Þ; (17)

T tð Þ ¼
X
FBN

xb � Xoð Þ � Fb xb; tð Þ; (18)

where FBN, CN, and UN denote the fluid boundary nodes, covered,
and uncovered nodes. Xo is the central coordinate of the solid particle.

To solve the process of heat andmass transport, the passive scalar
is distributed in the flow field. The moment propagation method
developed by Frenkel and Ernst,39 Lowe and Frenkel,40 and Merks
et al.41 is used to solve the scalar. In this method, a scalar quantity is

released in the lattice and a scalar concentration field variable is propa-
gated at the continuum level for each scalar using the distribution
function. Let / x; tð Þ be the continuum-level scalar concentration on
the lattice at location x at time t, and the advancement of the scalar
concentration at the next step is given by

/ x; t þ dtð Þ ¼
X

a

Pa x � eadt; t þ dtð Þ þ / x; tð ÞD
; (19)

Pa x � eadt; t þ dtð Þ ¼ f̂ a x � eadt; tþð Þ
q x � eadt; tð Þ � waD




" #
/ x � eadt; tð Þ;

(20)

where f̂ a denotes the post-collision pre-streamed distribution function
in a direction, tþ implies a time after collision but before streaming,
and D
 is the fraction of / x; tð Þ that remains on the lattice node dur-
ing the time advancement. D
 is related to the molecular diffusivity of
the passive scalar as

D
 ¼ 1� 6D=cdx: (21)

One advantage of the moment propagation method is that the upper
bound of the Peclet number is much larger than in other methods,
and so the calculation is more stable.

To reduce the computational load imposed by the exceptionally
fine full-domain uniform grid required by the LB method to appropri-
ately resolve a spheroidal particle, a dual-lattice method developed by
Filippova and Hanel42 and Yu et al.43 was used. With this approach, a
fine grid is placed in a subregion surrounding the particle, as shown in
Fig. 1, and a coarse grid is used in the other subregions. To maintain
continuity of viscosity across the interface, the relaxation time between
the fine and coarse grids must therefore satisfy

sf ¼
1
2
þm sc �

1
2

� 	
; (22)

where m ¼ dxc=dxf is the ratio of the lattice spacing between the two
grid systems, and the subscripts c and f indicate the coarse and fine
grids, respectively. In the simulations,m ¼ 5 is used in all cases.

To maintain continuity of density and momentum across the
interface of fine and coarse grids, the equilibrium distribution function
of the neighboring grid system must be the same at the interface

feq;c ¼ feq;f : (23)

To maintain continuity of viscous deviatoric stress at the interface, the
transfer of the post-collision distribution functions between the two
grids is given by

f̂
c ¼ f̂

eq;f þm
sc � 1
sf � 1

f̂
f � f eq;f

� �
; (24)

f̂
f ¼ f̂

eq;c þ sf � 1

m sc � 1ð Þ f̂
c � feq;cð Þ; (25)

where f̂ is the post-collision distribution function. The multigrid strat-
egy is also implemented in the momentum propagation method. The
details of this method can be found in Wang et al.33 In the simulation,
the height of the subregion of fine grid, denoted by 2h, is eight times
the radius of a sphere of the volume of the oblate spheroid.

In moment propagation method, the continuity of diffusion coef-
ficient across the interface of fine and coarse grids gives
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D
f ¼ 1�m 1� D
c
� �

: (26)

At the interface, the scalar concentration is continuous

/c ¼ /f : (27)

At the boundary of each grid, there is an overlap between the fine and
coarse grids with the boundary of each grid located in the interior of
the other. The scalar concentration is obtained from the other grid,
either directly or by interpolation. All nodes not on the boundaries are
calculated with the moment propagation method in the usual way.

IV. RESULT VALIDATION

To examine the grid sensitivity of the results, we conducted the
simulations of fluid flow and scalar transport around an oblate spher-
oid with a ¼ 1:5R, for Re ¼ 1 and Sc ¼ 100. Two different sets of
grids, with 30 and 40 fine grid points over one major radius, corre-
sponding to 20 and 27 fine grid points over one equivalent spherical
radius, were used. Figure 2 shows the profiles of streamwise velocity
(ux) and concentration of passive scalar (/) along the vertical line
through particle center. Excellent convergence between the two sets of
grids was obtained, with maximum deviation of the quantities of less
than 0.3%. Therefore, the coarser grid system corresponding to 20 grid
points over one equivalent spherical radius was used in the simula-
tions. Section V presents a detailed discussion of the results.

In order to validate the numerical results, we compare our results
with those available in the literature as discussed above. According to
Jeffery,20 when an oblate spheroid spins about its minor axis, which is
parallel to the vorticity vector, the angular velocity is X ¼ 0:5G when
Re ¼ 0. In Fig. 3, we compare the normalized angular velocities
(X=G) of the oblate spheroids with a ¼ 1:5R and 2R for 0:005
� Re � 1 with the prediction of Jeffery’s theory20 for oblate spheroids
at Re ¼ 0 and the data of Mikulencak and Morris44 for circular

cylinder. When Re < 0:1, the numerical results agree well with
Jeffery’s theory, with relative error less than 0.1%. When Re > 0:1, the
effects of Reynolds number and particle aspect ratio appear. As Re
increases, X=G decreases for both spheroids. This trend is consistent
with the data of Mikulencak and Morrris44 for circular cylinder. In
addition, larger aspect ratio (K ¼ a=c) leads to larger deviation from
Jeffery’s prediction. For heat and mass transport, no data have been
found for oblate spheroids in the literature, so we use the result of a
spherical particle, which is a special case of oblate spheroids, for the
validation. In Fig. 4, we compare the normalized scalar release rate,
i.e., Sherwood number (Sh), of a spherical particle for Re close to zero
with the predictions of the asymptotic theories of Frankel and
Acrivos,10 Batchelor,12 and Polyanin and Dil’man13 for Re ¼ 0: As
shown in the figure, three asymptotic theories do not give very close

FIG. 2. Effect of grid resolution on streamwise velocity (ux ) and concentration of
passive scalar (/) along the vertical central line of an oblate spheroid with
a ¼ 1:5R, for Re ¼ 1 and Sc ¼ 100. The relative deviation is less than 0.3%. Np

is the number of grid points over one major radius.

FIG. 3. Dependence of angular velocity of oblate spheroids on the Reynolds num-
ber. Oblate I: a ¼ 1:5R and Oblate II: a ¼ 2R. Data of Mikulencak and Morris44

are for circular cylinder, and data of Jeffery’s theory20 are for oblate spheroids at
Re ¼ 0.

FIG. 4. Normalized scalar release rate characterized by the Sherwood number (Sh)
vs the Peclet number (Pe). Symbols: numerical simulation for Re close to zero,
lines: the asymptotic theories of Frankel and Acrivos,10 Batchelor,12 and Polyanin
and Dil’man13 for Re ¼ 0.
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results. Overall, the numerical results compare well with the three the-
ories. The deviation decreases apparently as Re decreases from 0.01 to
0.001. This comparison validates the accuracy of the results to a certain
extent. It also shows that the boundary effect is negligible when dealing
with small Reynolds numbers.

V. RESULTS AND DISCUSSION

In this section, the fluid and particle dynamics and the transport
characteristics of passive scalar in a system of a single oblate spheroid
of various aspect ratios are analyzed. Table I summarizes the cases
considered in terms of particle radii, Reynolds, and Schmidt numbers.
The ratios of the length (x direction), width (y direction), and height
(z direction) of the computational domain to the radius of a sphere of
the same volume as our oblate spheroid are fixed at 2L=R ¼ 100,
2W=R ¼ 20, and 2H=R ¼ 20, respectively. The ratio of the height of
the subregion of fine grid to the radius of sphere is 2h=R ¼ 8. The
width and length are the same as that of the computational domain.
The ratio of the lattice spacing between the two grid systems is fixed at
m ¼ 5.

At the beginning, the motion of the surrounding fluid is set as an
undisturbed simple shear flow, and the angular velocity of the oblate
spheroid is made equal to 0.5 G. The concentration of passive scalar in
the fluid is zero everywhere. After an initial evolving period, the fluid
and particle motion as well as the scalar transport enter a steady state.
Then, the analysis is conducted. The steady state is considered to be
reached when the normalized Sh change rate, dðShÞ= ShGdtð Þ,
becomes less than 10�3. Figure 5 shows the variations of Sh and
dðShÞ= ShG dtð Þ with normalized time, Gt, of an oblate spheroid with

a ¼ 1:5R for Re ¼ 1. Five Sc are considered. As shown in the figure,
all Sh asymptotically approach constant values over time, and
dðShÞ= ShG dtð Þ approaches zero. The cases with smaller Sc converge
faster.

Here, we use the case of a ¼ 1:5R and Re ¼ 1 as an example to
demonstrate the basic flow structure and scalar transport characteris-
tics. Figure 6 shows the typical streamlines around the spheroid. In the
steady state, the streamlines coincide with the trajectories of the fluid
particles, so the streamlines depict the transport of passive scalar
through flow advection. As shown in the figure, the flow structure is
composed of several different patterns of streamlines. First, on the lat-
eral sides, the rotating spheroid drives the fluid near its surface to
rotate with it. The unbalanced centrifugal force pushes the rotating
fluid to a larger radial direction, forming an outward spiral flow
(increasing radial coordinate; red lines) along the spheroid surface.
This flow originates somewhere near the minor axis and approaches
the spheroid, forming a region of spiral flows on the lateral sides. This
spiral flow region is essentially a variation of the Stewartson layer on a
rotating flat plate, which has been extensively investigated.45–47 The
major difference between the spiral flow layer in this study and
Stewartson layer is that this spiral flow layer appears on a spheroidal
surface and interacts with the outer simple shear flow. Second, near
the equator of the spheroid where y � 0, the rotating spheroid drives
a thin layer of flow on its surface, in which the fluid recirculates with
the spheroid (green lines). Third, outside this flow layer, the fluid
passes the spheroid and flows downstream directly (blue lines). The
outer passing fluid tends to choose a shorter path, so it shifts laterally
to the lateral sides as shown in Fig. 6(d). The lateral shift of the outer
flow (blue lines) causes the fluid in the flow layer (green lines) near the
equator to laterally shift along the spheroid surface, forming an inward
(decreasing radial coordinate) spiral flow. At a certain place on the
side surface, the inward flow meets the outward flow originating from
the lateral area, and they merge, leaving the surface and finally travel-
ing downstream. The inward spiral flow originates upstream of the
spheroid on the central x-z plane and leaves the spheroid somewhere
away from the central x-z plane. Fourth, on either side of the oblate
spheroid along the flow axis, there is a recirculating wake, in which the
fluid approaches the spheroid near the axis and turns back before
touching the spheroid (purple lines). The recirculating wakes are sepa-
rated from the spiral flows surrounding the spheroid by two lines of
saddle points [Figs. 6(a) and 6(c)]. The spiral flows and the recirculat-
ing wakes are wrapped by the outer passing flow, which drives the
rotation of spheroid and triggers the spiral flows and recirculating
wakes. Essentially, the flow structure around an oblate spheroid is simi-
lar to that around a sphere, which has been extensively analyzed.14,15,44

The behaviors of the flow components and the interactions among
them work as an ensemble to form a complex mechanism for the trans-
port of passive scalar.

TABLE I. Cases of different particle radii, Reynolds, and Schmidt numbers.

a/R ( ¼ b/R) c/R Re Sc

1.5 1/1.52 0.005, 0.01, 0.05, 0.1, 0.5, 1 20, 40, 60, 80, 100
2 1/22 0.005, 0.01, 0.05, 0.1, 0.5, 1 20, 40, 60, 80, 100

1.25, 1.75, 2.5 1/1.252, 1/1.752, 1/2.52 0.1 20, 40, 60, 80, 100

FIG. 5. Variations of Sh and dðShÞ= ShG dtð Þ with normalized time, Gt, of an
oblate spheroid with a ¼ 1:5R for Re ¼ 1.
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Under the action of the surrounding flows, scalar transport
exhibits a different pattern from that of diffusion transport. Figure 7
shows the pattern of scalar concentration (/) around an oblate spher-
oid of a ¼ 1:5R for Re ¼ 1 and Sc ¼ 100. The particle geometry and
the Reynolds number are the same as that in Fig. 6. On the windward
(upper left and lower right) sides of the spheroid, the impact of the
outer flow significantly decreases the thickness of scalar boundary
layer, through which / changes from 1 at spheroid surface to 0 in
the ambient fluid. On the leeward (upper right and lower left) sides,
the passive scalar released at the spheroid surface is carried out by the
passing flow and advected downstream. On the lateral sides, the pas-
sive scalar is transported laterally from the spheroid surface to the
ambient fluid through a scalar boundary layer that is thicker than that
on the windward sides. Compared with pure diffusion, the pattern
shown in this figure is the outcome of a more complex transport
mechanism.

To identify the mechanism of scalar transport from the spheroid
surface to the ambient fluid, we plot the contours of scalar concentra-
tion (/) on the x-z and y-z planes, together with the 3D streamlines, in
Figs. 8(a) and 8(b). It is seen in Fig. 6 that the spheroid is surrounded
by a flow layer consisting of an outward spiral flow on the lateral sides
and an inward spiral flow near the equator. The passive scalar released
at spheroid surface, therefore, is first transferred to the surrounding
spiral flows through pure diffusion. In the limit case of Sc ¼ 1, where
the molecular diffusivity D ¼ 0, the released passive scalar will be
transported by the surrounding spiral flows away from the spheroid
surface through pure advection. The spiral streamlines depict the path
of scalar transport. In the case of finite Schmidt number (Sc), molecular
diffusion provides important scalar transport across the streamlines.

As shown in Figs. 8(a) and 8(b), the outer passing flow hits the wind-
ward sides (upper left and lower right sides) of the spheroid and then
travels downstream along the top and bottom surfaces as well as the lat-
eral sides of the spheroid. During this process, the passing flow gains
passive scalar from the spiral flows surround the spheroid via molecular
diffusion across the streamlines. As a result, the scalar concentration
(/) of the passing flow increases gradually. Since the spiral flows only
exist in the thin layer on spheroid surface, the spiral flows lose most of
their passive scalar to the passing flow after leaving the spheroid, and
outer passing flow transports most of the passive scalar downstream
via flow advection. It is seen from the streamline patterns in Fig. 6 that
there is a thick flow layer with an outward spiral flow on the lateral side
of the spheroid. Since the flow spirals toward the spheroid in this layer,
the released passive scalar has to be transported against the streamlines
by molecular diffusion through this layer to the outer passing flow and
then can be transported downstream by the outer flow.

To accentuate the diffusion process, we plot the modulus of the
gradient of scalar concentration (kr/k) on the x-z and y-z planes
together with the 3D streamlines in Figs. 8(c) and 8(d). It can be seen
that the molecular diffusion mainly occurs in four regions. The first is
in the flow layer on the windward spheroid surface, where passive sca-
lar is transported from spheroid surface to the spiral flows, and then
to the outer passing flow. The second is downstream of the leeward
side, where passive scalar is transported from the outer flow just past
the spheroid surface to the flow further outside. The third is in the
wake flow near the flow axis (z ¼ 0), where the passive scalar is trans-
ported from the passing flow to the downstream part of the spiral
flows, and then to the recirculating wake flow near the axis. The recir-
culating wake flows also help transport passive scalar downstream.

FIG. 6. Typical 3D streamlines around an oblate spheroid of a ¼ 1:5R for Re ¼ 1. (a) and (b) Perspective view, (c) side view, and (d) front view. Red: outward (increasing
radial coordinate) spiral flow originating from a point transverse to the x-z plane, green: inward (decreasing radial coordinate) spiral flow originating from a point on the central
x-z plane, purple: recirculating wake flow originating far upstream, and blue: outer bypassing flow wrapping the spiral and wake flows. The outer flow (blue) shifts laterally
when passing by the spheroid, driving the inward spiral flow (green). The outward (red) and inward (green) spiral flows converge on a closed line on the spheroid surface and
travels downstream together.
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The fourth region is the layer of spiral flows on the lateral sides of the
spheroid, where the passive scalar is transported from the spheroid
surface to the spiral flows, and then to the outer passing flow. During
the process, the spiral flows on the spheroid surface, the recirculating
wake flows on the axis, and the outer passing flow together form a
coupled transport mechanism for the passive scalar, involving both
molecular diffusion and flow advection.

According to the coupled transport mechanism, the passive
scalar is transported through the fluid layer of spiral flows to the
outer passing flow and then transported downstream by the outer
flow through advection. The thickness of the spiral flow layer is thus
an important factor in transport efficiency. In the present study, the
thickness of the flow layer is determined not only by spatial coordi-
nates but also by the Reynolds number and the aspect ratio of the
oblate spheroid. Figure 9 shows the profiles of the interface between
the inner spiral flows and the outer passing flow on the y-z plane
through the spheroid center for different Reynolds numbers. The
major radius is a ¼ 1:5R, corresponding to an aspect ratio K ¼ 1:53.
The profiles of the interface show the spatial variation of the thick-
ness of the spiral flow layers, which extend away from the spheroid
along its minor axis. The extension of the spiral flow region
decreases with the increase in Re. This is because the increase in the
Reynolds number reduces the viscous diffusion of angular momen-
tum of surrounding fluid in the lateral direction. The outward spiral
motion of the fluid causes the flow layer thickness to decrease with
the increase in radial coordinate. When the radial coordinate passes
a critical value (rc � 0:8R), the trend of dependence on Reynolds
number becomes opposite, and the thickness increases with the
increase in Re. The reason is that the centrifugal effect is stronger at

a larger Reynolds number, which leads to stronger fluid motion of
the outward spiral flow in the radial direction, thus increasing the
thickness of the spiral flow layer.

It was shown in Wang and Brasseur9 that in the range of Re
� Oð1Þ and Sc � Oð102Þ, the transport rate of passive scalar from a
sphere is primarily determined by the Peclet number (Pe ¼ ReSc). The
difference in fluid velocity caused by Reynolds number has a limited
effect on scalar transport. This is also the case for oblate spheroids.
Although the Reynolds number causes some deviation in flow velocity,
it does not significantly influence the scalar transport. This can be seen
from the comparison of iso-contours of scalar concentration (/)
between Re ¼ 0:1 and 1 shown in Fig. 10. The Peclet number is
Pe ¼ 10, for both cases. The iso-contours of these two Reynolds num-
bers demonstrate similar distribution of / in the figure. The scalar
transfer rate shown in Fig. 15 confirms this conclusion.

In addition to Reynolds number, the aspect ratio of the oblate
spheroid also plays an important role in flow evolution and scalar
transport. Figure 11 shows the profiles of the interface between the
inner spiral flows and the outer passing flow on the y-z plane through
spheroid center for different major radii. The Reynolds number is
Re ¼ 0:1. As shown in the figure, the interface profiles of spheroids of
different major radii have similar shapes. A spheroid of larger major
radius has a larger area of spiral flow, corresponding to a thicker flow
layer. The thicker flow layer does not, however, mean that the effi-
ciency of scalar transport is lower; in fact, although diffusive transport
dominates the spiral flows on the spheroid surface, advective transport
still plays a role.

It is shown in Fig. 3 that the angular velocity of the spheroid is
close to 0:5G. The velocity difference between the rotating oblate

FIG. 7. Patterns of scalar concentration (/) around an oblate spheroid of a ¼ 1:5R for Re ¼ 1 and Sc ¼ 100. (a) and (b) show the 3D iso-surfaces of / ¼ 0:3 together with
the typical streamlines; (c) and (d) show the iso-contours of / on the central x-z and y-z planes.

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 35, 033319 (2023); doi: 10.1063/5.0140778 35, 033319-8

Published under an exclusive license by AIP Publishing

 28 M
arch 2024 03:26:15

https://scitation.org/journal/phf


spheroid and the ambient fluid at each vertical position can be roughly
estimated as

kurk � 0:5Gzj j; (28)

where z is the vertical coordinate. The oblate spheroid with a larger
major radius has a larger velocity difference, leading to thinner flow
and scalar boundary layer on the surface of oblate spheroid. This can
be seen in the following analysis.

Figure 12 shows the iso-contours of the modulus of flow velocity
relative to a rotating oblate spheroid with major radii a ¼ 1:5R and
2:5R for Re ¼ 0:1. ur is defined as

ur ¼ u�X� r; (29)

where X is the vector of angular velocity of the spheroid, and r is the
coordinate vector in a polar coordinate system. As shown in the figure,
kurk changes more sharply near the spheroid surface when a ¼ 2:5R
than when a ¼ 1:5R on both the x-z and y-z planes. This suggests that
the boundary layer is thinner on the spheroid with larger major radii,
which will lead to higher scalar transfer rate. On the x-z plane, the con-
tour lines present an interesting square distribution near the spheroid.
This is caused by the velocity field in the rotating system. Figure 13
shows the streamline patterns on the x-z plane in the frame of refer-
ence rotating with the oblate spheroids with a ¼ 1:5R and 2:5R for
Re ¼ 0:1. In the range of Reynolds number considered in this study
(Re � 1), the streamline distribution demonstrates a roughly symmet-
rical square pattern.

Figure 14 shows the patterns of scalar concentration around
oblate spheroids with a ¼ 1:5R and 2:5R for Re ¼ 0:1 and Sc ¼ 100.
Due to the sharper variation of kurk around the spheroid of a ¼ 2:5R,
as shown in Fig. 12, / changes more sharply near the spheroid surface,

FIG. 8. Transport mechanism of passive
scalar illustrated by the patterns of scalar
concentration (/) and magnitude of the
gradient of scalar concentration (kr/k).
(a) and (b) show the iso-contours of / on
the central x-z and y-z planes, together
with the 3D streamlines surrounding the
spheroid; (c) and (d) show the iso-
contours of kr/k on the central x-z and
y-z planes.

FIG. 9. Profiles of the interface between the outer bypassing flow and the inner spi-
ral flows of an oblate spheroid of a ¼ 1:5R.
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leading to an increased scalar transfer rate from the spheroid surface to
the ambient fluid. In addition, the spheroid with a larger major radius
has a larger surface area, which also enhances the scalar transfer rate.

The coupled transport mechanism leads to the complex depen-
dence of scalar transport rate on the controlling parameters. In this
study, we focus on the effects of the Reynolds number, the Schmidt
number, and the aspect ratio of spheroids. In a study of mass transfer
from a neutrally buoyant sphere in a simple shear flow,9 it was shown

that in the range of Re � Oð1Þ and Sc � Oð102Þ, the nondimensional-
ized transfer rate, Sherwood number (Sh), is mainly determined by the
Peclet number (PeÞ, which is defined as the product of Re and Sc.
Reynolds number plays a minor role. This is also found in the results
for oblate spheroids. In Fig. 15, we plot Sh against Pe in both linear
and log scales for the cases simulated in this work. For the purpose of
comparison, the results for a sphere are also included. For each major
radius, Sh increases with increase in Pe, with Sh being more sensitive
at smaller Pe. For each Pe, the increase in Re causes a slight increase in
Sh. The shape of the spheroid, i.e., the major radius or the aspect ratio,
has a significant effect on Sh: The increase in the major radius of the
spheroid from R to 1:5R and from 1:5R to 2R leads to an overall
increase in Sh. In the log scale, the curves of the oblate spheroid show
patterns similar to those of the sphere, which suggests that the effect of
particle shape on scalar transfer rate may be decoupled from the effects
of Pe, Re and Sc. Thus, the relationship of Sh to the other parameters
can be written as

Shoblate Pe;Re; a=Rð Þ ¼ Shsphere Pe;Reð Þf a=Rð Þ; (30)

where Shoblate is the Sherwood number of scalar release from an oblate
spheroid, Shsphere is the Sherwood number of a sphere, and f a=Rð Þ is a
function of the major radius of the oblate spheroid. Here, we use the
major radius of the spheroid instead of aspect ratio as the parameter,
because when the major radius is large, the flow and scalar concentra-
tion patterns as well as heat and mass transfer rate are close to that of
a flat plate. Sh is more related to the major radius than the aspect ratio.
In normalized form, the aspect ratio of an oblate spheroid is written as

FIG. 10. Comparison of iso-contours of
scalar concentration on x-z and y-z planes
for Pe ¼ 10. (a) Re ¼ 0:1, Sc ¼ 100,
and (b) Re ¼ 1, Sc ¼ 10.

FIG. 11. Profiles of the interface between the outer bypassing flow and the inner
spiral flows of oblate spheroids with different radii for Re ¼ 0:1.
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K ¼ a=Rð Þ3, which is the cube of major radius. In log –log scales, the
shape of the curve of Sh vs K is the same as that of Sh vs a=R.
However, the relationship between Sh andK is indirect.

A correlation of Shsphere for a sphere in a simple shear flow as a
function of Pe and Re was developed in Wang and Brasseur.9 A key
step to develop an analogous correlation of Sh for oblate spheroids of
the form of Eq. (30) is to find the dependence of Sh on the major
radius a=R. Since function f a=Rð Þ in Eq. (30) is assumed to be the
same for all Reynolds and Peclet numbers, we choose the data of Re
¼ 0:1 to develop the correlation. Figure 16 shows the variation of Sh
with a=R in a log –log scale. The numerical data are represented by
open circles. The strong similarity of the curves for different Pe con-
firms the conclusion that the effect of spheroid shape can be decoupled
from the other effects. As shown in the figure, Sh increases with an
increase in a=R. At the same time, Sh tends to follow a linear relation-
ship with a=R. A likely reason is that as a=R increases, the shape of the
spheroid approaches a flat plate and the flow characteristics and scalar

transport around the spheroid approach the result for a flat plate,
which may have some linear nature in log –log space. According to
this observation, it is reasonable to assume that the relationship
between log Shoblateð Þ � logðShsphereÞ and logða=RÞ follows a modified
hyperbola equation:

log Shoblateð Þ � log Shsphere
� �

þ 1
� �2 � C log a=Rð Þ

� �2 ¼ 1; (31)

where C is a coefficient to be determined. Using the standard linear
least squares method, the coefficient is found to be C ¼ 2:42.
Substituting Eq. (31) into Eq. (30) gives

f a=Rð Þ ¼ exp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ C log a=Rð Þ

� �2q
� 1

� 	
: (32)

The prediction of Shoblate of Eq. (31) is shown in Fig. 16 as solid lines,
which agrees well with the numerical data. A slight deviation can be
noticed when a=R > 2. Yet, the aspect ratio of the oblate spheroid

FIG. 12. Iso-contours of kurk on the cen-
tral x-z and y-z planes in the frame of ref-
erence rotating with the oblate spheroids
with a ¼ 1:5R and 2:5R for Re ¼ 0:1. (a)
a ¼ 1:5R and (b) a ¼ 2:5R. Left column:
x-z plane, right column: y-z plane.

FIG. 13. Streamline patterns on the x-z plane in the frame of reference rotating with the oblate spheroids with a ¼ 1:5R and 2:5R for Re ¼ 0:1. (a) a ¼ 1:5R and (b)
a ¼ 2:5R.
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corresponding to a=R ¼ 2 is K ¼ ða=RÞ3 ¼ 8, which is far beyond
the range of usual applications. Therefore, the empirical correlation
can be used with confidence in most scientific and industrial
applications.

VI. CONCLUSION

Through high-fidelity numerical simulation based on the lattice
Boltzmann method, we have conducted an in-depth study on the heat
and mass transport from an oblate spheroid neutrally suspended in a
simple shear flow. In the simulation, the temperature and mass

concentration are modeled as the concentration of a passive scalar
released at spheroid surface. The interaction between the carrier fluid
and suspended spheroid results in several flows around the spheroid,
which are characterized by streamlines of different patterns. These are
outward spiral flows on the lateral side, inward spiral flows near the
equator, recirculating wake flows near the flow axis, and the outer
passing flow wrapping the spiral and wake flows. The passive scalar
released at spheroid surface is first transported through the flow layer
of the spiral flows to the outer passing flow through diffusion, and
then transported downstream by the outer flow through advection.

FIG. 14. Patterns of scalar concentration
(/) around oblate spheroids with a ¼ 1:5R
and 2:5R for Re ¼ 0:1 and Sc ¼ 100. (a)
a ¼ 1:5R and (b) a ¼ 2:5R. Left column:
x-z plane, right column: y-z plane.

FIG. 15. Sherwood number (Sh) vs Peclet number (Pe) for oblate spheroids of different major radii. (a) Linear scales and (b) log –log scales. The symbols indicate the results
of numerical simulation. Oblate I: a ¼ 1:5R and Oblate II: a ¼ 2:5R.
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After leaving the spheroid, the outer flow passes a portion of the pas-
sive scalar to the flow further outside and the flow in the recirculating
wake, which helps transport the passive scalar downstream through
advection. These flow motions constitute a coupled transport mecha-
nism for passive scalar from the oblate spheroid to the far field. The
flow behaviors around the spheroid depend on both the Reynolds
number of the flow and the aspect ratio of the spheroid. The changes
in flow behaviors cause changes in the transport efficiency of the pas-
sive scalar. The results suggest that the effect of spheroid shape on sca-
lar transfer rate can be decoupled from the effects of Peclet and
Reynolds numbers, and this enables the development of a correlation
of nondimensional scalar transfer rate, i.e., Sherwood number, for
oblate spheroids, based on the well-developed correlations for a
sphere.
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