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Overview

» Treat spectral theory of invariant differential operators of
Schrédinger type £ = —D? + g, (with usual vertex
conditions) on the metric Cayley graphs of free groups.

» The graphs are 'metric’ or 'quantum’ graphs. Edges are
identified with intervals [0, /]. Hilbert space is @®¢L2[0, /e].

» Work extends the 'Floquet theory' of Hill's equation.



Cayley graphs of [Fy,

> Free group Fpy on M generators
Fp: equivalence classes of finite length words generated by
distinct s, ..., sy and inverse symbols sfl, e ,s,;,l. Remove
adjacent symbol pairs sp,s;,! or s,.1s,, to get equivalent words.

» Cayley graph I'gs for the group G with (minimal) generating
set S is the directed (undirected) graph with G elements as
vertices and directed edges (v, vs) with s € S. There are M
edge types, type m having length /,.

» The undirected Cayley graph Ty of Fy; is a tree whose
vertices have degree 2M.



T> from [F5




Hill's equation, M = 1, Hilbert space is L?(RR)

» Eigenvalue equation —y” + g(x)y = Ay, with ¢ > 0,
q(x +1) = q(x), g(—x) = g(x), has 2-dim solution space
with standard basis

C(x,A) ~ cos(VAx), S(x,A) ~ sin(vVAx)/VA.

» Translation by 1 is linear. Two eigenvalues
w(A), v(AN) = 1/u(X) with |u(A)| <1 for A € C\ [0, 00).
» Spectrum of L is

{lu(@) =1,0 e R} = {u(n) ¢ R,n — o0 € R}

= {Ellgrl w(o +ie) — p(o —ie) # 0} C [0, 00).




No obvious small space of solutions on 7Ty, of Fy

» For A € C\ [0,00), edge e, functional analysis shows existence
of a distinguished one-dimensional space X, of square
integrable eigensolutions y, on the half-tree 7." (same for —).

» Abelian subgroups vsXv~! act to give a nested family of

subtrees ’TJk). The induced action on X4 is by
multiplication by pX ()\) € C.

Theorem

Assume A € C\ [0,00), e = (v,vsy) and yy € X7, yi(v) =1.
Suppose w is a vertex in T;", and the path from v to w is given by
the reduced word sms;cd) .. sf(i). Then

y(w) = HEmbk(1) - - - Hk(n)- (0.1)

By ODE the vertex values of y can be interpolated to the edges.



Coupled equations

> g, can vary by edge type with eigensolutions
Cm(x, A), Sm(x, A).

» Theorem
For A\ e C\ [0,00) and m=1,..., M, the multipliers pipm(\)
satisfy the system of equations

=0.

,U/m()‘) — 1 Z :UJk Ck lkﬂ )‘)
Sm(lmy A Sk (I, A)

» Theorem
(Elimination) There is a discrete set Zy C R such that for all
A € C\ 2y, the functions pm(A) are solutions of 1 — var
polynomial equations pm(&m) = 0 of positive degree, with
coefficients entire in \.



Boundary values

» For o € [0, 00) there are limiting values
pE (o) = limg o+ p(o + ie).

» Let Z,, C C be the discrete set where the leading coefficient
of pm(&m) vanishes. For A € C\ Z,, the roots of pp,(A), in
particular um(), are holomorphic if root is simple. Otherwise
the roots extend continuously. The limiting values (o) need
not agree.



The spectrum

» Theorem
Assume o € [0,00) \ Zy and for m=1,..., M suppose
wi(o) # £1. Then o is in the resolvent set of A + q if and only if
ut(c) is real valued in open neighborhood of o form=1,... M.

» Theorem
Suppose M > 2 and the lengths |, are rational. Then the
resolvent set of A includes an unbounded sequence of pairwise
disjoint open intervals in [0, c0).



Computations 1

Arguments of 11, 1 ,
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Figure: Case h =1, h =1



Computations 2

Arguments of Hogs 16,
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Figure: Case h =1, L = .89



Computations 3

Arguments of Hys 1y

Arg

log Iy |

Figure: Case h =1, L =2
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