Matrix Sturm-Liouville problems analytic in a strip
Robert Carlson

d?y dy
Py(z )d2 + Pi(z )d7+PO( z2)Y = \Y

Y(z+2m) =Y(z)

> Can we say something new about a 200 year old problem?



Eigenvalue problem

LY =\Y, L=Py(2)D*+Pi(z)D+Py(z), D= — ~ —

Scalar example: £ = —-D?, X\, = n?,

Y(z+2mA) = Y(z,A),

v

Yn(z) = exp(inz) = e™ e~ = cos(nz) + isin(nz).

v

Pj(z) are K x K, 27 - periodic, complex analytic in
Q={z=x+iteC,-T<7< T}

L is often self adjoint on the Hilbert space ®xL2,,, the 27

per’
periodic vector-valued functions square integrable on [0, 27].

What does analyticity add?

v

v



Motivation 1

> Reaction-diffusion models for population or chemical
interactions with K-species u1(t, x), ua(t, x), ..., un(t, x) in
one space dimension

» Equations with spatially varying diffusion

8u,\, 0 8UN

W = akN(X)i + FN(ul, ey UK)

» Let U=[u1,...,un]



Motivation 2 - Pretend L is a square matrix
» Approximate system with linear equations

ou

=LU, U(0)=U
at ( ) 0
» Matrix version (say after discretization) would look like

ou
A =
n U U(O) Uo

» Use expansion in eigenvectors/functions to solve

Ay =N, U(E) =D c(thyy, Up=> c

J J

» Equation becomes decoupled system
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2. Hilbert space approach

per

v

Analogy with linear algebra is facilitated in a Hilbert space

2 -
(r.6) = 3= | F00E0) o

Good cases self adjoint (integrate by parts)

(Lf,g)=(f,Lg)

v

v

Usually (nearly self adjoint) (but not always) we get
eigenvalues A1, Ap, -+ — o0 and a basis of eigenfunctions

The case £ = —D? has eigenvalues \, = n?, functions

v

Yn(x) = exp(inx) = cos(nx) + isin(nx).



Use weighted Fourier series for better fits

> If f= Zj apexp(inx), g =, Bnexp(inx), then

1 27
IF =gl = 5= [ 1F—gF = 3o =l

n

or to make derivatives close too,

27

= Z ’an - Bn‘z + Z nz‘an - 5n|27
n n

1 21
W—gﬁ—A gl |f —gP

etc.



A Hilbert space of analytic functions

» H2(Q) is the set of Fourier series f = 5" c,exp(inz)
satisfying the exponential weighted summability condition

IFI = Y lenl* cosh(2nT) < oo,

n=—00
These Fourier series converge uniformly to an analytic
function on any strip with height T3 < T.

» H?(Q) has an inner product (and e are orthogonal)

2

(F.g)h = % [T )80+ TT) (g = 7)) o




Hardy space basics

» These spaces are named after G.H. Hardy. They come in
several flavors.

» Here are some standard facts.

» Proposition
If f € H?(RQ), then the boundary values f(x + iT) are well-defined
elements of L2, and the set {(f(x+iT),f(x—iT)),f € H*} is a
closed subspace of L,%er @ }LI%E,. H?(Q) is the set of all functions
analytic in the strip with period 2w and

27
sup / 1f(x +iT)[? dx < o0. (0.1)
0

—T<r<T



Our main question

» Do the 27 periodic eigenfunctions of 'nice’ analytic
L = Py(z)D? + P1(z)D + Po(z) have dense span in
@KH2(Q)?

> 'nice’ should include those which are self adjoint in L%er

> Note that the eigenvalues and eigenfunctions 'agree’ in L%er
and H2(Q).



The answer can be YES

» Perhaps the simplest examples are the operators
_ ié(2) pa—itz) _ 9
L1 = e'?* De = i¢'(z). (0.2)

Suppose ¢(z) is entire, 27 periodic, and real-valued for z € R.

> The operator £; is skew adjoint and unitarily equivalent to D

2
on Lg,,.

» D is still skew adjoint on H?, but £ is only similar to D with
eigenfunctions v,(z) = €2 e/ Since ¢(z) is entire, the
operator similarity holds for any strip height T.



Scalar case: Change of (real) variables can help

» Start with first order operators

L1 = p1(z)D + po(z2).

» If p1(x) is positive, the change of variables,

z 1 27 1
W:C/ ——ds, G =27 / ds. 0.3
' o pi(s) ' / o pi(s) (03)

transforms the periodic operator p;(z)D to Cid/dw and
carries [0, 27] to [0, 27].



Complex variables version

» With some limits, this idea has a complex variables extension.

» Proposition

Suppose p1(z) is analytic and 2m periodic in Q. If the real part of
1/pi1(z) is positive on Q, then w(z) given in (0.3) is injective on
Q, and the range includes a strip Q, = {—r < 3(w) < r}.

» In the second order scalar case
Ly = pa(z)D? + p1(2)D + po(z).

a version (plus a conjugation trick) reduces L to Liouville
(Schrédinger) normal form —D? + g(z)

» —D? 4 g(z) is close to self adjoint, so eigenfunctions have
dense span in a small strip



For Ly = p(z)D the answer can be NO!

» The eigenvalue equation p(z)Dy = Ay has solutions

y(2,A) = Cexp(A / 5 %) (0.4)
> If f 1/p(s) ds = 2w, then 27 periodic nontrivial solutions
have A, = in for integer n.

» Trouble if ,
w(z) :/0 1/p(s) ds

is not one-to-one in Qg (mod 27).



More NO

» Use w(z +2m) = w(z) + 27 and find z; # z with
w(z1) = w(z).

» Begin with a nonconstant, entire and 27 periodic function
q(z), with g(x) > 0 for x € R. Take

1 27

p(z) = Gexp(q(z)), G exp(—q(x)) dx,

so that p(z) is 27 periodic, w(z + 27) = w(z) + 27, and p(z)
and w(z) are both entire with essential singularities at co.



NO for T large

» Proposition
If w(z) is entire with an essential singularity at co, then for a dense
set of points wo € C, wy * = {z € C | w(z) = wo} is infinite.

» Proposition
There will be disjoint nonempty open sets Uy, U> € Qg with the
property that if zy € Uy, then there is a z» € U, such that

exp(inw(z1)) = exp(inw(z2)), n=0,4£1,42,....

» Proposition
There is an infinite dimensional subspace N' C H2, and for all
eigenfunctions yp(z)

(yn(2),8(2))n =0, geN



Leap ahead to Main result

» Proposition
Suppose the leading coefficient of the regular operator

L = —DP>(z)D + P1(z)D + Py(z) (0.5)
satisfies the positive real part condition

R(V'P(2)V) > G||V|EZ, VecK, G>0 zeQ (06)

Then L generates a holomorphic semigroup S(t) in @ xH?2.

» Theorem
Suppose the regular operator L of (0.5) is self adjoint and positive
as an operator on ®klL2.. and satisfies (0.6) on Q. Then the
periodic eigenfunctions of L have dense span in & xH?2.



Sketch proof 1

» Since £ has compact resolvent there is an orthonormal basis
of eigenfunctions v, with eigenvalues \,. As a semigroup on

®kL3.,, S(t) can be represented using an eigenfunction

expansion,
SL(t)f = exp(—tL)f(x) = > caexp(—tAn)bn  (0.7)

where
1

27
cn=(f,Yn) = o ), Vn(s)*f(s) ds.



Sketch proof 2

» Estimates: [,(2)] < Gi exp(Cz)\:,l,/z) for z € Q, )\},/2 > an for
some « > 0, so there is a pointwise estimate

e (2)lle < Crexp(CoAy? — tA,).

» For t > 0 the series in (0.7) converges uniformly to a function
analytic in  and continuous on £2.

» Analytic continuation of S;(t) = analytic semigroup S(t).

» Finally, suppose h € @xH? is othogonal to all eigenfunctions
of L. Then

(S()f, hy = (O cnexp(—tAn)ton, h) =0, t>0.

But S(t)f converges in ©kH? to f for all f in ©yH?2,
implying that h = 0. Consequently, the periodic
eigenfunctions of £ have dense span in @xH?.



