Math 340 Professor Carlson
Homework 3

section 2.1 # 19: Consider

dy 1
priat’ 3+2cos(2t), y(0)=0

a) Find the solution and describe the large t behavior.
b) Determine the value of t when the solution first hits y = 12.
Use the integrating factor u(t) = e/* to get

d
%[et/d‘y] = 3¢t 4 2¢"* cos(21).

Integration gives

t
ety = 1214 + 2/ e/ cos(2s) ds + C.

There is a trick for evaluating the integral. Let I = [ bes/d cos(2s) ds. Integrate by parts
twice to get

t

t
I =¢l* sin(2t)/2—/ e*/*sin(2s) /8 ds = e/* sin(2t) /24! cos(?t)/lfi—/ e*/* cos(2s) /64 ds.
The last term is 1/64, so
64 1/ t/4
I= %[e sin(2t)/2 + e"* cos(2t)/16].
The general solution of the differential equation is
128 . _t/4
y=12+ 6—5[sm(2t)/2 + cos(2t)/16] + Ce™"/*.
The initial condition y(0) = 0 gives
C' = —12—8/65,
* 128
y(t) =12 + E[sin(zt)/Q + cos(2t)/16] 4+ [—12 — 8/65]e~ /4.
The last term decays to 0 as ¢ — 00, so the solution oscillates around y = 12.

section 2.1 # 20: Find the value of yog so that the solution of

d
d_?i —y=1+3sin(t), y(0)=yo,

remains finite as t — oo.
Use the integrating factor u(t) = e~ to get
d

E[e’ty] =e "+ 3e ' sin(t),



and .
y(t)=—-1+ 3et/ e ®sin(s) ds + Ce’.

The integral can again be found by integrating by parts twice, or using a table to get

t
/ e “sin(s) ds = 7[— sin(t) — cos(t)],
and 3
y(t) = -1+ 5[— sin(t) — cos(t)] + Ce'.
For the solution to remain finite as ¢ — oo we need C' = 0, so

3

vo=y(0) = =1 =5 = —5/2.

section 2.2 # 1

= = x_) ydy =2 dv, 3?/2=2/3+C.
Yy

section 2.2 # 2

% +9y?sin(z) =0, —y ?dy=sin(z)dr, y'=—cos(z)+C.
x

section 2.2 # 5

T

dy x—e”
dr — y+ev

. (y+edy = (x—e ) dx, y*/2+ev=2%/2+e " +C.

section 2.2 # 6

dy  a?

Qi 1tg2 (1+y?) dy = 2* dz, y+y’/3=21"/3+C.

section 2.2 # 19

Solve the initial value problem

dy 2 2
9 0) =1
o = ey y(0) =1,

and determine where the solution attains its minimum value.
Rewrite the equation as

y idy=2+z)dr, —y'=22+2%/2+C.

Since y(0) = 1 we have
-1=C.



The solution with y(0) =1 is

—2
"= mr—e
At the minimum we should have dy/dx = 0, or from the original equation
0=19%2+2).
Since y(z) # 0, x = —2. So the minimum is at z = —2.
section 2.2 # 23
Solve
dy ay+b
dr  cy+d

Rewrite this equation as

Cy+ddy*dx

cy+b/a+d/c—b/

¢ dy = dx,

ay+b 7 y+b/a

giving

gy + (d/c—b/a)log(ly +b/al) =z + K.



