Math 340 Professor Carlson
Homework &

Section 3.5
#1 Find the general solution of the equation
y' — 2y — 3y = 3e*.
Start by writing the equation as
(D?* —2D — 3)y = (D — 3)(D + 1)y = 3e*.

The nonhomogeneous term on the right is annihilated by D — 2, so the solution must be a
linear combination
y(t) = c1® + coet + cze®.

One solution must have the form y,(t) = cze*. Putting this into the equation gives

dege?t — dese®t — 3eze®t = 3%,

so c3 = —1. The general solution is

y(t) = cre® + et — e

#2 Find the general solution of the equation
y' — vy — 2y = —2t + 4t%
Start by writing the equation as
(D> =D —2)y= (D —2)(D+ 1)y = —2t + 4>,

The nonhomogeneous term on the right is annihilated by D3, so the solution must be a linear
combination
y(t) = cre® + coe™t 4 3+ cqt + cst’

One solution must have the form y,(t) = c3 + ¢4t + ¢5t?. Putting this into the equation
gives
2c5 — (2c5t + ¢4) — 2(cg + cat + c5t?) = —2t + 4t

so ¢ = —2, ¢4 = 3, cg = —7/2. The general solution is
y(t) = cre® + coe™t — 7/2 + 3t — 2%
#3 Find the general solution of the equation
Y+ — 6y =123 + 127,
Start by writing the equation as
(D*+ D —6)y = (D —2)(D+3)y = 12e* + 127 .
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The nonhomogeneous term on the right is annihilated by (D — 3)(D + 2), so the solution
must be a linear combination

y(t) = cre® + coe ™t + ez + e

One solution must have the form y,(t) = cze® + cue™*

gives

. Putting this into the equation
(9c3e™ + dege™) + (3eze™ — 2c4e™ ) — 6(c3e™ + cue™) = 12 + 127
so c3 = 2, ¢4 = —3. The general solution is

y(t) = cre® + et + 2 — 37,

#4 Find the general solution of the equation
y" — 2y — 3y = —3te”".
Start by writing the equation as
(D* - 2D —3)y = (D —3)(D + 1)y = —3te".

The nonhomogeneous term on the right is annihilated by (D + 1)2, so the solution must be
a linear combination
y(t) = c1® + coet 4 cste ! 4 eut’e

One solution must have the form y,(t) = cgte™ + c4t?e~". Putting this into the equation
gives

(—2c3 + c3t + 2¢4 — degt + cqt?)e ™ — 2(ez — ezt + 2c4t — cqt?)e ™t — 3(est + eqtP)e Tt = —3te ™!,
or
(—203 + Cgt + 204 - 4C4t + C4t2) - 2(C3 - Cgt + 2C4t - C4t2) - 3(03t + C4t2> = —Bt,

so ¢3 = 3/16, ¢4, = 3/8. The general solution is

_ R
y(t) = c1® + et + 1—6t6 b+ §t26 £

#5 Find the general solution of the equation
Y + 2y =3+ 4sin(2t).
Start by writing the equation as
(D*+2D)y = (D + 2)Dy = 3 + 4sin(2t).

The nonhomogeneous term on the right is annihilated by D(D?+4), so the solution must be
a linear combination

y(t) = cre™* + o + et + casin(2t) + c5 cos(2t).
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One solution must have the form y,(t) = cst + c48in(2t) + ¢5 cos(2t). Putting this into
the equation gives

—4eysin(2t) — 4es cos(2t) + 2¢3 + 4eg cos(2t) — 4es sin(2t) = 3 + 4sin(2t).

so c3 = 3/2, ¢y = —1/2, ¢5 = —1/2. The general solution is

3 1 1
y(t) = cre™* + ¢y + ét ~3 sin(2t) — 5 cos(2t).

Section 3.6

#1 Solve by using variation of parameters and the method of undetermined coefficients.
(NH) " — 5y + 6y = 2¢".
The associated homogeneous equation is
(H) y" =5y +6y=0.
The characteristic equation is
P —5r+6=(r—-3)(r—2)=0, r=32.

Take
yi(t) =¥, yo(t) = ™.

The Wronskian for these solutions is

5t _ 5t

Wy, y2) = ?leg - ?Jiyz = 3¢ — 2¢ e’r.

The variation of parameters formula give a particular solution

O —

t

y2(s)g(s)
W (y1,y2)(s)

t 3s s t 2s .8
2e’%e 2e“e
yp(t) = —e%/ —— ds+ e?’t/ - ds
e°s e°s

t t
= —2€2t/ e % ds+ 2€3t/ e ds = 2e — et = €.

n(sls)

ds + yQ(t) W(yl, yz)(5>

In this case we get

The general solution is
y(t) = e’ + cre* + coe.

#2 Solve by using variation of parameters and the method of undetermined coefficients.
(NH) o' —y —2y=2e""
The associated homogeneous equation is

(H) v'—y —2y=0.
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The characteristic equation is
—r—2=(r-2)r+1)=0, r=2 -1

Take
yi(t) = €2t7 Yya(t) = e

The Wronskian for these solutions is

W (y1,y2) = y1ys — y1yo = —€' — 2e" = =3¢,

The variation of parameters formula give a particular solution

t t

ya(s)g(s)

n(s)gls)
W (y1,y2)(s) .

W00 | )

Yp(t) = =4 (?)

In this case we get

P t2e25e
t) = —e* ds+e! / d
Yp(?) e / mryral +e —3o 08

2 t 2 t 2 2
= gegt/ e 3% ds — ge_t/ 1ds= —§e_t - §te_t.

Since ™" is a solution of (H), another particular solution is

2
Yp(t) = _gte_t'

The method of undetermined coefficients leads to the third order homogeneous equation
(D+1)(D—-2)(D+1)y=0.
The root r = —1 is repeated, so
t

y(t) = cre® + coe™" + czte™.

Putting this form into (NH) leads to

[—2c3e™" + cste™] — [eze ™" — este™] — 2este™ = 277,
or
2
C3 — —g

#3 Solve by using variation of parameters and the method of undetermined coefficients.

(NH) 4y" — 4y +y = 16e"2.
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