Math 340 Test 2 solutions  Professor Carlson
SHOW ALL YOUR WORK
1. (20 pts) Consider the equation

y" — 16y = 0. (1)

a) Find a pair of linearly independent solutions of the form e™. Show that
your solutions are linearly independent.
The characteristic equation is

r? —16 = (r+4)(r —4) = 0.

The exponential solutions are

21 = e4t, 29 = e 4,

To show independence we compute the Wronskian
W =y1vh — 9yp = —4dete ™ — dete™ = -8,

Since the Wronskian is not zero, the solutions are independent.
b) Describe the general solution of equation (1).
The general solution has the form

y(t) = cre* + cpe .

¢) Find the solution y(t) which satisfies the initial conditions

We want to find ¢; and ¢y such that

0

Cl€0+02€ =c+c=1,

deqe® — dege® = ey — 4ey = 0.

The second equation says ¢; = ¢, S0 ¢ = ¢g = % and

1 1
y(t) ;€ t5e



2. (20 pts) a) Find the exponential solutions y = e of the equation
y" + 4y + 8y = 0.
The characteristic equation is
r? 4+ 4r +8=0.

The roots are

4+ /16

r = —24 2.
2
The exponential solutions are
oy = TR (220

b) Find two independent solutions of the form

Y = e cos(Bt), 1y, = e sin(Bt),

where o« and B are real numbers.
Use Euler’s formula to get

21 = e *[cos(2t) + isin(2t)], 2o = e *[cos(2t) — i sin(2t)].
By combining these we get solutions
y1 = e *cos(2t), 1y, = e *sin(2t)
¢) Find the solution y of this equation satisfying
y(0)=0, ¢'(0)=1.

Write
y(t) = cre”* cos(2t) + coe™*' sin(2t).

Since y(0) = ¢; = 0, the desired solution has the form
y(t) = coe™* sin(2t).
Differentiation gives

Y (t) = —2coe " sin(2t) + 2cpe”* cos(2t),



so the condition y'(0) = 1 leads to

1
y(t) = 56_% sin(2t).

3. (20 pts) a)Find the general solution of the equation
y" — 5y + 6y =t.
Write the equation as
[D?* — 5D + 6y = t.

Apply D? to get
D?*[D* - 5D + 6]y = 0.

The roots of the characteristic equation are
r=20,0,2,3.

Look first for a solution y = ¢; + cot. Putting this form into the equation
yields
—5co + 6(cy + cot) = t.

That is
Co = 1/6, 601 - 562 = O, C1 = 5/36

The general solution is

) 1
y(t) = 6Tl T cze® + cqe®

b) Find the solution y of this equation satisfying

Evaluation gives

5
%‘1‘03—{—64:0,

1
6+3C3+QC4:O.
1

CG=—=, 3=

1
4 9



The solution is . 1 . )
o= Sy DBt St
v =355t 50 T 1°

4. (10 pts) a) Show that an equation of the form
2y +aty' + By =0
has at least one solution (and usually two) of the form
y=1t".
Putting t" into the equation gives
tr(r — D)2 +atrt™ ' + Bt" = 0.
Divide by t" and simplify to get
P+ (a—1)r+p3=0.

The quadratic formula gives at least one value of r.
b) Find a solution y; = t" for the equation

t2y" — 3ty + 4y = 0. (2)
In this case we find
r?—dr+4=(r—2)*=0.

So y = t? is a solution.

5. (20) pts a) Seek power series solutions

y(x) = Z cra”
k=0

for the differential equation
y' +xy + 2y =0.

Find the recurrence relation the coefficients ¢y, satisfy.
b) Find the first four coefficients ci. of the solutions y,(z),y2(x) if y1(0) =
1,y1(0) = 0 and y»(0) = 0, 45(0) = 1.



a) First compute

y'(x) = Z kepa™™t, o (x) = Z k(k —1)cpat2.
k=1 k=2

Putting the series into the differential equation gives

NE

k(k —1)cpa®™ 2 4o Z kepa® 1+ 2 Z ez = 0.
k=1 k=0

2 = =

M

k

Writing all series with powers 2" we get

NE

(k+2)(k + Deppor® + > ke +2) et =0,
k=0 k=0

i

0

or
)

Z[(k +2)(k + 1)epio + ke + 2¢)2" = 0.
k=0

Since the coefficients must vanish, the recurrence relation is

c _ ka—{—QCk _ Cr
T k+2) (k1) k41

b) For the solution y;(z) we have ¢g = 1,¢; = 0. Thus ¢; = —1/1 = —1
and c3 = 0.

For the solution yq(z) we have ¢g = 0,¢; = 1. Thus ¢y = 0, and ¢z = —1/2.

6. (10 pts) a) Find independent solutions y; and ys of

y" — 4y = 0.

—2t 2t
yp=¢€¢ -, Y=¢€".

The Wronskian is
W =y1yy — Yiy2 = 4.

b) The variation of parameters formula says that a particular solution of
the equation

y' — 4y = g(t), (3)



1S given by
L ya(s)g(s)
o W(yi,v2)(s)

Suppose that g(t) = e* in (3). Find y,(t).

t 2s_2s t —2s_2s t _4s t
e“Se e “%e e 1
y,(t) = —e_Qt/ d8+€2t/ ds = —e 2 [ — ds—l—th/ —ds
o 4 0 4 0

1 —2tr1 4t t 2t t 2t 1 1
- Q4 et T2t
T S B i Sl = 16

n(sgls)

w(t) = —ui(t) 0 Wlyr,y2)(s)

ds + yo(t)




