Homework 7

1. Show that the function g = —x —y has no minimum when subjected to
the constraints t —y = 5, x > 0, y > 0, and conclude that linear programs
are not always solvable.

Write the constraint x —y = 5 as y = x — 5. Along this line we can write
g(x,y) = G(zr) = —x — (x — 5) = —2x + 5. For z > 0 the function —2x + 5
has no minimum, so the linear programming problem to minimize —x — y
subject to the constraint x —y = 5 has no solution.

2. Suppose Uy = (0,0), Us = (1,0), and Us = (0,1). Show that the set K

of convex combinations
w Uy +waUs +w3lUs, w; >0, wy +wy+ws =1
s the same as the set
F={(z,y) | x>0,y >0,z +y <1}
First, any point in K can be written as
wiUy + waUs + w3Us = (wa, ws), w; > 0.

Since in addition wy + wy + w3 = 1, we have wy + w3 < 1. Thus K C F.
Next, suppose (wq,ws) € F. Define w; = 1 — wy — ws. Then w; > 0,
wy + wy + w3z =1, and

(wg, ’LU5) = ’LUlUl + w2U2 + ’LU3U3.

Thus (wq, w3) € K, and the sets K and F' are equal.
3. Suppose that B € RN, and Q C RY is convex. Assume that

a = max(f, X).

Show that if Z is an extreme point of
Q.= QN {X €Q[(8,X) = a},

then Z is an extreme point of §2.
Try to write Z =tU + (1 —¢)V with U,V € Q and 0 <t < 1. Then

a=(f,2) =iB,U)+ (1 -1){5,V).
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Since 0 < t < 1 and
(B,U)<a, (B,V)<a,

the only way to have o = (3, Z) is to have

8,0) =, (B,V)=a

That means that U,V € €, and since Z is extreme in €2, we have U =V =
Z.

4. Solve the following linear programming problem. Minimize g(x1, ..., x4)
T, — To + 3x3 + 234 Subject to the constraints

1+ 29 + 23 + 14 = 4,

T1+ To — T3 — Ty = 3,

and all x;, > 0. Use the idea that the mazimum must occur at an extreme
point, and the extreme points are feasible solutions (x, > 0) of the constraint
equations with at least 2 components equal to 0.

First, the problem has a solution since the first constraint forces the
feasible set to be bounded.

We check for solutions with at least two components equal to 0. Here are
the solutions.

x1=0,29 =0, no solutions,

x1=0,23=0, xo=7/2,24=1/2,
1 =024 =0, x3=7/2,23=1/2,
2o =0,23=0, x1=7/2,24=1/2,
xo=0,24 =0, x1=7/2,23=1/2,
r3=0,24 =0, no solutions.

The four cases with solutions are all feasible, so these are extreme points.
Checking these cases we find

r1=0,23=0,20=7/2,24y=1/2, ¢g=-T7/24+1=-5/2,

vy =024 =0,20=7/2,23=1/2, ¢g=-T/2+3/2= -2,
xo=0,03 =0,y =7/2,24y=1/2, ¢g=7/24+1=09/2,



xo =0,y =0,y =7/2,25=1/2, ¢g=7/2+3/2=05.

The minimum value is —5/2, which occurs at x1 = 0,23 = 0,290 = 7/2, 24 =
1/2.

5. Start with the following linear program (from Meerschaert). Mazimize
P = 400x, + 20024 + 250x3, subject to

3]71 + 29 + 15%3 S 1000,

0.8z1 + 0.225 4+ 0.323 < 300,
T1 + 29 + 23 < 625,
r1 > 0,29 > 0,23 > 0.
(a) By introducing slack variables x4, x5, x¢, Tewrite this problem as an
equality linear program.

3x1 + x5 + 1.5z3 + x4 = 1000,

0.8z + 0.2z + 0.3235 + x5 = 300,
1+ X9+ T3+ Xg :625,
1 ZO,...,I@ 20

(b) Show that the feasible set F' for the equality program is bounded.
Since all of the variables are nonnegative, the first constraint gives

x1 < 1000/3, 22 < 1000, 23 < 1000/1.5, 24 < 1000,
and the remaining constraints give
x5 < 300, z¢ < 625.

Thus F' is bounded.
(c) Find one extreme point py for this program. Say two extreme points
are neighbors if there zero coordinates differ in one place. Find two extreme

points pa, p3 which are neighbors of p1. Compare the values of the profit at
these 3 extreme points.

Try 1 = x9 = x3 = 0. This gives the feasible values

x4 = 1000, 25 = 300, ¢ = 625, P =0,
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To find neighboring extreme points we try xy = x3 = x4 = 0 to get

400, 000
3 Y

z1 = 1000/3, 25 = 100/3, 25 = 875/3, P =

which has the biggest profit of these three points, and x; = 3 = x4 = 0 to
get
x9 = 625,24 = 375,25 = 125, P = 125,000.

6. Suppose we have an equality linear program of the form minimize

N
g(xy,...,xN) = Zan:cn,
n=1

subject to constraints x,, > 0 forn=1,..., N and

an Ty + - +a Ty = by,

ayn®i + -+ ay NN = by

(a) Show that the feasible set Q0 is bounded if a, > 0 for some k and
n=1,...,N.
Because all z,, > 0, the condition ay, > 0 for n =1,..., N implies that

An Ty, = by, — E ai;r; < by,
j#n

and
Ty <bg/agn, m=1,...,N.

Thus all coordinates are bounded.



