MATH 4420/5420 Optimization Test 2 Professor Carlson
SHOW ALL YOUR WORK

1. a) Define what it means for a set Q C RY to be conver.
A set Q is convex if the points

tX+(1—1)Y, 0<t<1

are in ) whenever X and Y are in ().

b) If Q is a convex set, define what it means for a function f:Q — R to
be convex. Define strictly convexz.

The function f : 2 — R is convex if

fAX+ A =0)Y) < tf(X)+ (1= t)f(Y),
for all X,Y € Q. The function f is strictly convex if
X+ (1 -0)Y) <tf(X)+(1-1t)f(Y)

for0<t<1land X #Y.
c) Show that the sum of two convex functions is convet.
Suppose f and g are convex. Then for X, Y € Q and 0 <t <1,

(FHo)tX +(1-Y)=fEX+(1—=t)Y) +g(tX + (1 —2)Y)
<X +A=t)f(V)+tg(X)+(1—t)g(Y) = t(f+9)(X)+(1-t)(f+9) (V).
2. a) Find the vector V in R? of the form
a(1,1,1) + B(—2,0,2)
which is closest to (2,2,3). Measure distance in the usual way
AX, Y =X -Y[P=(X-Y)e (X —Y).

Notice that the problem amounts to finding the vector in a plane which
is closest to a given point. There will be a minimizer, and the minimizer will
be a critical point of the square of the distance.

The square of the distance from V' of the given form to (2,2, 3) is

fla By =(a—20—-2,a—2,a+26—-3)e(a—20 -2, — 2,0 + 25 — 3)
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=(a—28-2)*+(a—2)?+ (a+28 — 3)%

Look for critical points

%:2(04—25—2)+2(a—2)+2(a+2,8—3):O.
of
%:—4(a—2ﬁ—2)+4(a+25—3) =0.
The equations can be solved easily after simplification,
of
of
— =0p=1/4

Thus the vector we want is

7 1
=—-(1,1,1) + -(—2,0,2).
V= 3(LL1)+5(-2,0,2)

3. Recall the following theorem.
If Q2 is a convex open set and f : 2 — R has first partial derivatives, then
f s convex if and only if

f(X)_l'Vf(X).(Y_X)Sf(Y)v X, Y e

a) Use this result to show that any critical point of such a function f is
a global minimizer.

A critical point is a point where V f = 0. If Vf(X) = 0 then f(X) < f(Y)
for all Y € Q, so X is a global minimizer.

b) Suppose that f : Q@ — R has continuous second partial derivatives.
What is the Hessian Hy of f? What condition on the Hessian implies that f
is conver?

The Hessian is the matrix of mixed second partial derivatives. The func-
tion f is convex if the Hessian is a positive semidefinite matrix at each point
of Q.

c) Compute the Hessian of the function

f(z1,22) = Qxf — 21119 + :13%



Is the Hessian positive definite?

_( Pfjoxt Of)omdw) _ (4 —2
Hf($1,$2) = (an/axlale an/al.T% 2) N (_2 2 ) ‘

The principle minors are 4 and 8 — 4 = 4, which are both positive, so H f is
everywhere positive definite.

4. Suppose we want to find the local minimum of a real-valued function
f(x) of a real variable with as many derivatives as you need. Assume the
function is expected to have a local minimum near xg.

(a) Give a brief description of the bisection method for finding the local

At a minimum z; a differentiable function must have derivative f'(x;) =
0. Let g(z) = f'(z). The bisection method requires ¢ to be continuous, and
to change sign on an interval [a,b] containing z;. The method generates a
sequence of approximations to the root z; of g as follows. Let ag = a, by = b.
Forn =0,1,2,... define ¢, = (a, + b,)/2. If g(c,) = 0, we're done. If not,
and f(a,)f(c,) < 0, then define a,+1 = apn, bpy1 = . I f(an)f(cn) > 0,
then define a,.1 = ¢, byy1 = b,. At each step the length of the interval
is halved, and each interval [a,, b,] contains a root of g by the Intermediate
Value Theorem. The desired root is x; = lim,,_,o ay,.

(b) Give a brief description of Newton’s method for finding the local min-
1mum.

Again, Newton’s method uses the fact that the desired minimum will
satisfy f'(x;) = 0. Let g(z) = f'(z) and assume that g does not vanish
at the root x;. For purposes of analysis we usually assume that ¢'(z) is
continuous.

Starting at ty = zg, define a sequence {t¢,} by

tn+l =t, —

If ¢, is sufficiently close to x;, the sequence {t,} will converge to the root x;.
(¢) Suppose we want to find the minimum of a real-valued function f(X)
of a several real variables, X = (x1,...,xy), with as many derivatives as you
need. Briefly describe the steepest descent method for finding the minimum.
The steepest descent method also begins with the selection of an initial
guess Xg. Since the function f decreases most rapidly near X in the direction



of the gradient, the following functions of one variable are introduced,

g9(t) = f(X +tVf(X)).

Beginning with X = X, one tries to minimize g(t), for instance by looking
a critical points. The selected minimizer of g becomes X, and the process
repeats, thus defining a sequence X, of vectors which reduce the value of f.



