Math 4130/5130 Homework 7

4. # 4 Suppose m and n are positive integers with m < n. Prove that
there exists a polynomial p € P, (F) with exactly m distinct roots.
Since P, (F) is the vector space of polynomials of degree at most n, one
can simply take
p(z) = (z—2) - (2 — 2m)
with distinct roots 21, ..., z,. If you want the degree to be exactly n, then

p(2)=(2—21) (2 = zm_1)(z — 2)" ™!

will do the trick.

4 # 6 Suppose p € P(F) has degree m. Prove that p has m distinct roots
if and only if p and its derivative p’ have no roots in common.
Whether or not the roots are distinct, we can factor p(z) as

p(z) =c(z—2z1) (2 —2m), c#0,

and by the product rule

m

p'(z) = CZ H(z — Z).

n=1 k#n

If a root of p, say z;, is repeated, then the formula shows that p'(z1) = 0.
If no root is repeated then

p'(z5) = cH(zj —z) #0, j=1,...,m.
k#j

4 # 10 Suppose m is a nonnegative integer and p € P, is a polynomial of
degree at most m such that there are m + 1 distinct real numbers xq, ..., Ty,
with p(x;) € R. Prove that the coefficients of p are real.

Here are two proofs.

1. Consider the linear map from the real vector space Py, g of polynomials
of degree at most m with real coefficients to the real valued functions on the
set xg,...,x,. Both spaces have dimension m + 1. The null space is the set
of polynomials of degree at most m vanishing at m + 1 points. This must be
the zero polynomial, so the null space is {0} and the map is surjective. Thus
there is at least one p € P, g with the given values.
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Now suppose ¢(z) has complex coefficients, degree at most m, and ¢(z;) =
p(z;) for 5 =0,...,m. Then ¢(z) — p(z) vanishes at m + 1 points, so ¢(z) —
p(z) = 0. Thus p(z) is unique.

2. The second proof is more constructive, using Lagrange interpolating
polynomials. Define .

plr) = )
r — T
where the factors (x — ) cancel and leave a polynomial of degree m which
vanishes at z; # x; and does not vanish at z;. Suppose p(z;) = y;. We can
write p(z) as

pa) =3y 2

=0 pr(zr)

This polynomial has real coefficients, and is unique among all polynomials
with complex coefficients as in proof 1.

5.A # 2 Suppose S, T € L(V) are such that ST =TS. Prove that null(S)
15 invariant under T'.
If Sv =0 then S(Tw) = T(Sv) = T(0) = 0.

5.A # 4 Suppose T € L(V). Prove that if Uy, ..., Uy are subspaces of V
mwvariant under T', then Uy + - - - 4+ Uy is invariant under T'.
Suppose v =u; + -+ +uy € Uy + - - - + Uy, with u, € U,. Then

Tv=Tu; +---+Tuy.

Since each U, is invariant under T', Tu,, =€ U,, so Tv € Uy + --- + Uy,.

5.A # 5 Suppose T € L(V). Prove that the intersection of any collection
of subspaces of V invariant under T is invariant under T'.

Suppose we have a set of subspaces {U,}, with each U, invariant under
T. Let v € N.U,. Then Tv € U, for each r, and so N, U, is invariant under
T.

5. A # 6 Prove or give a counterexample: if U is a subspace of V that is
invariant under every operator on V, then U = {0} or U = V.

We'll prove the contrapositive: if U is a subspace of V and U # {0} and
U # 'V, then there is an operator T on V such that U is not invariant under

T.



Let (uy,...,up) be a basis for U, which we extend to a basis
(Up, ..., upsy V1, ..o, UN)

of V. The assumption U # {0} and U # V means that M > 1 and N > 1.
Define a linear map 1" by

Tu; =vy, Tu, =0 m>1, Tv,=0.

Since vy ¢ U, the subspace U is not invariant under the operator 7.

5.A # 8 Define T € L(F?) by
T(w,z) = (z,w).

Find all eigenvalues and eigenvectors of T'.
Suppose (w, z) # (0,0) and

T(w,z) = (z,w) = Nw, z).

Then
z=Aw, w=\z

Of course this leads to
w=Mz=Nw, z=w=\2z.

Since w # 0 or z # 0, we see that \2 =1, so A\ = %1.
A basis of eigenvectors is

(wlazl) = (171>7 (w2>z2) = (_171)7
and they have eigenvalues 1 and —1 respectively.

5.A # 9 Define T € L(F?) by
T(Zl, 29, 23) = (222, O, 523).

Find all eigenvalues and eigenvectors of T'.
Suppose (21, 22, 23) # (0,0,0) and

T(Zh 292, Z3) - (2227 07 523) = )\(Zh 292, 23)'



If A =0 then 29 = z3 = 0, and one checks easily that
v1 = (1,0,0)
is an eigenvector with eigenvalue 0. If A £ 0 then 2z, = 0,
229 = Az1 =0, bzz = Az3,
so z1 = 0 and A = 5. The eigenvector for A =5 is
vy = (0,0,1).

These are the only eigenvalues, and each eigenspace is one dimensional.

5.A # 19 Suppose N is a positive integer and T € L(FYN) is defined by
T(x1,...,on) = (w14 -+ Ty, .., 21+ + ).

Find all eigenvalues and eigenvectors of T'.
First, any vector of the form

v =(a,...,a), a€fF,
is an eigenvector with eigenvalue N. If v, is any vector
ve = (Z1,...,TN), an =0,
n
then v, is an eigenvector with eigenvalue 0.
Here are N independent eigenvectors:
v =(1,1,...,1),

and
v, =(1,0,...,0) — E,, n>2,

where E,, denotes the n-th standard basis vector.



