Boundary Value Problems for Infinite
Metric Graphs

Robert Carlson
Department of Mathematics
University of Colorado at Colorado Springs
rcarlson@uccs.edu

October 13, 2006

Abstract

The second derivative operator —D? with standard interior vertex
conditions is considered on infinite metric graphs with finite volume or
other smallness conditions. A large collection of self adjoint domains
defined by local boundary conditions on the metric space completion
of the graph is constructed for a rich family of metric graphs that
are 'weakly connected’. The developed techniques also provide the
solution of the Dirichlet problem for harmonic functions.
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1 Introduction

Recently, there has been a burst of interest in differential equations on metric
graphs G, that is topological graphs whose edges are line segments, typically
equipped with a metric and measure extending the standard ones for line
segments. To formulate well posed graph versions of problems in quantum
mechanics, heat flow, or wave motion, one usually wants a self adjoint re-
alization of the second derivative operator —D? or a Schrodinger operator
—D? +q on the function space L?(G). Since the operators —D? and —D?+¢
will often be self adjoint on the same domains [15, p. 162], our attention is
restricted to —D?.

Modeling problems in biology can motivate the study of differential op-
erators on metric graphs. Primary examples are the one space dimensional
models used for computationally tractable simulations of the human circu-
latory system [3], which transports blood, nutrients, waste products, and
heat. A high fidelity graphical representation of the circulatory system has
a huge number of edges with an apparently highly irregular structure, so
questions about rather general infinite graph models and limiting behavior
as the number of edges grows appear almost immediately.

The main aim of this work is to establish the existence and description of
multiple self adjoint extensions of the standard symmetric operator —D? on
infinite graphs, particularly graphs relevant for circulatory system modeling.
When multiple extensions exist, one would like to know if self adjoint domains
can be described using local boundary conditions, in a manner analogous to
the classical theories of Sturm-Liouville problems for an interval, or boundary
value problems for partial differential equations. The related problem of
approximating operators on infinite graphs by operators on finite graphs is
deferred; see [18] for a promising method of analysis.

The construction of self adjoint domains for —D? will lead us to consider
connections between topological conditions and function theory on the metric
completions of infinite graphs. For many infinite graphs, including connected
graphs with finite volume, we will demonstrate the existence of distinct self
adjoint realizations of —D? associated with boundary conditions of the form

fl)=0, z€9Q, f(y)=0, yeQ

where € is a subset of the appropriately defined boundary of the metric
completion G of G. As a by-product of the analysis, we will also solve the



Dirichlet problem for harmonic functions with prescribed boundary values.
The results are developed in three subsequent sections.

The next section discusses metric graphs and their completions. The
main hypothesis for graphs in this study is that they are 'weakly connected’,
meaning that any two points in G can be separated by deleting a finite set
of points from G. This condition generalizes a property of trees, but holds in
considerable generality. In particular, all connected graphs of finite volume
are shown to be weakly connected. For weakly connected graphs G, the
boundary 9@ is a totally disconnected set.

The third section discusses the function theory of metric graphs. A ver-
sion of the Sobolev space H' is introduced, and basic properties established.
Quadratic forms, the Friedrich’s extension, and lower bounds for —D? on a
suitable domain are discussed. The boundaries of infinite graphs may look
very different from manifolds, so one is motivated to find a class of functions
on graphs which can be used in place of the smooth functions on a manifold
with smooth boundary. For this purpose we introduce an algebra A of con-
tinuous functions on G with derivative zero outside a finite set of edges. The
condition that A separates points of G is shown to be equivalent to the weak
connectivity of g.

The fourth section considers boundary value problems for infinite graphs,
beginning with harmonic functions and the Dirichlet problem. The Dirich-
let problem, which asks for the existence of a harmonic extension for every
continuous function on 0G, is solved for a large class of weakly connected
compact graph completions. We conclude by defining many distinct self ad-
joint operators —D? on graphs with finite volume by means of local boundary
conditions.

2 Metric Graphs and their Completions

2.1 Graphs

In this work a graph G will have a countable vertex set V and a countable
set £ of edges e,. The graphs will be locally finite; that is, each vertex
appears in at least one, but only finitely many edges. We will not directly
consider loops and multiple edges with the same vertices, although these can
be incorporated by adding vertices. Each edge has a positive weight (length)
l,. For convenience in defining differentiation, the edges are initially assumed



to be directed, but this plays no essential role.

A topological graph also denoted G may be constructed from this data
[13, p. 190]. For each directed edge e,, let [a,,b,] be a real interval of
length [,, and let «; € {an,b,}. Identify those interval endpoints «; whose
corresponding edge endpoints are the same vertex v. Since every point in
G may be covered by an open set having nonempty intersection with only
finitely many edges, every compact set in G is contained in a finite union of
closed edges e,,.

The Euclidean length on the intervals may be extended to paths consisting
of finitely many nonoverlapping intervals by addition, and a metric d(p;, p2)
on G is defined as the infimum of the lengths of paths joining p; and p,.
A graph is locally path connected, so [8, p. 90] a connected graph is path
connected. Suppose 7 : [a,b] — G is a path joining p; and p,. Such paths are
assumed to have finite length, and are generally assumed to be parametrized
by a constant multiple of arc length. We generally assume that v~'(V) is a
finite set {t1,...,tx}, that y(tx) # Y(tk+1), and that v is unidirectional on
the edges connecting y(tx) and ~y(tx41). The corresponding statements hold
for v :[a,t;] = G and v : [tk,b] — G.

We distinguish interior vertices, which have more than one incident edge,
from boundary vertices which have a single incident edge. Edges e, incident
on a vertex v are denoted e, ~ v. The interior of the topological graph int(G)
will be the complement of the set of boundary vertices.

Suppose G° is a subgraph of G. A new graph G \ G° may be defined by
deleting G° from G. The new edgeset will be £ \ £%. The new vertex set
will be the vertices from )V with at least one incident edge from £ \ £°. The
same construction may be used to delete a given subset of edges instead of a
prescribed subgraph.

2.2 Metric Completions

As a metric space, G has a completion G. A development of the metric
space theory needed for this study of G may be found in [17, pp.139-170].
Lebesgue measure on intervals extends in the obvious way from the edges to
G; in particular, the volume of the graph is simply the sum of the lengths of
the edges. This measure is extended to G (see [17, p. 257], problem 2) by
defining the measure of G \ G to be 0.

Recall that a metric space X is totally bounded if for every ¢ > 0 there
is a finite set z1,...,z, € X such that UyB.(zy) covers X. A metric space
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is compact if and only if it is complete and totally bounded. This gives a
picture of graphs with compact completion.

Proposition 2.1. A graph G has compact completion G if and only if for
every € > 0 there is a finite set of edges ex, k = 1,...,n such that for every
y € G there is a edge e, and a point xy € ey such that d(zy,y) < €.

Corollary 2.2. A connected graph G with finite volume has compact com-
pletion G.

In addition to requiring a graph to have finite volume, or a compact metric
completion, a third way of keeping control of the size an infinite graph is to
require that it have finite diameter. Recall that the diameter of a graph is

diam(G) = sup d(z,y).

z,yeg

A simple ’comb’ example shows that even a tree can have finite diameter but
not have a compact completion.

We will define 0G, the boundary of G, to be the collection of boundary
vertices of G, and the boundary of G, 0G, to be the complement of the interior
of G in G. Since G is locally finite, the interior of G is an open set, and so
0G is closed.

Lemma 2.3. Every x € 0G is either a boundary vertex or the limit in G of
a sequence {v,} of distinct vertices from G.

Proof. By definition, z € 9§ is either a boundary vertex or the limit of a
Cauchy sequence z,, € G with x ¢ G. Suppose z is not a boundary vertex.
Pick € > 0 and find M such that d(zx,z) < €/2 and d(zar,z,) < €/2 for
n > M. Let e be a closed edge containing x,,. Since z is not a boundary
vertex and z is not in the interior of G, there must be a distinct point zy ¢ e
such that d(zn,z) < €/2. Replacing zp, by one of the vertices vy, of e
gives d(zn,va) < €/2, s0 d(vp,x) < €. O

For paths 7 : [a,b] — G with v : (a,b) — G, we typically assume that
7 : [¢,d] — G has the path properties discussed above if a < ¢ < d < b.

Proposition 2.4. Suppose G is connected. Then for any two points x,y € g,
there is a path v : [0,1] = G such that v(0) = z, v(1) =y, and v(t) € G for
0<t<l.



Proof. The interesting case is when z and y are distinct points in G\ G. Then
there are Cauchy sequences {z,}, {y,} such that z,,, y, are distinct vertices
in G, and x = limy,_,o0 Tpn, ¥ = lim,_, yn- By passing to subsequences we
may assume that {z,} and {y,} are fast Cauchy sequences, satisfying

00 00
z d(xna xn—l—l) < 00, Z d(yna yn—l—l) < 0.
n=1 n=1

Since
d(xla yl) = inf length(p)7
p

where p is a path in G joining z; to y;, we may start by selecting a path o
in G joining z; to y; with 0 < ¢ < 2d(xy,y;). Then for N > 2 inductively
extend o(t) with a new segment o : [ty_1,ty] — G joining zx_1 to zy, with
O'(tN_l) =ITN-1, O'(tN) =In, and

length(a(t)) S 2d($N_1,.’EN), tN—l S t S tN.

Similarly, extend o in the opposite direction, o : [rn,7n-1] — G, with
o(Tn-1) = yYn-1, 0(Tn) = yn, and

length(o(t)) < 2d(yn-1,yn), ™~ <t < 7Tn_1.

Since {z,} and {y,} are fast Cauchy sequences, the inductively defined
o(t) : (a,b) — G is continuous on a bounded interval (a,b). Since the length
of a path satisfies

length(c) = sup Z d(o(te), o(tk+1)),
the supremum taken over finite partitions of (a, b), we have
d(xn,0(t)) +d(o(t), Tni1) < 2d(Tn, Tni1), tn <t < tpyt,

which implies that o extends continuously to [a, b] with o(a) = y and o(b) =
x. Now reparametrize o to get the desired path 7.
U

It will be useful to distinguish a class of metric graphs. Say that G (or
G) is weakly connected if for every pair of distinct points z,y € G, there is a
finite set of points W = {wy, ..., wx} C int(G) separating x from y. That is,
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there are disjoint open sets U, V with G\W = UUV, and withz € U,y € V.
We emphasize that W should come from the interior of the underlying graph,
not the completion.

Of course a finite graph will be weakly connected. To construct a graph
without this property (see Figure A), consider the planar vertex set

V=Av,=1/n,1),w, =1/n,-1),n=1,2,3,...}.

The edges are (vn,wyn), (Vn,Vnt1), (Wn,wpy1). Edge lengths are induced
from the Euclidean metric. In this planar representation, the completion G
is obtained by adding the points z = (0,1) and y = (0, —1). The points
x and y may not be separated by deleting any finite set of points from G.
Notice that if the vertex set is changed to

V' ={v,=1/n,1/n),w, = (1/n,—1/n),n=1,2,3,...},

the analogous construction gives a topologically equivalent graph whose com-
pletion is obtained by adding the single point (0,0). This graph is weakly
connected.

X

Figure A: A graph which is not weakly connected
Proposition 2.5. If T is a tree, then T is weakly connected.

Proof. Suppose = and y are distinct points in 7. By Lemma 2.4 there is a
path v :[0,1] — T joining x and y with v(t) € T for 0 <t < 1. Pick 2z € T
in the interior of an edge on the path v which is distinct from x and y.
Because 7 is a tree there is a well defined continuous function s (signed
distance from z) such that s(z) = 0, s(z) > 0, s(y) < 0, and |s(w)| = d(w, z).



The function s is uniformly continuous on 7, so it extends continuously to
T [17, p. 149]. The desired separation of 7 is provided by the sets

U= {s(w) >0}, V={s(w)<D0}.
]

Notice too that adding finitely many edges to a graph does not change
its being weakly connected. Recall that a topological space is totally discon-
nected if its connected components are points.

Proposition 2.6. If G is a weakly connected graph, then 0G is totally dis-
connected.

Proof. Suppose that « and y are distinct points in 0G. Let U,V be a sepa-
ration of G \ W as described in the definition of a weakly connected graph.
Then B B

UNog =V°Nnog
is both closed and open in G, so that 2 and y lie in different connected

components.
]

Call a set clopen if it is both closed and open. Totally disconnected
compact metric spaces have a rich collection of clopen sets.

Proposition 2.7. Suppose §2 is a totally disconnected compact metric space.
For any x € Q) and € > 0, there is a clopen set U such that

z € U C B(x).

Proof. The set
K={yeQ|d(zy)>¢}

is compact. For each y € K there is a clopen set Vj such that y € V} and
z ¢ V,. The collection of all such Vj, is an open cover of K, so there is a
finite subcover Vi, ..., Vy. Define U to be the complement of UY_,V,, . O

The next results prove that a connected metric graph with finite volume
is weakly connected. The first step is to understand the structure of 0G as
viewed from an arbitrary z € G. Assume that G is connected and has finite
volume. By Corollary 2.2 G is compact. For x € G, define the set RP(x)
(the radial projection for z) to be the range of the function d(z,-) : G — R,
so that RP(x) is the set of numbers r > 0 such that there is some y € G
with dist(x,y) = r.



Lemma 2.8. If G is connected and has finite volume, then the set RP(z) is
a compact set of Lebesque measure Q.

Proof. Since 0G is closed in the compact set G, and the function d(z,-) :
0G — R is continuous, the set RP(x) is compact.

Pick ¢ > 0. We may delete a finite set of edges from G, so that the
remaining graph G, has finitely many connected components and total volume
less than e. By Lemma 2.3, the boundary G, differs from 0G by a finite set
of points.

Consider the image of d(z,-) : G — R. Since G, has finitely many
connected components, the image is the union of finitely many intervals, and
except for finitely many points the closure of the image contains RP(z). By
the triangle inequality, |d(z,y) — d(z, 2)| < d(y, z), so the function d(z,-) :
G. — R is distance reducing. Consequently, the set RP(z) is contained in a
finite union of closed intervals together with a finite set of points, with total
length bounded by e.

O

Lemma 2.9. Suppose z € G and 0 < r < co. For any edge e € G there are
at most 2 points y € e with d(z,y) = r.

Proof. If v and w are the vertices of e, then
d(z,y) = min(d(z,v) + d(v,y), d(z, w) + d(w,y)),

and the functions d(v,y) and d(w,y) are strictly monotonic on e.
U

Theorem 2.10. If the connected metric graph G satisfies vol(G) < oo, then
for any x € G and any € > 0 there is a finite set W = {w,...,wg} C G
and an r with 0 < r < € such that the removal of W separates x from the

complement of the closed ball B, (z).
In particular, G is weakly connected.

Proof. By Lemma 2.8, for any ¢ > 0 there are numbers 0 < R; < Ry < €
such that no points of w € G satisfy R; < dist(z, w) < Ry.

Given r with R; < r < Ry, suppose there are infinitely many distinct
points w,, € G with d(z,w,) = r. By compactness there is such a sequence
which converges to a point w, with d(z,w) = r. Since each edge e € G
contains at most 2 points w,,, but every neighborhood of w contains infinitely
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many distinct points w,,, every neighborhood of w intersects infinitely many
distinct edges, so w € 0G. But this contradicts the selection of r.

Thus the set W = {wy | d(x,w,) = r} C G is finite, and the open sets
B,(z) and the complement of B, () provide a separation of G \ W.

O

3 Function theory

3.1 Function spaces

The identification of edges e; with intervals facilitates the discussion of func-
tion spaces and differential operators. Let L?(G) denote the Hilbert space
@®;L?(e;) with the inner product

bj -
(= [ $5=3 [ 5@ do, £ = (tar.).
g j a;
A related inner product for differentiable functions is
b N -
o= [ g5+ 17 = > / 5@ + H@EE b

with the induced quadratic form Q(f) = (f, f)1. Denote by L?(G) the
Hilbert space consisting functions f € L?(G) which are absolutely continuous
on each edge, whose derivative (computed edgewise) is square integrable, with
the inner product given by (f, g);. Denote by H'(G) the set of functions in
L?(G) which are continuous at the vertices.

Suppose that e; and e, are two edges with a common vertex v. Choose
local coordinates representing e; as [a,b] and ey as [b,c|, with b the local
coordinate value for v on both edges. If f € H'(G) then the Fundamental
Theorem of Calculus applies on each edge [17, p. 110]. Since f is continuous
at b,

/cf'(t) dt = [f(b7) = f(a")] + [f(c7) = f(0T)] = f(c) = f(a),

and the Fundamental Theorem of Calculus applies on paths in G.

10



Let’s note that H' is a closed subspace of L?(G). Suppose f € L3(G) and
e is a closed edge of length [. If

191 = [ 1P+ 17
G
then there is a point zy € e such that

|f(zo)| < 72| £]s- (3.1)

For z € e the Fundamental Theorem of Calculus gives

f@) = s+ [ £ dt
Zo
and the Cauchy-Schwarz inequality implies

@) < CIFIL+ 220 (3.2)

This well know argument shows that evaluation at any point on an edge
(closed interval) is a continuous linear functional on L?. Since H' is the
intersection of the null space of the functionals

lim f(z)— lim f(z), veV,

rEe;—v rEe;—v
it is a closed subspace.

Lemma 3.1. If G is a connected graph with finite diameter R, then there is
a constant C such that

Sup [f@)] < Clflly, e HY(G) (3.3)

In particular, a Cauchy sequence in H' is a uniformly Cauchy sequence. The
functions f in the unit ball B of H' are uniformly equicontinuous [14, p. 29]
ong.

Proof. Given any two points x1,z5 € G, let v be a (simple) path from z; to
x9 of length not greater than 2R. Computing derivatives with respect to the
orientation of edges provided by 7, we have

F () — fla) = / £(t) d. (3.4)
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Pick an edge e € G and let xy satisfy (3.1). Similar to (3.2), (3.4) gives

@] < PNFIL+ RN,

establishing (3.3).
Starting with (3.4), the Cauchy-Schwarz inequality leads to the (Lipshitz)
estimate

@) — flan)] < / ()] dt (3.5)

< (/7 17 dt)m ([,(f’)Q dt) " < 2R)Y2(If1l1,

establishing the desired uniform equicontinuity.
O

If Q C G, let C(Q) denote the Banach space of bounded complex valued
continuous functions on Q with the usual norm || f|l = supgeq |f(z)]. The
previous lemma provides useful information about extending functions f €

HY(G) to C(G).

Lemma 3.2. Suppose that G is a connected graph with finite diameter. Then
each function f in H' has a unique continuous extension to G. If Q C G is
compact, then every (extended) sequence f, € H(G) satisfying || f]l1 < 1 has
a subsequence converging uniformly in C(£2).

Proof. By [17, p. 149] the functions f extend by continuity to a uniformly
equicontinuous family on G. The Arzela-Ascoli theorem [17, p. 169] com-
pletes the result. 0

The next results relate the function theory and connectivity properties
of G. Let A denote the real vector space of continuous functions ¢ : G — R
which are infinitely differentiable on the open edges of G, with ¢’ satisfying
the following compact support condition: there is a finite set {eq, ..., ex} of
edges in G, and a compact subset 2 in the interior of each e, such that
¢'(x) = 0 for v € G\ [UE,Q]. With pointwise multiplication the vector
space A is an algebra which contains the constant functions.

Lemma 3.3. Suppose G is weakly connected. If x and y are distinct points
of G, there is a function ¢ € A such that 0 < ¢ < 1, ¢(2) = 0 for z in an
open neighborhood Uy of x, and ¢(z) =1 in an open neighborhood Vy of y.
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Proof. The other cases being trivial, assume z,y € G \ G.

Let W = {wy, ..., wgk} be a finite set of points whose removal provides a
separation G\ W =UUV withz € U,y € V,and UNV = 0.

Suppose that » > 0 and r is sufficiently small. Let B, = {z € G,d(z, W) <
r}. We may write the set B, as the pairwise disjoint union of two types of
sets Ij. If wy is an interior point of an edge e, then I will be an interval
of radius r centered at wy inside e;. If wy is a vertex, then I will be the
union of a finite collection of intervals of length r which are subsets of edges
incident on wy.

Define Uy = U \ B, and V; = V' \ B,. Define a function ¢(z) such that
¢(z) =0 for z € Uy and ¢(z) =1 for z € V;. Tt is straightforward to extend
¢ on each subset I; of B, so that the resulting function ¢ is in A, giving the
result.

O

Theorem 3.4. The algebra A separates points of G if and only if G is weakly
connected.

Proof. If G is weakly connected, Lemma 3.3 shows that the algebra 4 sepa-
rates points of G

Conversely, suppose A separates points of G. Assume that 2 and y are
distinct points of G; with no loss of generality we may assume z and y
are in G \ G, and that they lie in the same path component of G. Let
¢ € A, with ¢(z) < é(y). Let eq,...,ex be the finite collection of open
edges with ¢'(z) # 0 for some z € e, and let vy, w, be the endpoints of
er, with ¢(vg) < ¢(wy). After a modification on the edges eg, ¢(t) may be
assumed to be nondecreasing as ¢ runs from vy to wy, with ¢'(¢) > 0 unless
o(t) = ¢(vi) or ¢(t) = p(wy).

Let F' = {¢(vg), d(wg),k = 1,...,K}. Using Proposition 2.4 one may
show that if z € G \ [Ugex], then ¢(z) € F. Pick a value ¢ € (¢(z), #(y))
such that ¢ ¢ F. Then the set ¢~!(c) is finite, and U = ¢~ (—o0,c), V =
¢~ *(c, ), provides the desired separation of z and y.

[

The following refinement is available.

Lemma 3.5. Suppose G is weakly connected. If Q and Q) are disjoint com-
pact subsets of G, then there is a function f € A such that 0 < f <1,

flz)=1, €9, [f(y)=0, ye.
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Proof. Fix y € 01, and assume that z € (2. By Lemma 3.3 there is a function
fz € Asuch that 0 < f, <1, f,(2) = 0for z in an open neighborhood U,, of z,
and f;(z) = 1 in an open neighborhood of . Cover 2 with a collection of the
sets Uy, and let Uy, ..., Uy be a finite subcover, with corresponding functions
fi,---, fn. The product F, = f; - -+ fx will vanish on 2, but F,(z) =1 for z
in an open neighborhood V,, of y.

Now cover €; with a collection of the sets V,, and let Vi,...,Vj be a
finite subcover, with corresponding functions Fi, ..., Fj;. The function

f=0-F)---(1-Fu)
has the desired properties. O

For 2 C G closed, let Aq denote the subalgebra of A vanishing on (2,
Ao ={f € Alf(x) =0 for all z € Q}.

Theorem 3.6. Suppose G is weakly connected. If Q and Q4 are disjoint
compact subsets of G, then the algebra Agq, restricted to €y, is uniformly
dense in C (4, R).

Proof. For each pair of distinct points x and y in €; pick numbers r and R
with 0 <7 < R < d(z,y). The sets

Vi={z€Q |d(z,z) <r}, Vo={zeQuUQ]|d(zz)> R},

are disjoint, compact, and contain x and y respectively. By Lemma 3.5 the
algebra Aq separates points of 2; and vanishes nowhere on 2, so the result
follows from the Stone-Weierstrass theorem [17, p. 212]. O

In many cases the ideas in Lemma 3.5 and Theorem 3.6 may be developed
further. Given a compact set €2 € G, define

Ng(Q)={z€G | d(2,9) <R}.

Suppose that Ng(Q2) is compact. Pick a number r with 0 < r < R, and
define the set B
V={z€G|r<d9) <R},

which is compact and disjoint from 2. Given a function f € .Av,_there is a
function f; € A which agrees with f on Ng(Q2) and is zero on G \ Ng(Q).
This observation is summarized in the next proposition.
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Proposition 3.7. Suppose Q C G is compact, and Ng(f) is compact for
some R > 0. If 0 <r < R, then for every f € Ay there is a function f, € A
satisfying

fi(z) = f(2), 2z € Ng(Q),

fi(z) =0, ze€G\Ng().

3.2 Symmetric operators and quadratic forms

In this paper the differential operators on L?(G) will have a common dense
domain Dy. A function f : G — C will be in Dy if f is infinitely differentiable
on all open edges, and if there is a finite set of edges e,, n = 1,..., N such
that the support of f is a compact subset K of the union of the interiors
of the sets e,, K C UN_int(e,). We start with the symmetric operator
So : L?*(G) — L?*(G) which acts by —D? on the domain Dy. By working
on one edge at a time the classical treatment of differential operators [6, p.
1294], [11, pp. 169-171] shows that S} : L*(G) — L?*(G), the adjoint of
Sy : L*(G) — L?(G), is a differential operator acting by —D?. In addition we
obtain the following lemma.

Lemma 3.8. For Sy : L? — L? the domain D, of S§ = —D?* consists of
functions f € L*(G) such that f' is absolutely continuous on each e,, and

f” c L2 (g) .

Prescribing a domain on which —D? is self adjoint typically begins with
conditions at the interior graph vertices. Physical reasoning often suggests
that the functions in the domain should be continuous and satisfy a derivative
condition at interior vertices v with multiple incident edges.

lim f(z)= lim f(z), e(i),e(j)~wv. (3.6)

z€e(i)—v z€e(j)—v

Zaufe(v) = 0. (37)
Here the derivative 0, fr(v) = f' is computed in local coordinates identifying
[a,b] with the edge e, of length b — a, and a is the coordinate value for
v. Because of their popularity, the vertex conditions (3.6) and (3.7) will
be called the standard vertex conditions. The references [2, 10, 12] may be
consulted for further discussion and alternatives.
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The imposition of these standard interior vertex conditions leads us to
two new domains. The first will be D; consisting of all functions in D,
which satisfy the standard vertex conditions. The second domain Dg will
consist of all functions in Dy which vanish identically in a neighborhood of
all boundary vertices and in the complement of a finite set of edges. Let
Sk : L*(T) — L*(T) denote the operator acting by —D? with domain Dy
A direct computation establishes the next result.

Lemma 3.9. The operator Sx on Dg is symmetric, with the associated
positive form

Qf.g) = /g i (3.8)

Sk 1s bounded below by 0, and Dy is the domain of its adjoint.

Since Sk is bounded below by 0, it has self adjoint extensions, including
the Friedrich’s extension which we denote Lx : L?(G) — L?(G). Recall that
Lk has the same lower bound as Sk. Closely related to the domain of L is
the space Hj, the closure of Dg in H'.

Theorem 3.10. Suppose G is compact and connected. If f € Hy, or if fois
in the domain of Lk, then f is continuous on G, and f(x) =0 if x € 0G.

Proof. A function f in H{ is the limit in H' of a sequence of functions
fn € Dk, with f,(z) = 0 for x € 0G. By Lemma 3.1 and Lemma 3.2
the sequence f, convergences uniformly on G, so the limit function f is
continuous, and f(z) = 0 for z € 9G.

The domain of the quadratic form Q(f, f) for Sk is Dk, and the closure
@ of the form is obtained by completing the domain in the H' norm [15, p.
177]. Thus the domain of @ is H}. The domain of the Friedrich’s extension
[4, p. 37, [14, p. 278] is the subset of H' in the domain of @ and in the
domain of Sj. O

If the volume of G is finite, distinct symmetric operators acting by —D?
may be constructed by extending the domain Dg. One simple example is
obtained by adding the function 1, giving a symmetric extension of Sg whose
quadratic form is given by the formula (3.8). It will be convenient to have
criteria which insure that various self adjoint extensions of Sg have compact
resolvent, so that the spectrum will consist of a discrete set of eigenvalues
of finite multiplicity. Some results in this direction may be achieved by
employing the form Q).
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If G has finite volume then a uniformly convergent sequence also converges
in L?2. Moreover the compactness result Lemma 3.2 will imply compactness
of the resolvent for self adjoint extensions of L, whose associated quadratic
form is @ [16, p. 245].

Proposition 3.11. If G has finite volume and Sy is a symmetric extension
of Sk in L*(G) whose associated quadratic form is

(Sf, ) = /g /7, f € domain(Sy),

then the Friedrich’s extension of S1 has compact resolvent.

We want some geometric conditions which guarantee that the operator
Sk, and so its Friedrich’s extension, have a strictly positive lower bound. A
simple test is provided in the next proposition.

Proposition 3.12. Suppose G has finite volume, and 0G # 0. If f is real
valued in the domain of Sk, and

/gf2=1,

/ ()2 > vol(G) 2.
G

so Sk has a strictly positive lower bound.

then

Proof. There is a point € G with f(x) = 0, and a point y € G such that
f*(y) > wvol(G)™t. Connect y to x by a simple path . By the Cauchy-
Schwarz inequality

vol(G)™' < f(y) = [f(y) — f@)]" = [/ F(t) dt]* < wol(G) /g f* av.

O

For graphs G with finite diameter but infinite volume, a strictly positive
lower bound for the operator Sx may be insured by a covering condition,
which is satisfied for all finite diameter trees. We will say that a graph G
with G # 0 has a good covering if there is a (finite or infinite) sequence
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of paths v, : [0,b,] — G parametrized by arc length with the following
properties:

(1) G € U, 7u(0..). )

(i) % ¢ (0,b,) — G, and 7(b,) € GG,

(iii) there is a constant C; > 0 such that b, < Cidiam(G),

(iv) there is a constant Cy > 0 such that the set of x € G lying in more
than Cy paths 7, has measure 0.

Proposition 3.13. Suppose a finite diameter graph G has a good covering.
Then for all f in the domain of Sk,

(Skf, f) = C*Cy M diam(G) 2| f]|>.

Proof. Suppose f is real valued in the domain of Sk, and

/gf2:1.

Let z,, = v(bn), and recall that f(z,) = 0 for any f in the domain of Sk.
Let y, be a maximum of f on ~,, and let o, be a path from x, to y, with
length(o,) < by,.

By the Cauchy-Schwarz inequality

/ 12 < P Wa)bn = balf (4) — (@) = bl / F) AP <1 / o

Now sum over n to get
= [ [ peXn [ 1rora
g n Tn n On

< Cidiam(G)*) / ()2 dt < C?Cydiam(G)? /g |F(4)]? dt,
n Y

or

/ (f")? > C*Cy 'diam(G) 2.
g
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Here we sketch an example of a compact G with nonempty boundary,
and with lower bound equal to 0 for Skx. No self adjoint extension of the
constructed Sk will have compact resolvent. Start with the half open interval
(0,1], and place vertices at 1, and at a sequence of points zx < 1, with
Tpr1 < xp and limg ,o xx = 0. At each of the vertices x; attach a loop of
length [, with limy_,, I = 0. With these conditions, such a graph has finite
diameter and compact completion. The set G will consist of the two points
0,1.

Continuing with the construction, let ¢ : R — R be a C* function with
support in the interval (1,2), and with ¢(z) =1 for 5/4 < x < 7/4. Define
a sequence of functions ¢, : (0,1] — R by requiring

¢n(z) =27"¢(2"z), O0<z <1

Of course the support of ¢, lies in (27",2!7") and the derivatives ¢/, (x) are
uniformly bounded by a constant C'.
Pick a collection of 8" vertices x; inside the interval

I, = (27"5/4,27"7/4) C (27",2'™™).

For z € I, we have ¢,(x) = 27 ™. Let the loops at x have lengths [, = 27".
The function ¢, extends to a function in the domain of Sk if ¢, (2) = ¢ (zx)
for all z in the loop at zy.

The function ¢, (x) has the properties

/|¢n\2>1 /|¢\2<2"02

which shows that Sk is not bounded below by any positive number. Since
the functions ¢,, are orthogonal, for any € > 0 there is an infinite dimensional
linear manifold on which the quadratic form for Sk is bounded by e. This
shows that no self adjoint extension of Sk can have compact resolvent.

4 Boundary Value Problems

4.1 Harmonic functions

In this section we consider harmonic functions on graphs. A harmonic func-
tion is defined to be a continuous function on G which is linear on each edge,
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i.e. D?f = 0, and which satisfies the standard vertex conditions (3.6) and
(3.7) at each interior vertex.

We would like our harmonic functions to satisfy the mean value property
at vertices. Assume that v is an interior vertex with incident edges ey, ..., exn
pointing away from v. Suppose that f is a function which is continuous at
v, and whose restriction f,, to e, is linear. Then for zy > 0 sufficiently small
and 0 < z; < ¢ we have

fn(x) :fn($1)+frll*(l'—fl?1), 0<z <.

In particular
f(’l)) = fn(o) = fn(xl) - fylyxl

The next lemma follows by taking the mean of both sides,

1 N T N
f(U) = N an(xl) - N Zaufn
n=1 n=1

Lemma 4.1. If f is linear on the edges incident on v, and continuous at v,
then f(v) is the mean value of the edge values f,(x1) for 0 < z1 < xq if and

only if Zivzl Ofn=0.
The mean value property is extended in the next result.

Lemma 4.2. Suppose f is harmonic on G, and e1,...,en are the edges
incident on an interior verter v. If 0 < x, < length(e,), then f(v) is a
weighted average of the values fn(x,) with weights

Proof. The formula
fo(@) = fulzn) + [ % (x —x,), 0<z<length(e,)

gives
f2(0) = fulzn) = flan, n=1,...,N.
The given positive weights w,, satisfy 25:1 w, =1, so

fw)= i ), (i ) Y- i ol
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As with classic harmonic functions, the mean value property for a har-
monic function f on a metric graph means that f has an interior maximum
or minimum on the connected graph G if and only if f is constant. If G is
compact and f extends continuously to G, then of course there is a max and
min, and they occur on the boundary. Together with Theorem 3.10, this
implies that if G is compact and 0G # (), then 0 cannot be an eigenvalue of
L, the Friedrich’s extension of Sk.

Given a continuous function F' : 0G — R, the Dirichlet problem asks
for a continuous extension f : G — R which is harmonic on G. Here is an
example of a graph with finite diameter and noncompact boundary for which
the Dirichlet problem is not always solvable.

As shown in Figure B, construct a graph G beginning with a sequence of
vertices v, from the interval [0, 1] at the points v, = 2", and with edges
(Un, Uny1), n = 0,1,2,.... To each of the vertices v, we then attach 2" ad-
ditional edges of length 1 whose other endpoints u, ; are boundary vertices.
In this example, G consists of the boundary vertices u,; and the boundary
point at v = lim, v,. All of these points are isolated in 0G. Suppose the
function F' satisfies

F(upi) =0, F(v)=1.

Then Lemma 4.2 shows that any harmonic extension f must satisfy the
contradictory requirements

lim f(v,) =1, lim f(v,) <1.

n—oo n—0oQ

_ Figure B
The Dirichlet problem for G can often bes solved using the algebra A
described in Theorem 3.4.
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Theorem 4.3. Suppose that G is weakly connected and compact. If the sym-
metric operator Sk has a strictly positive lower bound, then every continu-
ous function F : 0G — C has a unique extension to a continuous function
f:G — C that is harmonic on G.

Proof. The uniqueness is a standard consequence of the maximum principle,
since the difference of any two solutions is 0 on 0G.

By the Tietze extension theorem [7, p. 116], [17, p. 179] we may assume
that F is defined and continuous on G. The algebra A contains 1, and by
Theorem 3.4 A separates the points of G. By the Stone-Weierstrass theorem
[7, p. 133], for any n > 0 there is an element g, € A with

max |F(x) — g,(z)| < 1/n.
z€G
Since g, € .Althe identity D?g, = 0 holds except on finitely many edges,
and D?g, € L?(G). Using the Friedrich’s extension Lx and Lemma 3.10 we
may solve the equation

—D?h,, = D?g,, hn|a§ =0.

The function f, = h, + g, is then harmonic on G, continuous on G, and
satisfies
max |F(z) — fa(z)| < 1/n.
TEIG
Since {f, } is a uniformly Cauchy sequence on G, the maximum principle
shows that it is a uniformly Cauchy sequence on G. Thus there is continuous
limit f : G — R. On each edge we may pick a coordinate and write

Zz

(fn = fm) (@) = (fn — fin)(@0) = / (fn = fa) (@) dt = (cn — cm)(z — o).

o

This immediately implies that f is harmonic.
O

If one simply wishes to establish the existence of many harmonic func-
tions, Corollary 3.7 may be used instead of global compactness.

Theorem 4.4. Suppose that G_is connected, weakly connected, and has finite
diameter. Assume that Q2 C 0G is compact, and Ng(Q2) is compact for some
R > 0. If the symmetric operator Sk has a strictly positive lower bound,
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then there is a dense subset C; C C(2,R) such that every function F € C4
has an extension to a continuous function f : G — C that is harmonic on G.

If Ng(QQ) has finite volume, the harmonic function f may be taken to be
square integrable on G.

Proof. Suppose G : 2 — R is continuous. For 0 < r < R, define
V={2€G|r<dQ) <R}

By Theorem 3.6, given € > 0 there is a function F' € Ay such that |F(z) —
G(z)| < efor all z € Q. As in Theorem 4.3, the equation

—D?h = D*F, h|_=0,
ag
may be solved for h using the operator Lk, and F' + h will be harmonic. By
Corollary 3.7 we may assume that F'(z) = 0 for z € G\ Ng(2), in which case
f = F + h is square integrable on G if Ng(Q2) has finite volume. O

4.2 Self adjoint domains for —D?

As noted earlier, the fact that Sk is bounded below by 0 insures that the
Friedrich’s extension exists, with a domain which is a subset of H'(G). In
this section we consider self adjoint extensions of the operator Six which
are defined by boundary conditions analogous to the classical Dirichlet and
Neumann boundary conditions for —D? on an interval.

Recall that Aq is the subalgebra of A which vanishes on the closed set
Q. Let

o =AaNL*G)

be the vector space of square integrable functions in Agq, and define a sym-
metric operator S which acts by —D? on the domain

Dq = Dk + A%

the linear span of the functions in Dk together with the square integrable
functions in Ap. Note that Dy C H!. Each of these symmetric operators
has the quadratic form

(Saf.1) = [

and a corresponding Friedrich’s extension L whose domain is a subset of

H(G).
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Theorem 4.5. Suppose that G is connected, weakly connected, and has finite
diameter. Assume that for j = 1,2, Q(j) C 0G is compact, and moreover
that for some R > 0 the sets

Nr(Q(j)) = {z € G | d(2,Q(j)) < R}.
are compact with finite volume. If Q(1) # (2), then Loay # Lag)-

Proof. The proof of Lemma 3.10 shows that every function f; in the domain
of Lo1) is continuous on G with fi(z) = 0 for z € Q(1).

Since (1) and €2(2) are distinct, there is an z € (1) which is in the
complement (2)¢ of ©(2). Since Q(2)¢ is open, there is an 7 > 0 such that

B,(z) = {y | d(z,y) <r} C [Q(2)°U Ne(Q(1))].
Pick 0 < r; < r, and let
V={2€G|mn <dzz)<r}

Since x and V are disjoint compact sets, Proposition 3.5 shows that there
is a function f € A which vanishes on V, but f(z) = 1. By Theorem 3.7 we
may choose f to vanish in the complement of V', so f(y) = 0 for y € Q(2).
Since Ng(€2(1)) has finite volume, f € ‘A?M)' Thus Do1y # Daa)- -

If G is connected and has finite volume, then G is compact, and by The-
orem 2.10 is also weakly connected. In this context we have the following
corollary of Theorem 4.5.

Corollary 4.6. Suppose G is connected and has finite volume. If Q(1) and
Q(2) are distinct closed subsets of 0G, then Lany # Log).-

In contrast with the previous theorem, larger graphs may have a unique
self adjoint extension of Sx with the quadratic form

(Saf. 1) = [

Recall Proposition 3.13, which guarantees the existence of at least one in-
vertible self adjoint extension of Sx whose domain is a subset of H'.
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Theorem 4.7. Suppose G is compact, connected, and every nonempty open
neighborhood of x has infinite volume for every x € 0G. If Sk has a strictly
positive lower bound, then Ly is the unique self adjoint extension of Sk
whose domain is a subset of H'.

Proof. Suppose L, is a self adjoint extension of Sk whose domain is a subset
of H'. If £; # Lx, then there is some w in the domain of £;, but not in the
domain of L. Let g = Liw.

Since Sk has a strictly positive lower bound, Lk is invertible. If v = L}l g,
then the function u = v — w # 0 is harmonic and in H'. By Theorem 3.2, u
extends continuously to G.

For each z € 0G, the condition that every nonempty open neighborhood
of x has infinite volume means that the continuous function v must vanish
at x, since u € L?. Since u is harmonic, and G is compact, v must be the 0
function. This contradicts the assumption that £, # Lg. O

The operators Sq are defined by local boundary conditions in the sense
that if f € Dg and ¢ € A, then ¢f € Dg. Here we are using the facts that a
function ¢ € A is constant in a neighborhood of any interior vertex, and all
derivatives of ¢ are bounded. The invariance of Dy under multiplication by
¢ € A also extends to the domains of the operators Lgq.

Theorem 4.8. Suppose f is in the domain of Lq for some closed set Q C 0G.
Then for any ¢ € A, the function ¢f is in the domain of Lq.

Proof. One checks easily that multiplication by ¢ is continuous on L?(G) and
on H'(G). Suppose f is in the domain of Lq, the Friedrich’s extension of Sq.
Since the quadratic form for Sg is

Qf 1) = (Saf = [ IF17
g
f is the limit in H' of a sequence of functions f,, € Dq. The functions ¢ f,

are also in Dg, and by continuity the sequence ¢f,, converges in H* to ¢f.
We'd like to also establish that ¢f is in the domain of S§,. For g € Dq, let

I={(Sag,0f) =— /g g"of = - /g ¢g"f.

The product rule gives

I= —/[(¢g)" —¢"g=2¢¢1f =L + L+ L.
g
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Now f is in the domain of S, and S f = — f". Since ¢g € Dq

h=- /g (69)"f = - /g gof"

I= /g 66" .

For I3, integrate by parts on each edge e = [a, b], obtaining

while

/e 209/ = 200'f|| - / 2(6'fY.

Since ¢ € A, ¢' is zero at each vertex, giving

IL=— /g 29(8'7).

Putting the pieces together and using the product rule gives

(Sag, 6f) = - /g 9(6f)",

so ¢ f is in the domain of S§. Since ¢f is also in the H' closure of Dq, the
function ¢ f is in the domain of Lg.
U

We conclude with a brief discussion of another self adjoint extension of Sk
associated with harmonic functions. The link between harmonic functions
and self adjoint extensions follows from the fact that the null space of Sy is
the collection of square integrable harmonic functions on G. Variants of the
following result about symmetric operators on a Hilbert space may be found
in [6, p. 1396] , [5, p. 210], [9], and the idea is implicit in [1, vol. 2 p. 109].

Suppose S is symmetric and N is the null space of S*. Then the operator
Sy with domain D(S) + N,

Sny(g+h)=Sg, geD(S), heN,

is symmetric. If in addition S has closed range, then Sy is self adjoint.
For graphs G with finite volume, Theorem 4.3 may often be used to show
that Sk has nontrivial or even infinite dimensional deficiency subspaces.
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When the symmetric operator is Sk on the unit interval, the operator Sy
may be associated with the boundary conditions

f10) = f(1)=0, f(1)—=f(0)-f(0)=0.

Since the domain includes all solutions of f” = 0, it cannot be specified by
a pair of independent separated boundary conditions. For f in the domain,
rather than the quadratic form fol( f")?, integration by parts gives

[ =rrs==salis [ ==wros [0

Suppose G is a finite graph with at least 2 boundary vertices. Let v be a
boundary vertex with the incident edge e = [a, b]. The constant function 1 is
harmonic, and Theorem 4.3 implies that there is a harmonic function u with
u(v) = 1, and u(w) = 0 at all other boundary vertices w. By the maximum
principle, v is not constant on e. We claim that the harmonic extension Sy
cannot have the locality property of Theorem 4.8. Take a function ¢ € A
which is 1 in a small neighborhood of v, but which vanishes in a neighborhood
of the other vertex of e, as well as on every other edge. If Theorem 4.8 were
satisfied, then ¢ and ¢u would be in the domain of Sy. However

b
a

/g & (pu) — d(pu)" = [¢'du — d(ou))| #0,

and the domain is now too large for —D? to be symmetric.
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