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Abstract

On a finite metric graph with standard vertex conditions and equal
edge lengths, the large magnitude eigenvalues of the Schrodinger op-
erator A + ¢ cluster near the eigenvalues of the Laplace operator A.
Based on the spectral ’periodicity’ of A, the clusters can be parti-
tioned into a finite collection of classes. There is a class dependent
formula for the cluster trace (or average eigenvalue shift) in the large
magnitude limit which expresses the trace as a function of the edge
integrals fe q and data from the underlying combinatorial graph.
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1 Introduction

Suppose A denotes the Laplace operator on a finite metric graph G with
edges of length 1 and standard vertex conditions. The eigenvalues A, of A
are known to have a simple 'periodic’ structure. Let w} < w3 < --- < w% be
the distinct eigenvalues of A in the interval (0,472]. The positive eigenvalues
of A are precisely the set of numbers

w,im = [wp +2mm]*, m=0,1,2,...,
with multiplicities independent of m.

The large magnitude eigenvalues p of a Schrodinger operator A + ¢ will
fall into clusters around the unperturbed eigenvalues A,, with cluster mul-
tiplicities depending on the class k of \,. A previous paper [5] studied the
eigenvalues of A + ¢ by developing characteristic function asymptotic expan-
sions. One of the results in [5] was a contour integral formula for the cluster
trace or average eigenvalue shift in the cluster about A,,. This formula showed
that the average eigenvalue shift in the cluster associated to A\, = w,?ym has
a limit as m — oo, and the limiting shift is given by a linear combination of
the numbers fe q(z) dzx, the integrals of ¢ over the graph edges. The contour
integral formulation obscured the value of the coefficients, along with any
geometric content they might have.

The main aim of this paper is to redevelop the cluster trace formula,
making explicit the connection between the average eigenvalue shifts and
the underlying combinatorial graph. This development begins in the second
section with a review of quantum graphs, emphasizing graphs whose edges
are all of length 1. Most of the material in this section is a reworking of
results by other authors, although Theorem 2.8 seems to be new.

The third section develops some new material on eigenfunctions of graphs
with edges of length one. It is well known [14, p. 31] that the derivative of
simple eigenvalues with respect to a (real) potential is the square of the
normalized eigenfunction. To exploit this fact, we consider subsequential
weak limits of squared magnitudes of eigenfunctions, identifying the limits
with features of the underlying combinatorial graph.

The technical developments of section three are used in section four to
describe two important properties of clusters of eigenvalues j; of A + ¢ near
An. If q is differentiable, vanishes at the vertices, and satisfies feq = 0 for
each edge e, then the eigenvalues ji; converge to A, as n — oco. When these



conditions are relaxed, there is a general cluster trace formula for

Wltllnoo Z(:uj - wl%,m)?
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the limit being described in terms of the numbers fe q and purely combina-
torial data from the graph.

2 Background

2.1 The Laplace operator for continuous graphs

A review of quantum graphs.will help to establish notation and the back-
ground needed for our results, Details and additional information may be
found in [4, 12] or in the collections [7, 8, 9] Most of the material in this
section is closely related to developments in [1, 2, 10]. For this work a graph
G will be finite, with vertex set )V consisting of Ny, vertices and edgeset £
having Ng edges. To avoid minor technical issues, the graph is assumed sim-
ple, and all edges have length 1. Multigraphs, graphs with loops, or graphs
whose edge lengths are integer multiples of a common value can be easily in-
corporated by inserting additional vertices. There are no boundary vertices;
that is, every vertex has degree at least 2.

The edges e, are initially assumed to be oriented and numbered, although
this is mainly for notational convenience. Consistent with the edge orienta-
tions, each edge is identified with the interval [0, 1]. The usual metric and
Lebesgue measure on intervals are extended to G. L?*(G) will denote the
Hilbert space @, L*(e,) with the inner product

<f,g>=/gf§=2/0 F@)n@) dz, f = (i foren s )

The Laplace operator is a self adjoint operator on L?(G) which acts com-

ponentwise on functions in its domain by Af = —d*f/0x*. The domain
of A may be characterized by vertex conditions. For vertices v with degree
deg(v) > 2, pick a local indexing ey, ..., €qeq(v) for the edges incident on v.

Assume the standard local coordinates, which identify e,, with [0, 1] so that
0 corresponds to v for each edge. The standard continuity and derivative



(Kirchhoff) conditions at v are required,

deg(v)
yn(o) = yn—i—l(o)? n=1..., deg(v) -1, Z y;z(o) = 0. (2‘1)
n=1

Let D,,qx denote the set of functions f € L*(G) with f’ absolutely con-
tinuous on each e,, and f” € L?(G). The domain D(A) is then the set of
f € Dyuas satistying the standard vertex conditions (2.1). By the classical
theory of ordinary differential operators [12, p. S123] the operator A is self
adjoint with compact resolvent. The distinct eigenvalues of A are denoted
O=X <A <A <....

For A € C, let E(\) denote the eigenspace for A with eigenvalue A.
For w > 0 let A = w?, and with respect to a fixed edge orientation write
y(z) € E(w?) as

y(x) = A, cos(wz) + B, sin(wx).

The linear map 7 taking y to
y1(z) = A, cos([w + 2n7)z) + Besin([w + 2n7]z)

preserves vertex values, while y; satisfies the same interior vertex conditions
that y does. It is easy to check that the eigenvalues of A exhibit the following
‘periodicity’.

Proposition 2.1. If w > 0, the linear map T : E(w?) — E((w + 27)?) is a
vector space isomorphism.

The spectrum of A is determined by algebraic structures of the discrete
graph G. If X ¢ {n?7? | n = 1,2,3,...}, the positive eigenvalues and their
multiplicities are derived from the discrete Laplacian acting on the vertex
space of G. If A\ € {n?7? | n = 1,2,3,...}, the key roles are played by
subspaces of the edge space of G.

2.2 The case \ # n’n?

For a vertex v € G, let uy, ..., Ugeqy(v) denote the vertices adjacent to v. The
vertex space V of a discrete graph consists of functions f : V — C. Among
the linear operators acting on the vertex space are the adjacency operator

deg(v)

Af(w) = 3 fluw),

=1
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and the degree operator
D, f(v) = deg(v) f(v)
Define the operator A; by
Aif(v) = f(v) — D Af (v),

which is similar to the discrete Laplacian I — D, Y2 ADSY? of 6, p. 3.
Relating A; to A is facilitated by the following observation. If

—y" =Xy, x€l0,1], X¢& {n’r?},

then
sin(wx)

y(r,A) = y(0) cos(wx) + [y(1) — y(0) cos(w)]

The next lemma follows easily.

sin(w) (22)

Lemma 2.2. Fiz A € C, and consider the vector space of solutions of —y" =
Ay on the interval [0,1]. The linear function taking y(z) to (y(0),y(1)) is an
isomorphism if and only if X ¢ {n*7* | n=1,2,3,...}.

The following consequence for graphs is immediate.
Lemma 2.3. Suppose the edges of G have length 1, and X\ ¢ {n*m* | n =

1,2,3,...}. Lety: G — C be continuous, and satisfy —y" = \y on the edges.
If y(v) =0 at all vertices of G, then y(x) =0 for all x € G.

Theorem 2.4. Suppose A ¢ {n’*n* | n=1,2,3,...} and y is an eigenfunc-
tion for A. If v has adjacent vertices uy, . .., Udeg(v), then

deg(v)

cos(@)y(v) =~ S ylu) (23)
deg(v)

=1

Proof. Using local coordinates which identify each w; with 0, (2.2) for y; on
the edges e; = (u;,v) gives

Vo) = —wsin()ulu) + o) ~ () cos(w] Zer ) (2
Summing over ¢, the derivative condition at v then yields
0= Z yi(v) = —wsin(w) Zyl(uz) + %(SC(:;) Z[yl(v) — y;(u;) cos(w)].

Using the continuity of y at v and elementary manipulations gives (2.3). O
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The equation (2.3) is an eigenvalue equation, with eigenvalue cos(w), for
the linear operator 7' A acting on V. The next result makes the connection
between the spectra of A; and A explicit.

Theorem 2.5. If A\ ¢ {n?7? | n=0,1,2,...}, then X\ is an eigenvalue of A
if and only if 1 — cos(w) = 1 —cos(v/\) is an eigenvalue of Ay, with the same
geometric multiplicity.

Proof. Since A; = I — T~ 'A, it suffices to consider T~*A. Suppose y(x, \)
is an eigenfunction of A satisfying (2.1). Then Theorem 2.4 shows that the
(linear) evaluation map taking y : G — C to y : V — C takes eigenfunctions
to solutions of (2.3). The map is injective by Lemma 2.3.

Suppose conversely that y : V — C satisfies

T Ay(v) = py(v), |ul < 1.

Pick A € cos™'(u). By Lemma 2.2 the function y : V — C extends to a
unique continuous function y(z,\) : G — C satisfying —y” = Ay on each
edge. In local coordinates identifying v with 0 for each edge e; = (v, u;)
incident on v, this extended function satisfies (2.4). Summing gives

0 )~ i +

w cos(w)

sin(w)

Zyz u;) + deg(v)y(v) ="

SlH w

The vertex values satisfy (2 .3), SO

w cos(w)

2w =g i e80) cos()y(v) + deg(0)y(0) 0.

sin(w)

The extended functions, satisfying (2.1), are eigenfunctions of A. Since the
extension map is linear, and the kernel is the zero function, this map is also
injective.

O



2.3 The case \ = n?n?

Turning to eigenvalues A € {n?m?}, recall [6, p. 7] that for both A; and A the
eigenspace for the eigenvalue 0 is spanned by functions which are constant
on connected components of G. For n > 1 the eigenspaces E(n?*m?) for A
have a combinatorial interpretation closely related to the cycles in G.

Recall [3, pp. 51-58] the construction of the edge space and cycle subspace
of G. The edge space E is the complex vector space of functions f : £ — C.
The standard basis is the set of functions { f.} with f.(e) = 1 while f.(e;) =0
for edges e; # e. Suppose (vg,...,vx_1) is an ordered K-tuple of distinct
vertices of G such that (vg,vgyq) is an edge of G for k =0,..., K — 2, as is
(v _1,v0). The cycle (vg,...,vx_1) is the subgraph of G with these vertices
and edges. The oriented cycle (vg,...,vx_1) orients the edges of the cycle
from vy to vgpyq for k = 0,..., K — 2 and from vg_; to vy. Cycles are the
simple closed curves of a graph.

Given an orientation for the edges e of G, and an oriented cycle v, we
may define a function f, : £ — C by taking f(e) = 0 if e is not an edge of
the cycle, while if e is an edge of the cycle, f(e) =1 (resp. —1) if the graph
orientation of e agrees (resp. disagrees) with the cycle orientation of e. The
cycle subspace Zj of the (oriented) edge space is the span of the images of
the cycles. If G is connected, the cycle subspace has dimension Ng — Ny + 1

When A = n?n? for n > 1, eigenfunctions of A have special vanishing
properties.

Lemma 2.6. Suppose 1 € E(n*m?) forn=1,2,3,....

If G is connected, and ¥ (v) = 0 for some vertex v, then 1 vanishes at all
vertices.

The eigenspaces E(4n*7?) have an eigenfunction vanishing at no vertices.

The eigenspaces E((2n — 1)?7w?) have an eigenfunction vanishing at no
vertices if and only if G 1s bipartite.

Proof. Suppose ¥ (v) = 0 for some vertex v. On each incident edge, ¥ (z) =
Bsin(nmx), so at all adjacent vertices w one finds ¢(w) = Bsin(nm) = 0,
which suffices for the first claim.

For the second claim the desired eigenfunction is simply cos(2nmz) in
local coordinates on each edge.

Suppose G is bipartite, with the two classes of vertices labelled 0 and 1.
Pick local coordinates on each edge consistent with the vertex class labels,
and define the eigenfunction to be cos([2n — 1|7x).

7



Suppose conversely that for some eigenvalue (2n —1)%7? there is an eigen-
function v vanishing at no vertex. Without loss of generality, assume ¥ is
real valued. In local coordinates for an edge,

Y(z) = acos([2n — 1]mx) + bsin([2n — 1]7z), a #0.

If w and v are adjacent vertices, then ¢(w) = —1(v), showing that vertices
can be labelled by the sign of ¥, so G is bipartite.
U

Let Eo(n*m?) denote the subspace of F(n?m?) consisting of those eigen-
functions of A vanishing at the vertices. Fix an orientation for the edges of
G, and edge coordinates = : e — [0, 1] consistent with the orientation. For
each 1 € Ey(n’n?) and each edge e, the restriction of 1 to e has the form
te(r) = acsin(2rnz). Thus there is a linear map Jy from Ey(n?7?) to the
edge space of G taking ¢ to the function given by fy(e) = a.. If ¢ is in the
null space of Jy, then 9, is the zero function for each edge e, so Jy is injective.
First we treat the cases when n is even.

Theorem 2.7. Forn =1,2,3,..., the linear map Jy : Eo(4n*n?) — E has
range equal to the cycle space Zy.

Proof. Suppose 7 is an oriented cycle, and for the edges of the cycle let
t: e —[0,1] be an edge coordinate consistent with the cycle orientation. An
eigenfunction ¢ of A may be defined as 0 on edges not in the cycle, while
for the edges of the cycle 1.(t) = sin(2nnt). For e in the cycle, if the cycle
orientation of e agrees with the graph orientation, then a, = 1. If the cycle
orientation of e disagrees with the graph orientation, then t = 1 — x and
e = —sin(2nmx), so a, = —1. Thus each oriented cycle is in the range of
Jo.

It suffices to prove the result for a connected graph. Suppose Z, has
dimension M. Pick a spanning tree 7 for G. There are [3, p. 53] M edges
e; of G not in 7, and a basis of cycles 7, ..., v such that each 7, contains
an edge e; ¢ 7, with e; not contained in any other v;. Fix n € {1,2,3,...}
and construct eigenfunctions ; as above for each ;.

Now suppose that ) € Ey(4n?m?). After subtracting a linear combination
> ajy;, we may assume that ¢ vanishes on all edges e; not in the spanning
tree. For every boundary vertex v of 7, 1) vanishes identically on all but one
edge of G incident on v, and by the vertex conditions it then vanishes on all



edges incident on v. Continuing away from the boundary of the spanning
tree, we see that v is the 0 function, so the functions 1); are a basis for
Eo(4n?m?).

O

Let Iy : Zo — Eo(4n?7?) be J; '

A combinatorial construction of Fy((2n — 1)?72) is also available. Let
e ~ v indicate that e is incident on v, and let Z; denote the subspace of the
edge space consisting of functions f : & — C with

> fle)=0, veV.
Theorem 2.8. For n = 1,2,3,..., the linear map I, taking f € Zy to
g(z) € Eo((2n — 1)*7?) defined by

ge(z) = f(e)sin((2n — 1)7x),
18 an isomorphism. The subspace Zy has an integral basis.

Proof. Since sin((2n—1)rz) = sin((2n—1)7(1—x)), the edge orientation does
not affect the definition, so g is well defined. Clearly g(x) satisfies the eigen-
value equation and vanishes at each vertex. The condition ) ___, f(e) = 0 for
all v € V gives the derivative condition, so g € Fy((2n — 1)*7?). Moreover
the map is one to one.

Suppose ¥(z) € Eo((2n — 1)?7?). Then v.(z) = a.sin((2n — 1)7z) on

each edge, and the derivative condition (2.1) gives

Z a. =0, vel.
Thus the injection Jy maps Eo((2n — 1)*7?) to Z;. This establishes the
isomorphism.
To see that Z, has an integral basis, let e, be a numbering of the edges
of G, and let z, = f(e,). The set of functions Z; is then given by the set of
x1, ..., 2N, satisfying the Ny, equations

£
Z z, = 0.
en™>v
This is a system of linear homogeneous equations whose coefficient matrix
consists of ones and zeros. Reduction by Gaussian elimination shows that
the set of solutions has a rational basis, and so an integral basis.
O



2.4 An example

A simple example will help illustrate Theorem 2.5, Theorem 2.7, and Theo-
rem 2.8, as well as material remaining to be considered. The example is the
bowtie graph in Figure 2.1. This graph has two independent cycles (triangles)
of length 3.

Figure 2.1: Bowtie graph

Each eigenspace F(4n?r?) has an orthonormal basis ¢, ¢o, @3, where
¢1 = /2/Tcos(2nmz) on each edge, ¢ = +/2/3sin(2n7x) on the left tri-
angle, while vanishing on the other edges, and ¢3 = 1/2/3sin(2n7z) on the
right triangle, while vanishing on the other edges. The sum of the squares
of the magnitudes of an orthonormal basis for each eigenspace will soon be
a concern. In this case, the function |¢;(z)[* + |¢a(x)|* 4 |p3(z)]? is noncon-
stant, being strictly smaller for almost every point on the central edge than
at corresponding points on the other edges. Let T3(x) denote the function
which is the constant e on the leftmost triangle, and 0 on all other edges.
The operator A + T will still have ¢, and ¢3 as eigenfunctions, but with
eigenvalues 4n’m? and 4n’n? + e.

For n = 1,2,3,..., each eigenspace E((2n — 1)?7?) is one dimensional.
An eigenfunction ¢ can be constructed by letting ¢(x) = 2sin((2n — 1)7x)
on the middle edge. The function ¢ then continues as — sin((2n — 1)wz) on
the edges adjacent to the middle edge, and sin((2n — 1)7x) on the remaining
two edges. Notice that on each edge the function ¢ is an integer multiple
of sin(mzx). Also, |¢1(z)]* gives 4 times as much weight to the points of the
central edge compared to corresponding points in the triangles.
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3 Eigenfunctions of A and the shift map 7

This section provides additional information about the eigenfunctions of A.
The shift map 7 discussed in Proposition 2.1 plays an important role. The
cases w = nmw and w # n7 are treated separately.

3.1 The case w = nm.

As shown above, the eigenspaces E(n?m?) are closely linked to subspaces of

the edge space of G. Define an inner product on the edge space, and its
subspaces Zy and Z; by

1 _
(f.9)e =35 D F(e)g(e).
ecf
Lemma 3.1. Forn=1,2,3,..., the maps

IO : ZO — E0(4n27r2), [1 : Zl — Eo((QTL - 1)271'2)

and
T : E(n*1*) — E([nm + 27]?)

preserve inner products

Proof. These results are elementary edgewise computations. Treating I, and
I, first, suppose y, 2 € Ey(n?*n?). For x € e,

y(x) = Acsin(nrx), z(x) = Besin(nmz).
Then
! 1
/yE = AeBe/ sin?(nmz) = aAeBe.
e 0
For the shift 7, suppose y, z € E(n?*r?). For z € e write
y(x) — &einﬂx 4 ﬂefimm’ Z(JZ') — ,yeimm 4 567in7rx’
and

i[nm427)z _'_ﬂefi[mrJrQﬂx i[nm+27)z + 567i[n7r+27r]:t'

Ty = e ., Tz=ne

11



Then )
/ Ty(2)Tz(x) = a7y + (36
0

1 1
—|—C(S/ ei[2n7r+47r]:t dr + BT/ efi[2n7r+47r}x dr
0 0

= oﬁ+ﬂ5=/0 y(x)z(x).
O

Lemma 3.2. For a fized n, suppose y,z € E(n’n?). Then the sequence
TmyT™mz converges weakly in L*(G) to a function constant on each edge.

Proof. For each edge e write

Ye(r) = Aesin(nmz 4+ 6.), T™y.(x) = Acsin([nm + 2mn|x + d,)
and

ze(x) = Besin(nmz +v.), 7T™z.(x) = Besin([nm + 2mnw]|z + 7.)
By an elementary formula,

— —c08(0¢ — Ve)

T"ye(x)T™2.(x) = A.Be 5 (3.1)
— 2 4
—AeBeCOS([ nw + W;ﬂ]x + 0 + ’ye)‘
If ¢ € L*(G), then ¢, € L?0,1]. Expanding ¢. in a Fourier series,
Ge(x) = ap + Z ay cos(2mwkx) + by sin(2mkx), (3.2)

k=1
one computes that

1

1
lim Tmye7mzeqe(x) = / %AGE co8(0e — Ye)qe(T). (3.3)
0

m—0o0 0

O
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3.2 w#nm.

Next we turn to the eigenvalues A ¢ {n*7?}. As noted in (2.2), the eigen-
functions of A are identified through their vertex values with eigenvectors of
Ay on the vertex space V. The vertex space is given the inner product

(.90 = 5 3 des(0) f(0)g(0)

vey

For eigenfunctions y and z with the same eigenvalue w?, the operator 7™
acts by
T"y(z, \) = y(0) cos(jw + 2mm]x) (3.4)

y(1) — y(0) cos(w) sin(jw + 2mmn]x)
sin(w) |

The following limiting behavior is observed.

Lemma 3.3. Supposey and z are eigenfunctions for A with a common eigen-
value w* & {n?mw?}. Then for each edge e, the sequence T™y.(x, \)T ™2 (x, \)
has the weak limit

SO0 + 5oy~ y(0) cos(w)) D) - 20 os(w)]  (35)
and )
L) TyT™mz =5 ) deg(v)y(v)=(v) (3.6)

The sequence of operators T™ : E(w?) — E([w + 2mm|?) is bounded, with
a strictly positive lower bound.

Proof. For 6 € R one has
[Acos(0) + Bsin(6)][C cos(f) + Dsin(6)]

= AC ; BD + AC—BD cos(20) + 730 —; AD sin(26).

Thus

Ty T — y(O)ml + cos([Qu; + 4dmm|x)

+y(0)[2(1) — 2(0) cos(w)] Sin([éiiﬂ;(izw]x)

(3.7)

13



Lly(1) = y(0) cos(w)]z(0) S+ 4m )

+[y(1) — y(0) Cos(w)][m _ mcos(w)] 1 — cos([2w + dmr|x) '

2sin(w)

2sin?(w)
A Fourier series computation establishes (3.5). In particular, the weak limit
of | T™ye(x, \)|* is

y(O)F* |, y(1) — y(0) cos(w)*

+
2 2 sin?(w)

(3.8)

Since y(1)y(0) + y(1)y(0) < |y(0)|* + |y(1)|* and w # nm, the expression in
(3.8) is a positive definite form of the vertex values of e.
Turning to the inner products,

lim [ TmyTmz (3.9)
m—eeJg
- 25%2(@ > sin®(@)y(0)2(0) + [y(1) — y(0) cos(w)][z(1) — 2(0) cos(w)]
= 25%2(@ Z y(0)2(0) + y(1)2(1) — [y(1)z(0) + y(0)z(1)] cos(w)

" 2sin?(w) Z deg(v — cos(w Z ylu

When the vertex values y(v) and z(v) come from eigenvectors of Ay, (2.3)
shows that

lim | T"yT™z (3.10)

m—00 g

T 2sin’(w) Z deg(v 2(v) — cos?(w)deg(v)y(v)z(v)
=3 =3 deg(0)y()2(v)

To see that the the sequence of operators 7™ : E(w?) — E([w + 2mm]?).
is bounded, simply choose an orthonormal basis for F(w?) and apply (3.6)
to the basis elements. If there were no strictly positive lower bound, then
there would be a subsequence my and functions y,,, with ||y, || = 1, but
| 7™y, || — 0. Since the unit sphere in E(w?) is compact, we may pass to a

14



subsequence and conclude there is a unit vector y which is the limit of y,,, .
Since T™ is a bounded sequence of operators,

Ty =Ty, +T™ (Y — Ym,,) — 0,

contradicting (3.6).

3.3 Some integrals

More information about the weak convergence results from Lemma 3.2 and
Lemma 3.3 will be required. A general observation about orthonormal func-
tions will be helpful.

Lemma 3.4. Suppose ¢1, ..., ¢ is an orthonormal basis of continuous func-
tions for a subspace S of L*(G). Then the function Z;‘il |p;(x)|* is indepen-
dent of the choice of orthonormal basis for S.

Proof. Let 1 be a subinterval of an edge e of G, and let P, denote the orthog-
onal projection from L?(G) to the subspace of functions with support in .
Let Ps denote the orthogonal projection onto S. Computing the trace,

r (PsP,Ps) = Z/P% m /Zlezsm :

and this number is independent of the basis. The result follows since ¢ is any
subinterval of any edge, and the functions ¢,, are continuous. O

Theorem 3.5. Assume that G is connected, q € L*(G), and ¢1,...,¢nr is
an orthonormal basis of eigenfunctions for E([w + 2mm]?).

In case w = 2m, pick an orthonormal basis {1);} for the cycle space Zy,
with values 1;(e) on the edge e. Then

. M ) 1 9 M-1 , 1
Jm @@l = 53 (5 + 2 water) | at@. @

In case w = 7, pick an orthonormal basis {1;} for the space Z,, with
values j(e) on the edge e. Then

n’lbl—I>r<l>o Z |¢J ZZ WJ /0 ge() (3.12)

15



if G is not bipartite, and (3.11) holds if G is bipartite.
In case w ¢ {nw}, pick an orthonormal basis {1;} for the eigenspace of
Ay with eigenvalue 1 — cos(w). Then

Jm [ @3l (3.13)

- T ZZ(M D+ 15 (D = 2R(0,0)55(1) eos(s)) [ a.(a).

Proof. Suppose w = 27. An orthonormal basis for E([2(m + 1)7]?) may be
constructed from an orthonormal basis of Zg using I, (see Theorem 2.7 and
the following definition) as in Lemma 3.1, together with the function which is
% cos(2(m + 1)mx) on each edge. (3.11) can be verified using (3.3). Using
I; as in Lemma 3.1, a similar argument applies if w = 7, except that the
function % cos((2m + 1)mz) is absent if G is not bipartite.

Suppose w ¢ {nm}. Pick an orthonormal basis {1;} for the eigenspace of
A; with eigenvalue 1 —cos(w). For each m, use the formula (3.4) to construct
a basis {¢;(m)} for E([w + 2mm]?). This basis need not be orthonormal.
Notice that 7¢;(m) = ¢;(m + 1). Using the Kronecker ¢ notation, (3.6)
gives

lim ¢Z¢] (3.14)

m—00

From these ordered bases {¢; (m)} the Gram-Schmidt process will pro-
duce an orthonormal basis {®;(m)}. By virtue of (3.14) we find

M M
Jim [ @) 16;(@) = lm [ q(@) 3 105()
j=1

and then (3.5) finishes the proof.
U

The expressions in Theorem 3.5 simplify if fe g. has the same value for
each edge. The case w ¢ {nr} is highlighted in the next result. Here E;(v)
denotes the eigenspace of A; with eigenvalue v = 1 — cos(w).
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Corollary 3.6. Supposew ¢ {nr}, andv = 1—cos(w). Under the hypotheses
of Theorem 3.5, suppose that fe qe s the same for all edges. Then

m—00

lim q(a:)Z]¢j(3:)\2:dim (E1(v)) /0 () (3.15)

Proof. In case w ¢ {n7}, computations as in (3.9) and (3.10) lead to
M
[ a@ > ok = [ a3 Y desolis
g j=1 vev j

The additional simplification follows from the observation that

PY ZZdeg );(v

UGV 7
is the trace, in the vertex space, of the othogonal projection onto E(v). O

Lemma 3.7. Suppose Y, z2m € E(|w + 2mn]?), with ||[ym|l = ||lzm|l = 1, and
with 0 < w < 2. For each edge e of G, assume that q.(x) is in C*[0,1] with
qgj)((]) = qgj)(l) =0 forj=0,....,k—1, and that [ q.(x) = 0. Then for m
sufficiently large

1
!/ YmZme(z)] < Cm~F,

0
the estimates holding uniformly for all y,, and z,,.

Proof. The easiest case is w = nw for n = 1,2, where y,, = 7™y and z,, =
T™z for some y and z of norm 1. In the notation of Lemma 3.2,

[Acl, 1Be] < V2,

since .
/ sin®(nmz + 6.) = 1/2.
0

(3.1) gives
1 JE—
’ / Tmmiqu(x>’ < C(’a(2n+4m)7r‘ + ‘b(2n+4m)7r‘)7
0
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and the well known estimates on the Fourier coefficients of ¢. obtained by
integration by parts gives the result.

Suppose 0 < w < 27, with w ¢ {nw}. Again write y,, = 7™y and
Zm = T™z for some y and z in E(w). By Lemma 3.3, since ||yn,| = 1,
lyll < C independent of m or the function y,,. By Lemma 2.2 there is a
similar bound on the values y(v) for each vertex v. The same remarks apply
to z.

(3.7) gives

1
| / TmmiZQE(x” S C(|A(27’L+4m)ﬂ'| + |B(2n+4m)7r|)7
0

where Ay and By, are the Fourier coefficients of sin(2wz)q(x) or cos(2wx)q(z).
Again the integration by parts estimate for Fourier coefficients gives the
result. O

4 Perturbations of the graph Laplacian

In this section perturbation theory for self adjoint operators on a Hilbert
space as developed in [11] will be combined with the results of the previous
sections to draw some conclusions about the eigenvalues of operators A + ¢
on LQ(Q), where ¢ : G — C is bounded and measurable. Since A is self
adjoint with compact resolvent Ry()), the operator A + ¢ also has compact
resolvent R(\).

Let \g < A\; < Ay < ... be the sequence of distinct eigenvalues of A.
Suppose that A, has multiplicity m,. By virtue of Proposition 2.1, there is
a Cy > 0 such that |\,41 — \,| > Cin for n = 1,2,3,.... The eigenvalues

1 of A+ g cluster about the eigenvalues A, in the following sense. There
is a constant Cy such that for n is sufficiently large the circle I',, of radius
Cy centered at A, will be in the resolvent set of A 4 ¢, and contain exactly
m,, eigenvalues pu, counted with algebraic multiplicity. Moreover, there is a
constant C3 such that every eigenvalue p with |u] > Cs is contained inside
some I',,. Some restrictions on ¢ will shrink the radii of these eigenvalue
clusters as n increases.

Theorem 4.1. For k =1 or k = 2, assume that for each edge e of G the
function q.(x) is in C*[0,1] with qéj)(O) = qéj)(l) =0forj=0,....k—1,

18



and that fe ¢e(x) = 0. Then for n large enough, the eigenvalues p of A+ q
contained in |\ — \,| < Cy also satisfy

1= Aa] = O(n"72).

Proof. Improved estimates for the resolvent set of A + ¢ are obtained via the
usual resolvent expansion

R(\) = (A+q =) = RN + qRo(N)) ™ (4.1)

= Ro(\(I+ ) _[—qRo(N)]").
k=1

Let P; denote the orthogonal projection onto the eigenspace E(\,) of A,
and let P, = I — P;. Write

Ro(N)qRo(A) = (P1 + P2)Ro(A)qRo(A) (P + Po).
For a bounded operator A on a Hilbert space

[ Al = sup [(Ao, ¥)[, [|ol| = [lv] = 1.
For 0 < |A — \,| < Cy and n large the Cauchy-Schwarz inequality gives

|(P2Ro(N)qRo(N) P2g, )| = [(qRo(X) Pagp, Ro(N) Pab)| < [l

and
(PR )b (N Pat )| = (aFo () Pat Ro ()P < o i

This last estimate also applies if P; and P, switch positions.
The remaining term is

[(PLRo(N)qRo(N) Prop, )| = [{qRo(X) Prgp, Ro(X) Prap).
Since y = Pi¢ and z = Pyy are in E()\,), Lemma 3.7 yields
1 Cs
= A MNP = —— Zl < —
IPRNaR NP = (=l [ el < s

These estimates show we may choose Cy > 0 such that ||gRo(N)gRo(N)|| <
1if Cyn="/2 < |A—=\,| < Cy. In this region the series (4.1) for R(\) converges
in operator norm, so the region is in the resolvent set for A + q.

]
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Under weaker hypotheses it is still possible to obtain an asymptotic de-
scription of the sum of the eigenvalues in a cluster. For n = 0,1,2,... let
I',, be a positively oriented circle of positive radius enclosing A,, with the
corresponding closed disks being pairwise disjoint. I', will be chosen to lie in
the resolvent set of A + ¢, so that for n sufficiently large exactly m,, eigen-
values p of A + ¢, counted with algebraic multiplicity, are enclosed. The
regular distribution of the eigenvalues \,, permits us to select I',, with radius
r, satisfying Cin < r, < Cyn for some positive constants C, Cs.

Recall [11, p. 74-81] that the part of the operator A + ¢ associated to
the contour I',, is

Ty = =2 [ (A+9RO) dr=— [ ARO) dx
= g [, (B ORY) A= o [ ARG ax
The operator T, is degenerate, so has a trace [11, p. 523-525]. If p; are the
eigenvalues of A + ¢ inside I, then

—1
D (=) = tr o | (= A)RQ) d
pi€lyn n

These eigenvalue shifts have a limit if we restrict to a subsequence A\, =
[w + 2mm]%.

Theorem 4.2. Suppose q is a bounded measureable function on G, and let
{¢;(m)} be an orthonormal basis for E(\,) with \, = [w + 2mx|*. Then

Jm 3 = x0 = lm 3 [ at@ie o)

Mjern
with the right hand side evaluated in Theorem 3.5.

Proof. From the resolvent expansion (4.1),
R(A) = Ro(A) — Ro(Mg(z) Ro(A) + S(N),

and

S (= ) =t o [ O M) (Ro() — Ro(Wala)Ro(N) + S(N)) d.

H; €ELn I
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Notice first that

L = AR dr =0,

2mi Jr,

Looking at S(\), we have
1> (D Re(Ngl*l = O(n™?), Ael,,
k=2

and if || -||; denotes the trace norm [11, p. 521], [13, p. 330 |, then elementary

estimates give
RN |l = O(n~Y%), XeT,.

Since ||AB||; < ||A||||B|l1, it follows that ||S(\)|; = O(n=>?) for A € T,,.
Thus )
lim tr —/ (A=X)S(\) dX =0,
I'n

n—00 T

and
1
lim tr (T, — \,) — tr — (A= An)Ro(A)gRo(N) dX = 0.

n—00 T Tp

Let ¢, be an orthonormal basis of eigenfunctions for A. Then

Hn) = tr —— | (A= A Ro(NgRo(A) dA

™ Jr,

— <Z %/ (A= X)) Ro(AN)qRo(N) dX ¢, i)
- T,

The eigenfunctions with eigenvalue A\; # A,, contribute 0. so the sum can be
restricted to those eigenfunctions ¢; with eigenvalue A,,.

0= 5 [ 3, D Elaono) =5 [atwiora

To complete the proof, restrict the traces to come from a subsequence A, =
[w + 2mm7]?, and use Theorem 3.5.

O
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